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PREFACE 


This Student Solutions Manual contains detailed solutions to selected exercises in the text 
Multivariable Calculus, Eighth Edition (Chapters 10-17 of Calculus, Eighth Edition, and Calculus: 
Early Transcendentals, Eighth Edition) by James Stewart. Specifically, it includes solutions to the 
odd-numbered exercises in each chapter section, review section, True-False Quiz, and Problems Plus 
section. 

Because of differences between the regular version and the Early Transcendentals version of the 
text, some references are given in a dual format. In these cases, readers of the Early Transcendentals 
text should use the references denoted by “ET.” 

Each solution is presented in the context of the corresponding section of the text. In general, 
solutions to the initial exercises involving a new concept illustrate that concept in more detail; this 
knowledge is then utilized in subsequent solutions. Thus, while the intermediate steps of a solution 
are given, you may need to refer back to earlier exercises in the section or prior sections for addition- 
al explanation of the concepts involved. Note that, in many cases, different routes to an answer may 
exist which are equally valid; also, answers can be expressed in different but equivalent forms. Thus, 
the goal of this manual is not to give the definitive solution to each exercise, but rather to assist you 
as a student in understanding the concepts of the text and learning how to apply them to the chal- 
lenge of solving a problem. 

We would like to thank James Stewart for entrusting us with the writing of this manual and 
offering suggestions, Gina Sanders for reviewing solutions for accuracy and style, and the staff of 
TECH-arts for typesetting and producing this manual as well as creating the illustrations. We also 
thank Richard Stratton, Neha Taleja, Samantha Lugtu, Stacy Green, and Terry Boyle of Cengage 
Learning, for their trust, assistance, and patience. 
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Palomar College 


BARBARA FRANK 
Cape Fear Community College 
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ABBREVIATIONS AND SYMBOLS 


CD concave downward 

CU concave upward 

D the domain of f 

FDT First Derivative Test 

HA horizontal asymptote(s) 

Nf interval of convergence 

IP inflection point(s) 

R radius of convergence 

VA vertical asymptote(s) 

ss indicates the use of a computer algebra system. 

= indicates the use of the Product Rule. 

5 indicates the use of the Quotient Rule. 

= indicates the use of the Chain Rule. 

# indicates the use of |’ Hospital’s Rule. 
j 


indicates the use of Formula j in the Table of Integrals in the back endpapers. 


Ile 


indicates the use of the substitution {u = sin x, du = cos x dx}. 


Ile 


indicates the use of the substitution {u = cos x, du = —sin x dx}. 
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10 L] PARAMETRIC EQUATIONS AND POLAR COORDINATES 


10.1 Curves Defined by Parametric Equations 


1.c2=1-t%, y=2t-t?, -1<t<2 


3.¢=t+sint, y=cost, —-t<t<a7 


(b) « = 2t—1 2t=r+1 5 t= 432+ 4,80 


H1= 24g) 41s drt ht > ya preg 


(b) y=t+2 t= y— 2,s0 


g=t?—3=(y—2)?-3=y?—4y4+4-3 


cay —4y+1l—-l<y<d 
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2 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


9a2=Vt, y=1-t *h 0,1) 1=0 
° fea se Hh, 
21° 1.414 1.732 
a*. Since t > 0, x > 0 


(2,=3) #=4 


(b) « = Vt t=2 y=1-t=1 


So the curve is the right half of the parabola y = 1 — «. 


11. (a) x =sin 50, y = cos 40, —17<0< 7m. (b) yh 
1 

x? + y? = sin? 30 + cos” 40 = 1. For —7 < 6 < 0, we have 

-l<a<Oand0<y<1.For0<0<7,wehave0<a<1 

and 1 > y > 0. The graph is a semicircle. 

oy 0 1 is 
13. (a) vc =sint,y=csct,0<t< F.y=csct= are (b) y 
, a we ° 2° sint a 
For0 <t < 5, we have 0 < x < Landy > 1. Thus, the curve is 
the portion of the hyperbola y = 1/z with y > 1. (1, 1) 
0 x 


15. (a) y=Int t=e,sox =t? = (e¥)? =e. (b) y 
1 


det 
0 ae 
—2 
17. (a) x =sinht, y = cosht y? — x = cosh t — sinh? t = 1. (b) 


YA 
Since y = cosht > 1, we have the upper branch of the hyperbola | 
y? —z?=1. ; 


y- 


19. ¢ =5+2cosmt,y=3+4+2sin7t => te ae cos?(rt) +sin?(rt) =1 => 


2 


2 2 
(: 5 *) + (¥ 5 *) = 1. The motion of the particle takes place on a circle centered at (5,3) with a radius 2. As t goes 


2 
from 1 to 2, the particle starts at the point (3, 3) and moves counterclockwise along the circle (: 5 *) + (¥ 5 *) =1to 


(7,3) [one-half of a circle]. 
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SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS 3 


2 2 
21. « = 5sint, y = 2cost sint = = cost = a sin? t+ cos?t =1 (2) + (2) = 1. The motion of the 


particle takes place on an ellipse centered at (0,0). As t goes from —7 to 5z, the particle starts at the point (0, —2) and moves 


clockwise around the ellipse 3 times. 


23. We must have 1 < a < 4 and 2 < y < 3. So the graph of the curve must be contained in the rectangle [1, 4] by [2, 3]. 


25. When t = —1, (x, y) = (1,1). As ¢ increases to 0, x and y both decrease to 0. 
As t increases from 0 to 1, x increases from 0 to 1 and y decreases from 0 to 
—1. As t increases beyond 1, x continues to increase and y continues to 
decrease. For t < —1, x and y are both positive and decreasing. We could 


achieve greater accuracy by estimating x- and y-values for selected values of t 


from the given graphs and plotting the corresponding points. 


27. When t = —1, (x, y) = (0,1). As t increases to 0, x increases from 0 to 1 and i t=-1,1 
y decreases from 1 to 0. As t increases from 0 to 1, the curve is retraced in the a 
opposite direction with x decreasing from 1 to 0 and y increasing from 0 to 1. 
We could achieve greater accuracy by estimating x- and y-values for selected IN 
values of ¢ from the given graphs and plotting the corresponding points. a 
(1, 0) 
0 1 : 
7 


29. Use y = tand x =t — 2sin zt with a t-interval of [—7, z]. 


31. (a) c= 214+ (ao — 21 )t,y = yi + (ye — y1)t, O < t < 1. Clearly the curve passes through P; (x1, yi) when t = 0 and 
through P2(x2, y2) when t = 1. For 0 < t < 1, wis strictly between x and x2 and y is strictly between y; and yz. For 


y2— Yl 
cae 


x — £1), which is the equation of the line through 
2-21 


every value of t, x and y satisfy the relation y — yi = 


Pi(a, yi) and P2(x2, y2). 


- G1. : 
a La . ; if we call that common value t, then the given 
y2—- Y1 2 — 1 


Finally, any point (2, y) on that line satisfies 


parametric equations yield the point (, y); and any (x, y) on the line between P; (a1, y1) and P2(x2, y2) yields a value of 


t in [0, 1]. So the given parametric equations exactly specify the line segment from Pi (x1, y1) to P2(x2, ye). 


(b) « = —2 + [3 — (—2)]t = —2 + Bt and y = 7+ (-1—7)t =7—8t for0<t <1. 
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4 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


33. The circle x? + (y — 1)? = 4 has center (0,1) and radius 2, so by Example 4 it can be represented by x = 2 cost, 
y =1+2sint, 0 < t < 2z. This representation gives us the circle with a counterclockwise orientation starting at (2,1). 
(a) To get a clockwise orientation, we could change the equations to x = 2cost, y= 1— 2sint,0 <t < 27. 
(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cost, y = 1+ 2sin¢t with 
the domain expanded to 0 < t < 67. 
(c) To start at (0, 3) using the original equations, we must have 2; = 0; that is, 2cost = 0. Hence, t = 4. So we use 
x=2cost,y=1+2sint,$ <t< an 
Alternatively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
x=-—2sint,y=1+2cost,0<t<mT. 
35. Big circle: It’s centered at (2, 2) with a radius of 2, so by Example 4, parametric equations are 


x=2+2cost, y=2+2sint, O0<t<27 
Small circles: They are centered at (1, 3) and (3, 3) with a radius of 0.1. By Example 4, parametric equations are 


(left) x=1+0.1 cost, y=3+0.1sint, O<t<27 
and (right) z=3+0.1 cost, y=3-+0.1sint, O<t<27 


Semicircle: It’s the lower half of a circle centered at (2, 2) with radius 1. By Example 4, parametric equations are 
x=2+1cost, y=2+I1sint, T<t<27 

To get all four graphs on the same screen with a typical graphing calculator, we need to change the last ¢-interval to[0, 277] in 

order to match the others. We can do this by changing t to 0.5t. This change gives us the upper half. There are several ways to 

get the lower half—one is to change the “+” to a “—” in the y-assignment, giving us 


x = 2+1cos(0.5t), y = 2—1sin(0.5t), O<t<2r 


7% @ac=t => t=2' soy=t? = 77/3, (b)a=t® = t=2'/% soy=t4 = 74/6 = 77/3, 
We get the entire curve y = x?/° traversed in a left to Since « = t® > 0, we only get the right half of the 
right direction. curve y = «7/3, 

yA 
x=t°, 
y=t* t>0 
2. 
“7 <0 
0 x 
(jase *=(e*F [oe Sa"), at 
en 2! = (e7*)? = (1/3)? = 92/8 ae 
y = ; y=e <0 
Ift < 0, then x and y are both larger than 1. If t > 0, then x and y t>0 
; : (1, 1) 
are between 0 and 1. Since x > 0 and y > 0, the curve never quite 0 
reaches the origin. 
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SECTION 10.1 CURVES DEFINED BY PARAMETRIC EQUATIONS 


39. The case $ < 0 < mis illustrated. C has coordinates (r0,r) as in Example 7, al 
and Q has coordinates (r6,r + r cos(a — 0)) = (r6,r(1 — cos @)) 
[since cos(7 — a) = cosm cosa + sin 7 sina = — cosa], so P has 


coordinates (r@ — r sin(a — 6), r(1 — cos@)) = (r(@ — sin), r(1 — cos 6)) 


[since sin(7 — a) = sin cosa — cos7 sina = sina]. Again we have the 


parametric equations « = r(@ — sin@), y = r(1 — cos6). 


41. It is apparent that « = |OQ| and y = |QP| = |ST|. From the diagram, 
x = |OQ| = acos@ and y = |ST| = bsin 0. Thus, the parametric equations are 
x = acos0 and y = bsin@. To eliminate 0 we rearrange: sind = y/b => 
sin? 9 = (y/b)? andcos@ =a/a => cos?6 = («/a)”. Adding the two 


equations: sin? 6 + cos? @ = 1 = 2? /a? + y*/b*. Thus, we have an ellipse. 


43. C = (2acot 0, 2a), so the x-coordinate of P is x = 2acot 0. Let B = (0, 2a). y 
Then ZOAB is a right angle and ZOBA = @, so |OA| = 2asin 6 and 
A = ((2asin 6) cos @, (2asin 6) sin #). Thus, the y-coordinate of P 


is y = 2asin? 0. 


45. (a) 4 There are 2 points of intersection: 


(—3, 0) and approximately (—2.1, 1.4). 


-4 
(b) A collision point occurs when 7; = £2 and yi = yp for the same t. So solve the equations: 
3sint =—3-+ cost (1) 
2cost =1+sint (2) 
From (2), sint = 2cost — 1. Substituting into (1), we get 3(2cost —1) =—3+cost => 5cost=0 (%) => 
cost=0 => t= for an We check that t = 3a satisfies (1) and (2) but £ = $ does not. So the only collision point 
occurs when t = an and this gives the point (—3, 0). [We could check our work by graphing x1 and x2 together as 
functions of ¢ and, on another plot, y: and ye as functions of t. If we do so, we see that the only value of t for which both 
pairs of graphs intersect is t = sz | 
(c) The circle is centered at (3, 1) instead of (—3, 1). There are still 2 intersection points: (3, 0) and (2.1, 1.4), but there are 


no collision points, since (x) in part (b) becomes 5cost =6 = cost= 8 >1. 
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CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


47. x = t?, y = t? — ct. We use a graphing device to produce the graphs for various values of c with —1 < t < 1. Note that all 


the members of the family are symmetric about the x-axis. For c < 0, the graph does not cross itself, but for c = 0 it has a 


cusp at (0,0) and for c > 0 the graph crosses itself at 2 = c, so the loop grows larger as c increases. 


3 1 


49. x =t+acost,y=t+asint,a > 0. From the first figure, we see that 
curves roughly follow the line y = a, and they start having loops when a 


is between 1.4 and 1.6. The loops increase in size as a increases. 


av 


While not required, the following is a solution to determine the exact values for which the curve has a loop, 


that is, we seek the values of a for which there exist parameter values ¢ and wu such that t < u and 


(t+ acost,t+asint) = (u+acosu,u+asinu). 


Since TU = distance((t,t), (u, u)) = \/2(u — t)? = V2 (u — 2), we see that 
ATU _ (u-1)/v2 


In the diagram at the left, T denotes the point (t,t), U the point (uw, u), 
and P the point (t + acost,t + asint) = (u+acosu,u+asinu). 
Since PT = PU =a, the triangle PTU is isosceles. Therefore its base 
angles, a = ZPTU and 6 = ZPUT are equal. Since a = t — | and 


B=27 an u= oa u, the relation a = ( implies that 
ut+t=#() 


cosQ = 


PT a 


u-t= V2 acos(t - 5) (2). Now cos(t 


so we can rewrite (2) as u — t = V2asin( 


t = /2acosa, that is, 


7) =sin[Z — (¢— 7)] =sin( — 4), 


3 — t) (2’). Subtracting (2’) from (1) and 


dividing by 2, we obtain t 


asin (24 t), or 3a t ig sin (=F t) (3). }—— 2(u - 1 —| 
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SECTION 10.2 CALCULUS WITH PARAMETRIC CURVES 


Since a > 0 and t < u, it follows from (2’) that sin(2# — t) > 0. Thus from (3) we see that t < 37. [We have 
implicitly assumed that 0 < t < 7 by the way we drew our diagram, but we lost no generality by doing so since replacing t 


by t + 27 merely increases x and y by 27. The curve’s basic shape repeats every time we change t by 27.] Solving for a in 


Q (22 ~-+¢ 5 
(3), we get a = Cae ee 3a —t. Thena = VEE ey > 0. Now sinz < z forz >0,soa> v2. 
sin z 


[As 2 + 0*, that is, as t — (32) ,a > v2]. 


51. Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph in the 
x- and y-directions respectively. For a = b = n = 1 the graph is simply a circle with radius 1. For n = 2 the graph crosses 
itself at the origin and there are loops above and below the x-axis. In general, the figures have n — 1 points of intersection, 


all of which are on the y-axis, and a total of n closed loops. 


1.1 2.1 
CL. i n=3 (a, b) = (5,2) (a, b) = (2, 3) 
n=2 (a, b) = G3, 2) 
\ n=1 (a, b) = (2, 1) 
—1.1 1.1 —2.1 2.1 —3.1 3.1 
—1L1 —2.1 
a= b = 1 n= 2 
10.2 Calculus with Parametric Curves 
oY hee dy 1 eo. tb , @. G+)a)-10). 1 
c= 7g u= I+t => Ho gt tt) DJTLT di (=p aan 


dy _dy/dt _1/(2/1+t)  (1+t)? _ Ley 4 9/2 
dx  dax/dt 1/(1 +t)? 2/1+t 2 : 


dy dx dy dy/dt  4t? +1 
BRa=P41y=t4+h t= —-1 2 =4°41, — = 30, and 4 = = ———. Whent =-1 = (0,0 


and dy/dx = —3/3 = —1, so an equation of the tangent to the curve at the point corresponding to t = —1 is 


y—-0=—-l1(¢—-0), ory =—«z. 


d d. d dy/dt tcost + sint 
5.x =tcost, y=tsint; t=7. = =tcost+sint, = = t(—sint) + cost, and = = we = ee 


When t = 7, (x, y) = (—7, 0) and dy/dz = —7/(—1) = 7, so an equation of the tangent to the curve at the point 


corresponding to t = 7 is y—0 = a[x —(—7)], or y= ra+7. 
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7. (a)a=14+Int, y=t? +2; (1,3). ob GE = rand Y= OE = = 20. a0 (1,3), 
~=14+Int=1 Int=0 t = land a = 2, so an equation of the tangent is y — 3 = 2(x — 1), 
ory =2¢+1. 

(b) x =1+Int Int=a-1 t=e"|,soy=t?+2=(e? 1)? +2=c7 42, andy’ =e??? . 2. 


At (1,3), y’ = e?Y)-? . 2 = 2, so an equation of the tangent is y — 3 = 2(a — 1), ory = 24 +1. 


dy _ dy/dt — 2t+1 To find the 5 


dx dx/dt 2t-1 / 


value of t corresponding to the point (0,3), solvex =0 => 


%9a2=—t—t, y=t?+t4+1; (0,3). 


(0, 3) 
?—t=0 t(t—1) =0 t =Oort =1. Onlyt = 1 gives ( 
y = 3. With t = 1, dy/dx = 3, and an equation of the tangent is 
=2, 3 
y—3=3(x—0), ory = 3243. 0 
d (dy 
dy  dy/dt  2t+1 1 dy  dt\dz —1/(2t?) 1 
W.c=P +1, y=t4t 1 = = =—-—,. 
cae a a ial de dx/dt  2t + 3 dx? da/dt 2 a8 
; d?y : 
The curve is CU when hn > 0, that is, when t < 0. 
Rees -t ty 
13.2=e', y=te’ a0 Guye ares a e*(1-t) => 


dx dx /dt et et 


d (dy 
2 = (2) =2iy7 i es —2t(_ yy 

dy HO a e*(-1) + (1~ t)(-2e"") = eT (1-2 + 2t) = e %4(2t — 3). The curve is CU when 

dx? da /dt et ef 


dy : 3 
Tn? > 0, that is, when t > 5. 


dy _dy/dt _1+1/t _t+1 
dx dx/dt 1-1/t t-1 


15.2 =t—Int, y=t+Int [note thatt > 0] 


d (#) (¢—1)(1) — (t+ 1)(1) 


dy dt \ dx (t — 1)? —2t dy 
re = gleidi= = — ae i = Gp =F The curve is CU when ae > 0, that is, when0 <t < 1. 
dy dy 
3 2 = 
17.2=t 3t, y=t 3. dt 2t, so dt 0 t=0 
dx 2 dx 
=(0,-3). “= =3? -—3=3(t+1)(t—1),s0 — = 
(x,y) = (0, -3) qe 3(t + 1)( ), So rg 


t=-lorl © (a,y) = (2,—2) or (—2,—2). The curve has a horizontal 


tangent at (0, —3) and vertical tangents at (2, —2) and (—2, —2). 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 
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19. x =cos@, y = cos30. The whole curve is traced out for 0 < 6 < 7. Z 
G0) 
2? (1, 1) 
OI ya ec eee = sin30=0 30 = 0, 7, 27, or 37 6= 27/3 6=0 
dé dé 
0=0, 5, Form (z,y) = (1,1), (3,—1), (—3, 1), or (-1, -1). 
2 2 
dx : dx : 
7 =~ sin, so =, 0 sind = 0 06=O0or7 
A d (-1,-1) (3.1) 
= y £2 = 0=7 6= 7/3 
(a, y) = (1,1) or (—1, —1). Both qa a, equal 0 when 0 = 0 and 7. 5 : ) 
To find the slope when @ = 0, we find li dy = lim Se + lim ere = 9, which is the same slope when 6 = 7. 
6—-odx 00 —sin@ 6-0 —cos0 


Thus, the curve has horizontal tangents at (5, —1) and (- s, Lye and there are no vertical tangents. 


21. From the graph, it appears that the rightmost point on the curve = t — t®, y = e’ 


is about (0.6, 2). To find the exact coordinates, we find the value of ¢ for which the 


graph has a vertical tangent, that is, 0 = dx/dt = 1 — 6¢° t=1/V¥6. 


Hence, the rightmost point is 


(1/¥6- 1/ (6 ¥) sy) - (5-6-6, 6°") ~ (0.58, 2.01). 


23. We graph the curve 2 = t* — 2t3 — 2t?, y = t? — t in the viewing rectangle [—2, 1.1] by [—0.5, 0.5]. This rectangle 


corresponds approximately to t € [—1, 0.8]. 


0.5 75 


1.1 


85 13 
-0.5 —1 


We estimate that the curve has horizontal tangents at about (—1, —0.4) and (—0.17, 0.39) and vertical tangents at 


dy — dy/dt _ 32 — 
about (0, 0) and (—0.19, 0.37). We calculate dc > dajdi 42-62 —4 


. The horizontal tangents occur when 


dy/dt = 3t? -1=0 t oe so both horizontal tangents are shown in our graph. The vertical tangents occur when 


da /dt = 2¢(2t? — 3t 2) =0 2t(2t+ 1)(¢- 2) =0 t = 0, —4 or 2. It seems that we have missed one vertical 


tangent, and indeed if we plot the curve on the ¢-interval [—1.2, 2.2] we see that there is another vertical tangent at (—8, 6). 


25. x =cost, y=sintcost. dzx/dt = —sint, << 2a 


dy/dt = —sin® t + cos? t = cos 2t. (x,y) = (0,0) © cost=0 © tis 


an odd multiple of $. When t = 5, dx/dt = —1 and dy/dt = —1, so dy/dx = 1. 


When t = 22, dx/dt = 1 and dy/dt = —1. So dy/da = —1. Thus, y = x and 


y = —w are both tangent to the curve at (0, 0). 
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27. x =r0 —dsiné, y=r—dcos0é. 


, dy. dy __— dsin@ 
(a) sae dcos 6, To dsin @, so dx r—dcos0' 


(b) If0 <d <r, then |dcos6| <d<r,sor—dcos0 > r—d> 0. This shows that dx/d@ never vanishes, 


so the trochoid can have no vertical tangent if d < r. 


dy  dy/dt 3? ¢t 1 t 1 
9. 2=30+1,y=-1 pa —_ = — Thet t line has slope = when — = = t = 1,s0 th 
a=3t+1,y Ae dix [dt 6L 5 e tangent line has slope 5 when 5 5 oS , SO the 


point is (4, 0). 
31. By symmetry of the ellipse about the x- and y-axes, 
A=4 fj ydz = 4 foro bsin @ (—asin 6) d@ = Aab f7/? sin? 6 do = dab f7/? 4 (1 — cos 20) d0 
= 2ab[0 - sin 26) 5" = 2ab(Z) = mab 
33. The curve x = t? + 1, y = 2t — t? = t(2 — f) intersects the z-axis when y = 0, that ai 


is, when t = 0 and t = 2. The corresponding values of x are 1 and 9. The shaded area 


is given by 


x2=9 t=2 2 
[, wr-vayae= ft) —o)2'ae= f ar— Pyar) at 


=1 t=0 


2 
= 3 fo (2t3 — t*) dt = 3] 5" 4°] 


35. = rd —dsiné, y =r —dcosé. 
A= oa ydx = Hants — dcos@)(r — dcos@) d0 = Fel ao — 2dr cos 0 + d? cos? 6) dé 
= [r?0 — 2dr sin@ + 4d? (0 + $sin 20) |5" = 2nr? + 1d? 
37.x2=t+e'’,y=t—e',0<t<2. dx/dt =1—e~* and dy/dt =1+e',so 
(dx /dt)? + (dy/dt)? =(1-—e*)? + (1 +e7*) =1-2et +e 414 2e t+ 677% = 24207", 
Thus, L = f’ \/(dx/dt)? + (dy/dt)? dt = f° V2 + 2e-™ dt = 3.1416. 


39.27 =t—2sint, y=1—2cost,0O<t<4a. da/dt = 1-— 2cost and dy/dt = 2sint, so 


(da /dt)? + (dy/dt)? = (1 — 2cost)? + (2sint)? = 1—4cost + 4cos*t+ 4sin?t =5 — 4cost. 


Thus, L = f’ \/(dx/dt)? + (dy/dt)? dt = f°" 5 — Icost dt ~ 26.7298. 
M.2=143t?, y=442t8, O<t<1. dax/dt = 6t and dy/dt = 6t’, so (dx/dt)? + (dy/dt)? = 36t? + 36¢*. 


1 1 2 
Thus, b= f 36-36 at = f 6t r+Pat—6 [ Vu ($du) [uw=141?,du = 2¢d1] 
0 0 1 


= 3[2us/?] = 2(29/? — 1) = 2(2 72-1) 
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d d 
4. «=tsint, y=tcost, O<t<1. = = tcost + sint and 1 = —tsint+ cost, so 


dx\?  (dy\? 
() +() = t? cos?t + 2tsint cost + sin? t + t? sin? t — 2tsint cost + cos? t 


= t?(cos*¢t + sin? t) + sin? t+ cos? t = #? +1. 
Thus, L = f) Vf + 1dt = [LtVP +1 + 4n(t + VP +1)], = 4V2+ 4 In(1 4 V2). 
45. 8 x—e'cost, y=e'sint, O<t<q. 


ay + (By = [e’ (cost — sint)]? + [e*(sint + cos ¢t)]? 


= (e')?(cos” t — 2cost sint + sin? t) 
+ (e')? (sin? t + 2sint cost + cos” t 
=25 2.5 

2 =e (2cos” t + 2sin® t) = 2e7! 

Thus, L = ie V 2e7t dt = M J2e! dt = /2 bere = V2 (e™ — 1). 
47. 1.4 The figure shows the curve x = sint + sin 1.5t, y = cost for0 < t < 47. 
dx/dt = cost + 1.5 cos 1.5t and dy/dt = — sint, so 
21 21 (da/dt)? + (dy/dt)? = cos? t + 3.cost cos 1.5t + 2.25 cos? 1.5t + sin? t. 


Thus, L = ie V¥1+3cost cos 1.5¢ + 2.25 cos? 1.5t dt ~ 16.7102. 


4. 2=—t—e',y=tt+e’, 6<t<6. 
(22) + (#) = (1—e)? + (1+ et)? = (1 — De? + 0") + (1 + Det +) = 2 4 2", so L = fo, V2 4 2e7 dt. 


Set f(t) = V2 + 2e7?. Then by Simpson’s Rule with n = 6 and At = s-C8) = 2, we get 


se 2(f(—6) + 4f(—4) + 2f(—2) + 4f (0) + 2F(2) + 4f(4) + f(6)] © 612.3053. 


54. x = sint, y= cos? t, 0 << t < 3m. 


(da /dt)? + (dy/dt)? = (2sint cost)? + (—2costsint)? = 8sin*tcos*t =2sin?2t > 


/2 
Distance = [°” /2|sin 2t| dt = 6/2 he sin 2tdt [by symmet = —3 /2 | cos 2t 3/2(-1-—1) =6 v2. 
0 0 y sy! ry 


wv 
ee 
The full curve is traversed as ¢ goes from 0 to 5, because the curve is the segment of x + y = 1 that lies in the first quadrant 


(since x, y > 0), and this segment is completely traversed as ¢ goes from 0 to . Thus, L = f, */? sin Ot dt = /2, as above. 


0 
53. c =asind, y = bcos0, 0< @ < 2z. 
(22 + (sey = (acos 6)? + (—bsin 6)? = a? cos? 6 + b? sin? 6 = a?(1 — sin? 6) + b* sin? 6 


2 
= a? — (a? — b*) sin? 6 = a? — ce sin? 6 = a? (1 - - sin? a) = a*(1— e? sin’? 6) 
a 


SoL= ajc ,/a (1 — e? sin? 0) dO [bysymmetry] = 4a (er \/1— e?2 sin? 6 dé. 
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55. (a) = 1l cost — 4cos(11t/2), y = 11sint — 4sin(11¢/2). 
Notice that 0 < t < 27 does not give the complete curve because 
x(0) £ x(27). In fact, we must take t € [0, 477] in order to obtain the 
complete curve, since the first term in each of the parametric equations has 
an 


period 27 and the second has period ~ a ins = 77. and the least common 


integer multiple of these two numbers is 47. 


(b) We use the CAS to find the derivatives dx /dt and dy/dt, and then use Theorem 5 to find the arc length. Recent versions 


of Maple express the integral f° V (dx/dt)? + (dy/dt)? dt as 88E (2/2), where E(2) is the elliptic integral 


/{ — as 
[= Vi dt and iis the i imaginary number \/— 


Some earlier versions of Maple (as well as Mathematica) cannot do the integral exactly, so we use the command 
evalf (Int (sqrt (diff (x,t)*2+diff (y,t)*2),t=0..4*Pi) ); to estimate the length, and find that the arc 


length is approximately 294.03. Derive’s Para_arc_length function in the utility file Int_apps simplifies the 


integral to 11 ee —Acost cos (+34) —Asint sin( 44) + 5 dt. 


57.2 =tsint, y=tcost, 0<t<7/2. dx/dt=tcost+sint and dy/dt = —tsint + cost, so 


(da /dt)? + (dy/dt)? = t? cos" t + 2tsint cost + sin? t + t? sin? t — 2tsint cost + cos” t 
= t?(cos” t + sin? t) + sin? t+ cos*t =¢? +1 


S= f2nyds = f"’? Int cost + 1 dt © 4.7394. 


5. 2¢-t+e’, y=e',0<t<1. 


dx/dt = 1+ e! and dy/dt = —e~*, so (dx/dt)? + (dy/dt)? = (1 + e*)? + (-e*)? = 14 2e* + 7? + e~** 


S = f Inyds = Ars Qme*V/1 + Qe? + €?! + e- 2! dt = 10.6705. 


c=, y=t,0<t<1 (%) + (4) = (30) + (24)? = ott + 40?. 


13 13 
= u—4 1 u = 9t? +4, 0? = (u—4)/9, _ 2a 3/2 1/2 
=2n f ( 9 ) va (a5 ee ~ 9-18 J, (ur — aun") du 


= 327, [(3- 13? V13 — 20-13 V13) — (3-32 — 20- 8)] = 2% (247 V13 + 64) 


63. « = acos* 0, y=asin® 0, 0<0< &. (a2y + (4y = (—3a cos” 6 sin 6)? + (3asin? 6 cos 0)? = 9a? sin? 6 cos? 0. 


S= ie 27 - asin? 6- 3asin@ cos 6 dé = 6ra? ae sin* @ cos0 dé = Sra? [sin A] 5 me = $na? 
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65. « = 30°, y= 28, O<t<5 (224 . = (6t)? + (6t?)? = 36#7(14+ 4?) = 
S= JP Ina \/(dx/dt)? + (dy/dt)? dt = J) 2n(3t?)6t VI +P dt = 180 [> PVT + © 2t dt 


26 


26 = 1442, 26 
= 180 f° (u— 1) Vudu R eopae = 187 fF (u3/? — u4/?) du = 187 [2u9/? — 3u%/?] 


1 
= 181| (2 - 676/26 — 2 - 26/26) — (2 — 2)|] = 42 (949 26 + 1) 
67. If f’ is continuous and f’(t) 4 0 fora < t < b, then either f’(¢) > 0 for all t in [a, b] or f’(t) < 0 forall t in [a, b]. Thus, f 
is monotonic (in fact, strictly increasing or strictly decreasing) on [a, b]. It follows that f has an inverse. Set F = go f aa 


that is, define F by F(x) = g(f~*(a)). Thena = f(t) => f7'(x) =t,s0y = g(t) = g9(f 71 (2)) = F(a). 


_1f dy dp d _if dy 1 d ( dy dy  dy/dt y 
_ 1 _ 1 = = = 
th des (+) a ae (3 Tome (at ds) | de dela 
d(dy\ ad (¥\ _ j@—#y dé 1 jc —ty\ _ aj — ay 
it ($) rie (4) =e ae => di 1+ /aP 72 ey ey lieing the Chain Rule, and the 
t 
fact that s = i (22) + (ay dt as = (22)? (#y (ee + y°)'/?, we have that 
dé _ ddfat _ (ejay 1 t-te] _ |_| _ de — a 
ds ds/dt e+P) (e+ 2 + P32 We (42 + y2)3/2 (42 + y2)3/2” 
(b) « = x and f(x) t£=12 en ee j= oy 
-s y > y= dz’ Y= dx2" 
Biase |1 - (d?y/dax”) — 0: (dy/dx)| 7 |d?y/da?| 
OT (yd TL (dy dee PP 
71. c = 0—sind & =1-cos0 & = sin 0, and y = 1 — cos0 y =sind ¥y = cos 0. Therefore, 
|cos 0 — cos” 6 — sin” 6| = |cos 0 — (cos* 6 + sin? 6)| ___|cos9 — 1} 


= = oOo sr Oro. The top of thi hi 
[(1 — cos 6)? + sin? 6]3/2 (1 — 2cos6 + cos? @ + sin? 0)3/2 (2 — 2cos0)3/2 Sinn Pe ae 


characterized by a horizontal tangent, and from Example 2(b) in Section 10.2, the tangent is horizontal when 0 = (2n — 1)z, 


: ; ; = 1 —boadl 1 
so take n = 1 and substitute 6 = 7 into the expression for kK: K = Se = ere =e 


73. The coordinates of T are (r cos 6,rsin@). Since TP was unwound from 


arc TA, TP has length ré. Also ZPTQ = ZPTR— ZQTR= a0 — 6, 


so P has coordinates x = rcos@ + r0 cos ($7 — 0) =r(cos@ + @sin 8), 


3m —0) =r(sin0 — Ocos8). 


y=rsind — rOsin(4 
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10.3 Polar Coordinates 


1. (a) (1, 5) By adding 27 to 7, we obtain the point (4, or) , which satisfies the 
r > O requirement. The direction opposite 7 is on so (-1, a) isa 


point that satisfies the r < 0 requirement. 


(b) (—2, =) (2,32) r> 0: (—(—2), 3 — x) = (2, €) 
r< 0: (—2, 3 +27) = (-2,4) 
3a 
ab 
ce 
(c) (3, -2) r> 0: (3,-% +27) = (3, 4) 
O zr ~ r< 0: (—3,-% +7) = (-3, 3) 
3 
(3-3) 
3. (a) fe x = 2cos 3% = 2(0) = Oand y = 2sin % = 2(—1) = —2 give us the 


: fe >» Cartesian coordinates (0, —2). 
. 


(b) (5.2) 2 = Vcos 7 v3 (=z) =1andy = v3sin? = v2(—) =1 


give us the Cartesian coordinates (1, 1). 


ai v3 v3 
(c) C= Lcos( ~) 1( *) 55 and 
‘ T 1 ile : 
y=-l sin( 6 ) 1 ( 5) 9 sive us the Cartesian 
coordinates ae : 
2.2)" 
5. (a) c= —4andy=4 r= /(-424+4 =4vV2andtand= 4 =-1 [6 =—4 + nz]. Since (—4, 4) is in the 


second quadrant, the polar coordinates are (i) (4/2, 2) and (ii) (—4,/2, 4). 


3V3 


(b) x =3andy =3V3 > r= 4/324 (3V3) = V9+427 = 6 and tand = =V3 [0=F+4n7]. 


Since (3, 3V3 ) is in the first quadrant, the polar coordinates are (i) (6, z) and (ii) (-6, =). 
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7. r>1. The curve r = 1 represents a circle with center 


O and radius 1. So r > 1 represents the region on or 


SECTION 10.3 POLAR COORDINATES 15 


9r>0, t/4<0< 3n/4. 
0 = k represents a line through O. 


outside the circle. Note that 6 can take on any value. 


_3m = 
ier 0= 


W.2<r<3, 


13. Converting the polar coordinates (4, =) and (6, 9) to Cartesian coordinates gives us (4 cos 4 > Asin 4 a)= (- 2, -2/3 3) 


and (6 cos =. 6sin = St) = (3, —3V3 3). Now use the distance formula 


d= \/(x2 — 21)? + (ya — y1)? = 1/ [3 — (—2)]? + [-3V3 (-2v3)]’ 


=14/5? + = §25 +3 = /28 = 2/7 


15.7? =5 x? + y* =5,acircle of radius \/5 centered at the origin. 
17.r=5cos06 > r?=5rceosd & a+y=5r © a” — 5x + 28 py? = 2 (x Bye a? = 23 
a circle of radius 3 centered at (3, 0). The first two equations are actually equivalent since r? = 5rcos@ => 
r(r —5cos0) =0 r = O0orr = 5cos9@. But r = 5cos6 gives the point r = 0 (the pole) when 0 = 0. Thus, the 
equation r = 5 cos @ is equivalent to the compound condition (r = 0 or r = 5cos@). 
19. r2cos20=1 © r?(cos?@—sin?@)=1 © (rcosé)? —(rsind)? =1 a? — y? = 1, a hyperbola centered at 
the origin with foci on the x-axis. 
; 2 
aA.y=2 6 rsind=2 r= r = 2csc0 
sind 
2. y=1+3¢ <= rsind=1+3rcosOé © rsinO—3rcos6=1 S r(sin6—3cos#)=1 ¢ 
= ab 
~ sind — 3cosé 
2.2% +y?=2cr & 1? =2ercos6 & r*—2crcos9=0 & r(r—2ccosé) =0 r =Oorr = 2ccos0. 


r = 0 is included in r = 2ccos@ when 0 = 5 + nz, so the curve is represented by the single equation r = 2c cos 0. 


a 


27. (a) The description leads immediately to the polar equation 0 = @, and the Cartesian equation y = tan(Z) L= 


slightly more difficult to derive. 
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(b) The easier description here is the Cartesian equation x = 3. 


29. r = —2sin0d r 


A 
24 
O 
> 
> 
0 7 ln 8 
27 


(2, 3277/2) 


31. r = 2(1 + cos) 


Th 


(4, 0) 


> 


> 


0 


(27, 277) 


> 


T Qn 
33. r = 0, g>0 r 
0 6 


35. r = 3c0s30 


37. r = 2cos40 


39. r=1+3cos0 
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SECTION 10.3 POLAR COORDINATES 


41. r? = 9sin 20 rp 
al (3, 7/4) 
i Ss oO > 
0 7 2x 8 
—37 
43. r=2+sin30 
(3, 77/6) 
O > 
45. r = sin(0/2) 
rh Dan 
(3-3) 
Fy ier _ 47. (1, 7) (-1, 377) 
7 3a 6 e: 
—-l] 


47. For 6 = 0, 7, and 27, r has its minimum value of about 0.5. For 6 = 5 and ar, r attains its maximum value of 2. 


We see that the graph has a similar shape for0 < 0 < manda < 0 < 27. 


: 2 
2 
1 
t t t +-—> - > 
0 7 2a 8 1 


49. « =rcos@ = (44 2sec@) cos6 = 4cos0 + 2.Now,r— co => 


(4 + 2sec 0) > 00 0— (Z) ord ¥ 22)" [since we need only 


consider 0 < 0 < 27], so lim x = nay (4cos 6 + 2) = 2. Also, 
T—0o 6-7 /2- 


r—+-—oo => (4+2sec0) > —co 6 > (Z)* or A > (37), 80 


lim x= lim (4cos@+2) = 2. Therefore, lim c=2 = « = 2isa vertical asymptote. 


r>—oo 07 /2t r— 0° 
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51. To show that z = 1 is an asymptote we must prove lim «= 1. 
Tee On, 


x = (r)cos@ = (sin@ tan @) cos@ = sin? 6. Now,r + 0o => sin@tand=+0co => 


2 O 
0 — (Z) ,so lim z= lim sin?@=1.Also,r—>-—co = sin@tanO—>-co => 

T0090 07 /2- 
@— (zy, so lm «= lim sin?@=1. Therefore, lim x=1 > w=l1is 

T——0Co On /2t r—to0o 


a vertical asymptote. Also notice that z = sin? 6 > 0 for all @, and « = sin? 6 < 1 for all 6. And x # 1, since the curve is not 


defined at odd multiples of >. Therefore, the curve lies entirely within the vertical strip 0 < x < 1. 


53. (a) We see that the curve r = 1 + csin@ crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to 


negative r-values,) so we solve the equation of the limagon forr =O << csin@ 1 sin 0 1/c. Now if 


|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < —1, then on the interval (0, 27) 
the equation has the two solutions 9 = sin~'(—1/c) and 9 = 7 — sin~*(—1/c), and if c > 1, the solutions are 


9 =a +sin~'(1/c) and 6 = 27 — sin~!(1/c). In each case, r < 0 for 0 between the two solutions, indicating a loop. 


(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 0 = an So we 


2 
determine for what c-values 7a is negative at 0 = a since by the Second Derivative Test this indicates a maximum: 


y=rsind =sin@+csin?¢6 => AY = cos + 2esin# cos = cos + csin 20 > ag? ~~ 8 @ + 2ecos 20, 


At 0 = 32, this is equal to —(—1) + 2c(—1) = 1 — 2c, which is negative only for c > 4. A similar argument shows that 


for —1 < c < 0, y only has a local minimum at 6 = $ (indicating a dimple) for c < —t. 


55. r=2cos? => x =rcosé = 2cos?6,y=rsind = 2sin@ cos? =sin20 > 


dy _— dy/d0 _ 2cos 20 — cos20 
dx dzx/d0 2-2cos@(—sin@) —sin20 


—cot 20 


mu dy T\ T : . 
When 0 = 3° de cot (2 =) = cot i [Another method: Use Equation 3.] 


a 
FF 


57. r= 1/0 x =rcos6é = (cos6)/0,y =rsiné = (sind)/6 = 


dy _ dy/d0 _ sin6(—1/67) + (1/0) cos0 0? —sin@ + 0cos 0 
dx  dzx/d0 ~~ cos@(—1/0?) — (1/0) sind 62 +—cos@—@sind 
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59. 


61. 


63. 


65. 


67. 


71. 


SECTION 10.3 POLAR COORDINATES 


r=cos20 => «=rcosé = cos26 cosé,y =rsin#d =cos26 sind => 


dy _dy/d@ __—cos20 cos@ + sin @ (—2sin 20) 


dx dx/d0 cos20(—sin@) + cos@ (—2sin 20) 


ie ws 0(V2/2) + (v2/2)(-2) _ -v2 _ , 


1 dx ~ 0(—V2/2) + (V2/2)(-2)_ —v2 
r=3cos0 => x=rcosé=3cos6 cosé, y=rsind = 3cosé sind => 
44 — _3sin? 6 +3cos?9 =3cos20=0 => 20=for% & O=f0r%. 


dé 2 


H 3.«O 3. 3 3 T 
So the tangent is horizontal at (+. =) and (- Ja az) [same as (+. _ +)| : 


42 — —6sin 0 cos@ = —3sin20 = 0 20 = Oorz 6 = Oor §. So the tangent is vertical at (3,0) and (0, z). 


r=1+cos0 => x=rcosé=cos6é(1+cos6é), y=rsind =sin@(1+cos#) => 


oy = (1+ cos 9) cos 6 — sin? 6 = 2cos” 6 + cos 9 — 1 = (2cos@ — 1)(cos@+ 1) =0 cos @ = z or —1 
6 = §, 7, or on = horizontal tangent at (3, z), (0, 7), and (3, Sn). 
ae = —(1+cos6) sin — cos@sind = —sin@(1+2cosé)=0 => siné =Oorcos#? = -% => 
6 =0, 7, 2%, or vertical tangent at (2,0), ($, 3), and (5, “). 
Note that the tangent is horizontal, not vertical when 0 = zr, since lim aunde = 
on dx/dé 
r=asinO+bcos9 > r?=arsinO+brcosd > a2? +y?=ayt+br = 
x? —ba+ (40) + y? — ay 4 (4a) = (40) (4a)? (a 1p) (y 14) = (a? +b”), and this is a circle 


with center ($0, $a) and radius $/a? + b?. 


r = 1+ 2sin(@/2). The parameter interval is [0, 47]. 69. r = e — 2cos(40). 
Zs The parameter interval is [0, 27]. 
3.5 
(~ 
3.4 = 1.8 
wy, 
—2.6 


r = 1+ cos®? 6. The parameter interval is [0, 27]. 


11 


-11 2 
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73. It appears that the graph of r = 1 + sin (0 = z) is the same shape as 2.1 

the graph of r = 1 + sin 6, but rotated counterclockwise about the . ot ota 
r=1+sin(o-¢ 

origin by %. Similarly, the graph of r = 1 + sin(O = z) is rotated by \ : ( . ) 
r=1+ sin(o — ) 

%- In general, the graph of r = f(@ — a) is the same shape as that of J ia 

r = f(0), but rotated counterclockwise through a about the origin. 

That is, for any point (10, Ao) on the curve r = f (6), the point -0.9 


(ro, 00 + @) is on the curve r = f(0 — a), since ro = f(00) = f((A0 + a) — a). 


75. Consider curves with polar equation r = 1 + ccos 0, where c is a real number. If c = 0, we get a circle of radius 1 centered at 
the pole. For 0 < c < 0.5, the curve gets slightly larger, moves right, and flattens out a bit on the left side. For 0.5 << c < 1, 
the left side has a dimple shape. For c = 1, the dimple becomes a cusp. For c > 1, there is an internal loop. For c > 0, the 


rightmost point on the curve is (1 +c, 0). For c < 0, the curves are reflections through the vertical axis of the curves 


with c > 0. 
1.5 1.5 1.5 2, 
1 2 1 2 1 2 1 3 
——— ee, a a, Sl er 
-L5 SES, -1.5 —2 
c= 0.25 c= 0.75 eS1 E=2 
dy dy/d0 
> — —tand s—TF7y ~ tand 
1+ —tané@ a 
ae an tate fdg ee 
dy dz dr dr : sin? 0 
_B. 7p tnd : (s sind + ros) tano(F cos @ — rsin@ 7 Perey | eae ce aa 
dx dy dr dr dr dr sin? 0 
—+—tand — —rsi — si — +—. 
qo do (Foose rsind) + tand( $F sind + ros) 79 08? aa aaa 
_ rcos? @+rsin? 6 2 # 
~ dr dr. ~ dr/d0 
eee 29g. — 2 
70 cos? 0 0 sin’ 0 
10.4 Areas and Lengths in Polar Coordinates 
1.r=e 4, t/2<0<0 
A=f dy? ao = | 1(¢~9/4)? dg i aeon do Al ae] a le"? a0) e /4_ eH 7/2 
n/2 m/2 n/2 n/2 
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SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES 
3. r=sin@+cosé, 0<0<7. 


A= sr ao = | 2 sin 4 eoeb)? do = 5 (sin? @+2sin 4 cosd + cos? @) ao = [ 11 + sin 20) do 
o 2 o 2 o 2 o 2 


al(™—3)-@-s)]=3 


= [0 - } cos 26) ” — 


5. r? =sin20, 0<0< 7/2. 


n/2 nm /2 /2 
a= | yr? do = f 3 sin 20 d0 = [—+ cos 26] 
) ty) 


Mae + (cost — cos0) = —7(-1-1) =§4 


7r=4+3sin0, —$ <0< §. 


m/2 n/2 
A= . 4((4+3sin 6)? dé = sf Pe Ba 0) do 
n/2 
=e i: (16 + 9sin? 0) do [by Theorem 4.5.6(b) [ET 5.5.7(b)]] 
—1/2 
n/2 
=4- 2f [16 +9-4(1—cos 20) dé [by Theorem 4.5.6(a) [ET 5.5.7(a)]] 
0 
m/2 5 
=| (41 — 200828) do = [416 — 2sin26]"”? = (442 —0) - (0-0) = 4 
9. The area is bounded by r = 2sin 0 for 0 = 0to@ = 7. (2, 7/2) 


A= f do = 4 | (sina)? aa = 3 | 4sin” 6 dO 
0 0 0 
=a 4 (1 — cos 20)d0 = [@— }sin26]” == r=2sin 6 
0 > 
O 


Also, note that this is a circle with radius 1, so its area is (1)? = rv. 


20 27 20 
11. A= f rao = f 4(3 + 2cos0)? do = af (9 + 12 cos 6 + 4 cos? 6) dO 
0 0 0 


(3, 7/2) 
Qn 
+ [9 + 12cos@ + 4- $(1 + cos 26)| dO (1, 77) 
0) 
Qn 7 
= + (11+ 12cos@ + 2cos 20) dd = [110 + 12sin@ + sin 26] .” (3, 37/2) 
0 
Qn Qn Qr 
13. A= | sr? d9 = f $(2+ sin 40)? dd = af (4+ 4sin 40 + sin? 40) do 3 
0 0) 0 


27 
af [4+ 4sin 40 + 3(1— cos 86)| d0 : 4 
0 
27 
= a (3 + 4sin 40 — 3 cos 80) do = (30 cos 40 i sin 86]; 
0 
9 
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27 Qn 
15. A= yr? d9 = f § (V1-+ cos®50) do 
0 


1.4 
0 
20 20 
=3/ (1 + cos? 56) a6 = 3 [ [1 + $(1 + cos 100)] dé a 
0 0 
= 1/364 dsin 106)" = 1(30) = 3a 
-1.4 


17. The curve passes through the pole whenr =0 = 4cos36=0 = cos30=0 30 =F+7n 


2.1 


6 = = + $n. The part of the shaded loop above the polar axis is traced out for 


0 = 0 to 6 = 7/6, so we’ll use —7/6 and 7/6 as our limits of integration. r=4cos 36 
a/6 a/6 
A= / 4 (4cos 30)? do = 2f 4 (16 cos” 30) d0 = 
—n/6 0 
ae 1 la x/6 1 4 
= 16 53(1 + cos 60) dd = 8 [6 + G sin66] >’ =8(%) = 3a 
0 


19. r=0 => sin4dd=0 40 = 7n 6 = Fn. r=sin 40 
n/4 n/4 n/4 
a= | 4(sin 40)” dd = af sin’ 40 do = af 3 (1 — cos 86) dé 
1 lo m/4 lf 1 
= 7[9— gsin86]° = (4) = G67 
21. rh (3 2) This is a limagon, with inner loop traced 
r=1+2sin 6 (rect.) "2 r=14+2sin0 


3 out between 6 = = and aca [found by 


solving r = O]. 


0 
-ltT g=2 Cod “g='2 
30/2 3n /2 3r /2 
A=2f $(.+2sin)? d9 = f (1+4sin@ + 4sin” 6) ao = | [1 + 4sin@ + 4- 3(1 —cos26)| do 
77/6 7x/6 7x /6 
37/2 
= [0 — 4080 + 20 — sin 26] ; = (%) -(#+2v3-¥8) =7- 38 
7x/6 
23. 4sin@ = 2 sind 4 0 = | or 2B pean 
57/6 n/2 
A= | 4[(4sin)? ~ 2°] d9 =2 f 4(16sin? 6 — 4) dO 
n/6 n/6 
sa 
x/2 x/2 (3) ry 
=| [16-3 cos 20) 4] ao = [ (4 — 8cos 20) d0 ss 
n/6 n/6 
n/2 
= [40 — 4sin20] 1g 7 Om 0) — (3 — 28) =F + 2V3 r=2 
7/6 
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SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES 


25. To find the area inside the leminiscate r? = 8 cos 20 and outside the circle r = 2, 


=2 

we first note that the two curves intersect when r? = 8 cos 20 and r = 2, . 02 
2= 8 cos2 : 

that is, when cos 20 = 4. For —1 <0< 7, cos 20 = $ 20 = +7/3 pe 

or £57/3 6 = +7/6 or £57/6. The figure shows that the desired area 

is 4 times the area between the curves from 0 to 7/6. Thus, 

A=4 f/° [1(8cos 26) — 4(2)?] dd =8 f."/°(2cos 20 — 1) d0 
m/6 
=8 [sin 20 = a” = 8(V3/2 — 1/6) =4V3 — 41/3 
27. 3cos@ = 1+ cosé cos 8 s 6= For—§. O=3 


A=2"/? 11(3cos)? — (1 + cos6)?] d0 =] eso 


= J’ (8 cos? 6 2cos 6 1) do = {"/*[A(1 + cos 20) — 2cos 6 — 1] dé 


= fe’? (3 +.4 cos 20 — 2cos 0) d0 = [30 + 2sin 20 - 2sin9]"/° 


=nr+vV/3 V3=7 r=3cosé 


29. 3sin@ = 3cos@ eS 1. tand=1 6=4 r=3 sind 
3cos0 
mw/4 nw/4 mw/4 ia) 
A=a2f (asino)? ao = [ gsin?oao = [ 9- $(1 — cos 26) dd 
0 0 0 
m/4 n/4 
=| (2 — 8.cos26) ao = [24 — 2sin24]""” = (8 — 2) — (0-0) ae 
0 0 
— om _ 9 
8 a 
31. sin20=cos20 => n=l => tan20=1 20=F 
bs r=sin20 
=F => =2 
8 
r/8 1/8 = cos 20 
A=8.2f ysin*20d0=8 | 1(1 — cos 40) d0 — 
) ty) 
n/8 
= 4[0 — }sin49] =4(2-1-1)=2-1 
0 
33. From the figure, we see that the shaded region is 4 times the shaded region o a= z 


from @=Otod=7/4. r?=2sin20andr=1 > 


2sin20=1° = sin20=4 20 = F 0= 5. 
m/12 m/4 
A=4f (2sin26) ao+4 f 4(1)? dO 
0 m/12 
am /12 nw/4 n/12 n/4 
=| 4sin 20 ao+ f 2d6 = [-2 cos 26] a [26] 
0 m/12 0 m/12 


= (-V3+2)+($- 4) =-V3+2+4 
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35. The darker shaded region (from 6 = 0 to 0 = 27/3) represents s of the desired area plus 4 of the area of the inner loop. 


From this area, we’ ll subtract 3 of the area of the inner loop (the lighter shaded region from 0 = 27/3 to 0 = 77), and then 


double that difference to obtain the desired area. 


A= 2| ue 1(1 4 cos@)” dO — Joys (5 + cos 6)” do] 


= Jo (4 + 0080 + 00s" 0) dO ~ J. j_ (4 + 0080+ cos?) di 


_ 27/3 


fs [; + .cos@ + $(1 + cos 26)| dé 


— ia [¢ + cos@ + $(1 + cos 26)| dd 


0 6 sin20]?"/> To | 6 sin20]" 
Z 5 Z +sinOd+—+ 


4 2 4 


0) 27/3 


13-8) - (448) 4+(¢+44+5-%) 


37. The pole is a point of intersection. sind =1-—sin0d => 2sind=1 => 


sind = 4 => 0=F0r on So the other points of intersection are 


39. 2sin20=1 > sin20=5 > 2= 7,57, Br or +e. 


By symmetry, the eight points of intersection are given by 


(1,0), where 0 = 4, a, ir and im, and 


— Tx l1lnx 197 237 
(—1, @), where 0 = 3, S$, =F, and ; 


[There are many ways to describe these points. ] 


41. The pole is a point of intersection. sin@ = sin20 = 2sin@ cosd <= 


sin @ (1 — 2cos@) =0 sind =Oorcos@=i => 
6 =0, 7, 301-3 the other intersection points are (4 7) 


and (4. 22) [by symmetry]. 
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*y 
| 


r=1-—sin0 


r=1 
r=2sin20 


r=sin 6 


&: 


r=sin20 


45. 


47. 


49. 


SECTION 10.4 AREAS AND LENGTHS IN POLAR COORDINATES 25 


3 y=2x 


3.4 
= 20 : 
é y=1+sinx 
3 a 3 
r=1+ sind 
1.4 1.4 
-0.3 =3 


From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we find the 6-values 


of the intersection points to be a & 0.88786 ~ 0.89 and 7 — a & 2.25. (The first of these values may be more easily 
estimated by plotting y = 1+ sina and y = 2z in rectangular coordinates; see the second graph.) By symmetry, the total 


area contained is twice the area contained in the first quadrant, that is, 
a m/2 a m/2 
A=2f 4(20)? ao +2 [ 4(1+sin6)? a= [ 46? a9 f [1 + 2sin@ + 4(1 — cos 20)| dO 


= [$97] 5 + [0 —2cos0 + ($0 — 1 sin 20)]7/” = $a° + [($ + $) — (a—2cosat $a — Fsin2a)] ~ 3.4645 
b wT 
i= [ vit + (dray a6 = | \/ (2cos 6)? + (—2 sin 0)? dé 
a 0 
= [ (loos? 6+ sin? 6) a9 = f° Vaae = [26]5 = 
0 0 


As a check, note that the curve is a circle of radius 1, so its circumference is 27(1) = 27. 
b 20 Qn 
L= i Jr? + (dr/d0)? do =| ,/ (87)? + (20)? do =| V4 + 46? do 
a 0 0 
20 20 
=f Vow +4)ao= [ OV 6? + 4d0 
0 0 


Now let u = 6? + 4, so that du = 20 do [0 dd = 4 du] and 
Qn An2+44 A(n241) 
/ ov ade = | bYudu = 3. 2[u¥?] = 2 [43/2 (7? 4 13/2 — 43/7) = 8[(n? 4.1)9/? — 1] 
0 4 7 
The curve r = cos*(6/4) is completely traced with 0 < 0 < 4n. 
r? + (dr/d0)? = [cos*(0/4)]? + [4cos*(6/4) - (— sin(0/4)) - ae 


= cos*(@/4) + cos®(0/4) sin?(0/4) 0.75 1.25 


= cos®(9/4)[cos?(0/4) + sin?(0/4)] = cos®(0/4) 


= i ,/cos® (8/4) dO = dad |cos*(@/4)| do 


= =o cos*(0/4) d@ [since cos*(0/4) > 0 for 0 < 6 < 27] ee costudu  [u= 


= 8 f"/?(1— sin? u) cosudu = 8 f( (1 — x?) dx ae 


dx = cosudu 


= 8[z- 30°], =8(1- 3) = % 
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26 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 
51. One loop of the curve r = cos 20 is traced with —7/4 <0 < 7/4. 


dr\? 
rep (5) = cos” 20 + (—2sin 20)? = cos? 26 + 4sin? 20 =1+43sin?20 => 


m/4 
L= | V1+3sin? 20 dO ~ 2.4221. 


—7/4 


53. The curve r = sin(6sin@) is completely traced wihO <@0< 7. r=sin(6sin0) => 


2 
a = cos(6 sin @) - 6 cos 6, so r? + (5) = sin?(6sin 0) + 36 cos? @cos*(6sin0) => 


L= / i/sin? (6 sin @) + 36 cos? 6 cos?(6 sin 0) dé = 8.0091. 
0 


55. (a) From (10.2.6), 


S = f? Iny,/(dae/d0)? + (dy/d0)? do 


= |, Wry V/r? + (dr rom the derivation of Equation 10.4.5 
2 2+ (dr/d0)? d0 —_ [from the derivation of Equation 10.4 


= im Qnr sin 0/7? + (dr/d0)? dO 


(b) The curve r? = cos 20 goes through the pole when cos20=0 => 2) 
rr >= cos 26 
20=5 => 6= F. We'll rotate the curve from @ = 0 to 6 = 4 and double \ —s 
(1,0) 
this value to obtain the total surface area generated. “A e 
dr dr\?  sin?20 _ sin? 20 
?—cos20 => Ir—=-2sin2d => (—) =—— =——. 
, a "00 ss dé r? cos 20 


n/4 n/A 2 a 2 
s=2f 2 Ve0526 sind /os 20 + (sin? 26) (cos 20 dd = 4n [ Vos 20 sin 9 4) 9° 70 Tsim 28 ag 
0 0 


n/4 1 n/4 
_ , = E a = n/A = V2 = Ae, 
= an | Vv cos 20 sin 0 eesba dé anf sin 6 do Ar cos On 4n( 5 1) Qn (2 v2) 


10.5 Conic Sections 


1. 2? = Gy and 2? = 4py 4p = 6 p 2. 3. 2a = —y? y’? = —2x. 4p = —2 p= 


1 
oe 


The vertex is (0,0), the focus is (0, 3), and the directrix The vertex is (0,0), the focus is (—$, 0), and the 


directrix is x = 4. 
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5. 


9. 


11. 


SECTION 10.5 CONIC SECTIONS 


(2 + 2)? = 8(y—3). 4p = 8, so p = 2. The vertex is Ry +6y+2e4+1=0 © y?+6y=-2¢-1 
(—2,3), the focus is (—2, 5), and the directrix is y +6y+9=-274+8 6 
y=l (y+3)? =-2(¢—4). 4p =—-2,sop=—3. 
The vertex is (4, —3), the focus is (£, —3), and the 
directrix is x = 2. 
-4 
The equation has the form y” = 4px, where p < 0. Since the parabola passes through (—1, 1), we have 1° = 4p(—1), so 


Ap = —1 and an equation is y? = —c oraz =—y?. 4p = —1l,sop= -} and the focus is (-, 0) while the directrix 
isx= 4, 

vy? 

a 1 a=V4=2,b=V2,c=Ve—-P=V4 = \/2. The 


ellipse is centered at (0, 0), with vertices at (0, +2). The foci are (0, +V2). 


27 


x 
2 y? 
13. 2? +9y? =9 gps a= V9 =3, 15. 9x? — 184+ 4y? =27 © 
2 2° 
2 2 
The ellipse is centered at (0, 0), with vertices (+3, 0). 9(a — 1)? + 4y? = 36 (x — 1) ee | 
4 9 
The foci +2V/2,0). 
e foci are (2/2, 0) a=3,b=2,c=V5 center (1, 0), 
y 
1 vertices (1, +3), foci (1,+V5) 
> ye 
—3 3x (1, 3) 
-1 
= 3x 
(1,-3) 
ey 
17. The center is (0,0), a = 3, and b = 2, so an equation is a + ge 1. c= Va? — & = V5, so the foci are (0, +yv5). 
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19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


2 
le = 1 a=5,b=3,c=/+9=-V¥ = 


center (0,0), vertices (0, +5), foci (0, +,/34), asymptotes y = +3c. 
Note: It is helpful to draw a 2a-by-2b rectangle whose center is the center of 


the hyperbola. The asymptotes are the extended diagonals of the rectangle. 


2 2 


ey 
1 eee 
100 100 : o 


c= 100+ 100 = 10/2 = center (0,0), vertices (+10, 0), 


foci (+10 /2, 0), asymptotes y = tie =+2 


x? —y? +2y =2 x? —(y?-2y+1)=2-1 6 


y=) 
i i 


1 a=b=l1c=VI4F1=V2 = 


center (0, 1), vertices (+1, 1), foci (+V/2, 1), 


asymptotes y—1=+7a% = +2. 


y=rxt NK 


4x? = y? +4 4a? —y? =4 a eS 1. This is an equation of a hyperbola with vertices (+1, 0). 


The foci are at (+V 144, 0) — (£V5, 0). 


ge? =4y—2y? © 2742y?-4y=0 © 27 42(y?-Qyt1)=2 © 2742%y—-1)P?=2 3 


2 _4)2 
> + wai = 1. This is an equation of an ellipse with vertices at (+V2, 1), The foci are at (+V2 =I, 1) =(#1 1), 


3a? — 6x —2y =1 3a? — 62 = 2y+1 3(x? — 2a +1) = 2y+1+3 3(@—-1)? =2y+4 6 


(x — 1)? = $(y + 2). This is an equation of a parabola with 4p = 3, so p = &. The vertex is (1, —2) and the focus is 


(1,-2+ 5) = (1-9). 


The parabola with vertex (0, 0) and focus (1, 0) opens to the right and has p = 1, so its equation is y” = 4px, or y* = 4a. 


The distance from the focus (—4, 0) to the directrix « = 2 is 2 — (—4) = 6, so the distance from the focus to the vertex is 


4(6) = 3 and the vertex is (—1, 0). Since the focus is to the left of the vertex, p = —3. An equation is y? = 4p(a+1) => 


y? = —12(a + 1). 
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35. The parabola with vertex (3, —1) having a horizontal axis has equation [y — (—1)]? = 4p(a — 3). Since it passes through 


(—15, 2), (2+ 1)? = 4p(—15 — 3) 9 = 4p(—18) 4p = —4. An equation is (y + 1)? = —3(x — 3). 


37. The ellipse with foci (2,0) and vertices (+5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 2, 


2 2 
2 3: Je Ses y 
= = = 21. SS eS 
so b a —c 25 — 4 = 21. An equation is B + a1 


39. Since the vertices are (0, 0) and (0, 8), the ellipse has center (0, 4) with a vertical axis and a = 4. The foci at (0, 2) and (0, 6) 


2 2 
_ (aw -4 
are 2 units from the center, so c = 2 and b = Va? — c? = v/42 — 2? = V/12. An equation is ie 9) (y 2 IS 1 


2: 2 

x , (y—4) 

i Ne DPE ag 
2 16 


(e+1? | (y-4) 


41. An equation of an ellipse with center (—1, 4) and vertex (—1, 0) is = 1. The focus (—1, 6) is 2 units 


b? 4? 
1)? — 4)? 
from the center, so c = 2. Thus, b? + 22 = 4? =  b? = 12, and the equation is ery + wy =A, 
ey? 
43. An equation of a hyperbola with vertices (+3, 0) is 32 Ro 1. Foci (£5,0) > c=5and3?+b?=5? = 
2 y? 
b? = 25 — 9 = 16, so the equation is oe 1 


45. The center of a hyperbola with vertices (—3, —4) and (—3, 6) is (—3, 1), so a = 5 and an equation is 


Gade «tes3) 


a ae Foci (—3, —7) and (—3, 9) c= 8,805? +0? = 8? b? = 64 — 25 = 39 and the 
bones ie De Se 

t 1S ee ee, 

equation is “>= 35 
a2? 
47. The center of a hyperbola with vertices (+3, 0) is (0,0), so a = 3 and an equation is a 1 
b : ; 7? y? 

Asymptotes y = +2” . 2 b = 2(3) = 6 and the equation is HG 1. 


49. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance 


a — c from it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 


(a—c)+(a+c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and (a + c) — (a—c) = 2c = 314 — 110, 


2 2 


= 102. 2 Qi e= th tion i ad | 2 =1 
or c = 102. Thus, b a c 3,753,196, and the equation is 3,763,600 * 3,753,106 


51. (a) Set up the coordinate system so that A is (—200, 0) and B is (200, 0). 


|P.A| — |PB| = (1200)(980) = 1,176,000 ft = 24° mi = 2a a = +225 and c = 200 so 
2 _ 3,339,375 1212? 121y? 


| ne ee so Ey Se 
ee 121 ~ 1,500,625 3,339,375 
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(121) (200)? 121y? 133,575 
6) DuenOr OER. 2 -geaopo SS fae ee et ae ee ~ 248 
}) Pucnenlte * 1,500,625. 3,339,375 os Bag m 


53. The function whose graph is the upper branch of this hyperbola is concave upward. The function is 
y=f(x)=a I pee = o VP +e, oy = 2 ; a(b? + x?) 1/2 and 
nS ; G or Sali pel = ab(b? + «?)~*/? > 0 for all x, and so f is concave upward. 


2 2 


55. (a) Ifk > 16, then k — 16 > 0, and = + ; J Ta 1 is an ellipse since it is the sum of two squares on the left side. 
x? y? 
(b) If0 < k < 16, then k — 16 < 0, and e + ae 1 is a hyperbola since it is the difference of two squares on the 


left side. 


(c) Ifk < 0, then k — 16 < 0, and there is no curve since the left side is the sum of two negative terms, which cannot equal 1. 


(d) In case (a), a? = k, b? = k — 16, and c? = a? — b® = 16, so the foci are at (+4, 0). Incase (b), k — 16 < 0,so a” =k, 


b? = 16 —k, and c? = a? + b? = 16, and so again the foci are at (+4, 0). 


2 
57. x? = 4py 2x = 4py’ y! us , so the tangent line at (xo, yo) is y — 20 ee (x — xo). This line passes 
2p 4p 2p 
; . : i aay) 2 2 2 
through the point (a, —p) on the directrix, so —p Z 5 (a — x0) Ap” — xo = 2axo — 225 
P ‘p 
xe — 2axo — 4p? = 0 xg —2arp +a? =a? +4p? © at 


(zo — a)? =a? + 4p? & wo =a+ fa? + 4p?. The slopes of the tangent oe 
02 YO. 


+ ./q2 4 2. 
lines at « = a + \/a? + 4p? are oS Ve so the product of the two 


2p 
slopesis NYT? 
7 (a, —p) yop 
ie ee a? — (a? + 4p?) _ —4p Js oi 
Ap? Ap? : 
showing that the tangent lines are perpendicular. 
vy? 
59. 9x? + Ay? = 36 a coe 1. We use the parametrization x = 2 cost, y = 3sint, 0 < t < 27. The circumference 
is given by 
L= Lo" J (dx/dt)? + (dy/dt)? dt = a /(—2sin t)? + (3 cost)? dt 
= - Asin? t + 9 cos? t 2" \/E + 5 cos? t dt 
: ; : 27 —0 T 
Now use Simpson’s Rule with n = 8, At = ae and f(t) = 4+ 5cos? ¢ to get 


Le Sg = zis [f(0) + 4f (4%) + 2f(E) + 4f(22) + 2f (x) + 4f (2) + 2f (2) + 4¢(&) + f(2m)] & 15.9. 
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2 2 2 By 29 
x y y xu -—a 20 
Ope ese Or Be Se eee oe 
as) 2b 
A=2 3 ve a? de = — . B-@-Finle+ Vea || 


= "le 2 — a? — a? In|c+ Ve? — a? | + a7 Infal | 


Since a? + b? = cc? — a? = b?, and Vc? — a? = b. 


ay [cb — a? In(c +b) +a? Ina] = a + a? (Ina — In(b+c))| 


a 


= b?c/a+ abln[a/(b+ c)], where c? = a? + 0°. 


63. 9x? + 4y? = 36 5 + 5 1 a = 3, b= 2. By symmetry, © = 0. By Example 2 in Section 7.3, the area of the 


top half of the ellipse is 3 (mab) = 3n. Solve 9x? + 4y? = 36 for y to get an equation for the top half of the ellipse: 


9a? + 4y? = 36 Ay? = 36 — 92? y= (4 x”) y = 3V4— 2. Now 
a a tf? Aye : ae ic 2 
y=—/] = dz = — =(=/4-22 ) dx=— 4—2*)d 4 
4 a gfe) de= sf ala Se ea aN Oe 4 
3 2 3 1a]’_ 3 /16\_ 4 
=—-2 4— dx = 4 = 
81 | ( aa 2| - 3° o 47\3 T 
so the centroid is (0, 4/7). ~2 0| 2% 
2 2 , 2 
: See date Lad 2 2 b 
65. Differentiating implicitly, — io 1 = io 0 y’ [y ~ 0]. Thus, the slope of the tangent 
bay yt _ 
line at P is -—,—. The slope of Fi P is and of F5P is . By the formula from Problems Plus, we have 
aryi t1+¢C %1—C 
Yl b221 
ies t1+¢Cc ar yy - ay? + b? a1 (a1 + c) _ ab? + b2cxr1 using ba? + a*y? =a’b?, 
bays ay (a +c)—baiy Carry + a2cyr and a2 — b? = c? 
a?yi (xi +c) 
_ b? (cx + a’) es 
cy1(cr1 + a?) cyl 
_ b 21 Y1 
and tan 3 = a? yy Lies CS a’ yz = Weri(r1 —c) _ —a*b? + ear = b? (cr = a”) _ oe 
1- beri a?yi (a1 —c) — Bay. = ae1y1 —a?cy. —cyi(ct#1 — a?) cys 
a?yi (x1 — c) 
Thus, a = (. 


10.6 Conic Sections in Polar Coordinates 


1. The directrix 7 = 4 is to the right of the focus at the origin, so we use the form with “+ ecos 6” in the denominator. 


ed 5°74 4 


Th 6 Fi 2.) A tion of the ellipse is r = ——————— = ——+{——___ = ——__. 
(See Theorem 6 and Figure 2.) An equation of the ellipse is r Teta Tp Loond eee 
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3. The directrix y = 2 is above the focus at the origin, so we use the form with “+ esin 0” in the denominator. An equation of 


ed 1.5(2) 6 


the h laisr = = 7 
e hyperbola is r Ttesinod 1+15sn0 2+3sin0 


5. The vertex (2, 77) is to the left of the focus at the origin, so we use the form with “—e cos 6” in the denominator. An equation 


ed 2 zd 


of the ellipse is r = Using eccentricity e = 3 with 0 = 7 andr = 2, we get 2 = 1-2-1 => 
-2(- 


1—ecosd" 


3 2(5) 10 
Pe ia 4 A 38 = : 
: > 5, so we have r 1— 2cosd 3 —2cos0 


7. The vertex (3, 5) is 3 units above the focus at the origin, so the directrix is 6 units above the focus (d = 6), and we use the 


ed 1(6) 6 


form “ in 0” in the d inator.e = 1 f bola, tion is r = —_|—_ = —*+_._ = ——__.. 
orm “+e sin @” in the denominator. e or a parabola, so an equation is r iene ae ae 


4 1/5 %, 4/5 4 4 
sre wee te isan => d=1. yA 
(4, 7/2) 
(a) Eccentricity = e = 2 
(b) Since e = 2 < 1, the conic is an ellipse. 
(c) Since ““— esin 0” appears in the denominator, the directrix is below the focus (Z, 7) (4, 0) 
> 
at the origin, d = |F'l| = 1, so an equation of the directrixisy=—-1 4242 22 JL 1. oan ss 
4 3a =7] 
‘ wT 7 (5. 2 ) y 
(d) The vertices are (4, =) and (4, 3). 


9° 2 


20 As - 28 


SS peane 13 1 rene 


where e = 1 and ed = 2 > ae 


(a) Eccentricity = e = 1 


(b) Since e = 1, the conic is a parabola. 


(c) Since “+ esin @” appears in the denominator, the directrix is above the focus 


at the origin. d = |F'l| = 3, so an equation of the directrix is y = 3. 


(d) The vertex is at (5, 3), midway between the focus and directrix. 
9 1/6 3/2 


3. r= . 
"6+ 2c080 1/6 1+ 4cos6’ 


=i 8 _ 9 
wheree= 3 anded=5 => d=3. 


(a) Eccentricity = e = z 


(b) Since e = } < 1, the conic is an ellipse. 


(c) Since “++e cos 0” appears in the denominator, the directrix is to the right of : an 


the focus at the origin. d = | F'l| = 3, so an equation of the directrix is 


_9 
— 2: ps 
(d) The vertices are (2, 0) and (3, T), so the center is midway between them, ( E 33) 


v 


that is, (3,7). 
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3 1/4 3/4 


ee ee pe ee 
" F—8c0s8 1/4 1-—2cosé 


, where e = 2 and ed = 3 => d= 3. 
(a) Eccentricity = e = 2 
(b) Since e = 2 > 1, the conic is a hyperbola. 


(c) Since “—e cos 0” appears in the denominator, the directrix is to the left of 


the focus at the origin. d = | F'l| = 3, so an equation of the directrix is 


= a3 
L=—F. 


(d) The vertices are (— 3,0) and (4, 7), so the center is midway between them, 


that is, (5, T). 


1 
17. (a) r = ————,, wheree = 2anded=1 = d= tH. The eccentrici 1 
(a) 1 —2sin6 2 y ( ) 
e = 2 > 1, s0 the conic is a hyperbola. Since “—e sin 8” appears in the =) aascreneas nee cal 2 
denominator, the directrix is below the focus at the origin d=|FI]=4$, [| | gee 
so an equation of the directrix is y = —h. The vertices are (-1, z) and be i 
(4, =), so the center is midway between them, that is, (3, 3). 
=a 
2 


(b) By the discussion that precedes Example 4, the equation 


i 
1— 2sin(6 — 3)’ 


isr = 


19. For e < 1 the curve is an ellipse. It is nearly circular when e is close to 0. As e 


increases, the graph is stretched out to the right, and grows larger (that is, its 


right-hand focus moves to the right while its left-hand focus remains at the 


origin.) At e = 1, the curve becomes a parabola with focus at the origin. 


21. |PF| = e|Pl| r =eld—rcos(m—0)| =e(d+rcosé) => ; a 
ed 
P 
r(1—ecos@) = ed Pe aoe aad 


ey 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


34 CHAPTER 10 PARAMETRIC EQUATIONS AND POLAR COORDINATES 


23. |PF| = e|Pl| r=eld—rsin(@—7)|=e(d+rsiné) => yA 
0 
r(1—esin@) = ed pia ee aes > 
1—esin@ 7 |F Xx 
P 
1 y=—d 


25. We are given e = 0.093 and a = 2.28 x 10°. By (7), we have 
pci allie e*) _ 2.28 x 10°[1 — (0.093)?] _ 2.26 x 10° 
~ 1+ecos6 1 + 0.093 cos 0 ™~ 1+ 0.093 cos 0 
27. Here 2a = length of major axis = 36.18 AU = a= 18.09 AU ande = 0.97. By (7), the equation of the orbit is 


_ 18.09[1 — (0.97)7] 1.07 
1+0.97cos6 ~ 1+40.97cos0" 


By (8), the maximum distance from the comet to the sun is 


18.09(1 + 0.97) = 35.64 AU or about 3.314 billion miles. 


29. The minimum distance is at perihelion, where 4.6 x 10’ = r = a(1 — e) = a(1 — 0.206) = a(0.794) => 
a = 4.6 x 10°/0.794. So the maximum distance, which is at aphelion, is 


r =a(1+e) = (4.6 x 107/0.794) (1.206) = 7.0 x 10” km. 


31. From Exercise 29, we have e = 0.206 and a(1 — e) = 4.6 x 10” km. Thus, a = 4.6 x 10’/0.794. From (7), we can write the 


. F 1-eé? : 
equation of Mercury’s orbit as r = a—————. So since 
1+ecos0 


dr _ a(1—e”)esind 
do (1 + ecos 6)? 


2 274 _ 22)2 274 _ 52)2 52 in2 274 _ 22)2 
ee dr\" _ a“(1—e*) a“(1—e*)* e* sin 0 a*(1—e*) (1 -+2¢c0s 6 +e?) 
do (1 + ecos 6)? (1+ ecos6)4 (1 + ecos0)4 


the length of the orbit is 


Qn 2" /Tpe2 + de cos 
Gf ee Ghee Say | et eet oa dO an 
0 


6 (1 + ecos 6)? 
This seems reasonable, since Mercury’s orbit is nearly circular, and the circumference of a circle of radius a 


is 27a & 3.6 x 10° km. 
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10 Review 
TRUE-FALSE QUIZ 


1. False. Consider the curve defined by « = f(t) = (t — 1)° and y = g(t) = (t — 1)”. Then g’(t) = 2(t — 1), so g'(1) = 0, 


but its graph has a vertical tangent when t = 1. Note: The statement is true if f’(1) 4 0 when g’(1) = 0. 


3. False. For example, if f(t) = cost and g(t) = sint for 0 < t < 4r, then the curve is a circle of radius 1, hence its length 
is 27, but jan [f’())? + [g’ (t)/? dt = es (—sint)? + (cost)? dt = i 1 dt = 4n, since as t increases 


from 0 to 47, the circle is traversed twice. 


5. True. The curve r = 1 — sin 20 is unchanged if we rotate it through 180° about O because 


1 — sin 2(6 + 7) = 1—sin(26 + 27) = 1 — sin 20. So it’s unchanged if we replace r by —r. (See the discussion 


after Example 8 in Section 10.3.) In other words, it’s the same curve as r = —(1 — sin 20) = sin 26 — 1. 


7. False. The first pair of equations gives the portion of the parabola y = x? with x > 0, whereas the second pair of equations 
traces out the whole parabola y = x”. 


9. True. By rotating and translating the parabola, we can assume it has an equation of the form y = cx”, where c > 0. 


The tangent at the point (a, ca”) is the line y — ca? = 2ca(x — a); i.e., y = 2cax — ca”. This tangent meets 


the parabola at the points (2; cx) where ca” = 2cax — ca”. This equation is equivalent to x” = 2ax — a? 


[since c > O]. But 2? = 2aa — a? x? — 2ax +a? =0 (a — a)? =0 t=a 


(a, cx”) = (a, ca”). This shows that each tangent meets the parabola at exactly one point. 


EXERCISES 


1Le2=t?+4t,y=2-t,-4<t<1.t=2-y,50 


a= (2—y)?+4(2-y) =4-4y+y? +8-4y=y?-8y4+12 © 


x+4=y? —8y +16 = (y — 4)”. This is part of a parabola with vertex 


(—4, 4), opening to the right. 


ay 


1 
cos 6 


3. y = sec0 = ==. Since <0 <n/2,0< 0 <landy > 1. ae 


This is part of the hyperbola y = 1/2. 


(1,1), 0=0 
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5. Three different sets of parametric equations for the curve y = Vx are 


@a=t, y=vet 
(ii) c=t*, y=? 
(iii) ¢ =tan?t, y=tant, 0<t< 7/2 


There are many other sets of equations that also give this curve. 


7. (a) (4,22) The Cartesian coordinates are x = 4cos =n = 4(- 3) = —2 and 
Ne y = 4sin 23 = 4() = 2/3, that is, the point (—2, 2 V3). 
3 


(b) Given « = —3 and y = 3, we have r = \/(—3)? +32 = V18 = 3 V2. Also, tan @ = ¥ = tand= , and since 


x 


(—3, 3) is in the second quadrant, 0 = an Thus, one set of polar coordinates for (—3, 3) is (3 /2, at) , and two others are 


(3 V2, 42) and (-8 V3, 72). 


9. r =1+sin@. This cardioid is ee 
Be (2,5) 
symmetric about the 0 = 7/2 
axis. 27 
0 7 Qn 8 (1, 7) (1, 0) ' 
11. r = cos 30. This isa PA 


three-leaved rose. The curve is 


traced twice. 


13. r = 1+ cos 20. The curve is rh 


symmetric about the pole and 2 


both the horizontal and vertical LC OH 


axes. 


SIA 
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3 


15. r= e = 2 > 1,s0 the conic is a hyperbola.de=3 => 


1+ 2sin0 


d= 3 and the form “+2 sin 0” imply that the directrix is above the focus at 


the origin and has equation y = 3. The vertices are (1, 4) and (—3, 3). 


CHAPTER 10 REVIEW 


7.¢+y=2 S rcos?+rsind=2 S r(cosé+sin0) =2 


19. r = (sin8)/0. As @ — too, r > 0. 


As @ > 0, r — 1. In the first figure, 


there are an infinite number of 


x-intercepts at x = 7n, n a nonzero 


integer. These correspond to pole 


on cos @ + sin @ 


0.75 


points in the second figure. 


-0.25 


=075 


dy dx 1 dy — dy/dt 2t 
21.2¢=Int,y=1+t?;t=1. = =2t — =-,s0 = = = — = 2? 
aa mee dt Mae age agi = AT 
When t = 1, (x,y) = (0,2) and dy/dax = 2. 
23.7r =e? y =rsin@ =e °sin@ and «& = rcos6 =e °cosd > 
dy — dy/d0 _ £ sind + rcos _ -e °sind+e~°cos6 —e* _ sin@ —cosd 
dx dx/d0 £ cosé — rsind ~ ~e-%cos6—e-*8sin@ —e? cosd+sind’ 
—_ dy O-(-1)_ 1 © 
When 6 = 7, a 40 | 1. 


dy  dy/dt  1+sint 


25. 2 =t+sint, y=t-—cost 


d (2) (1 + cost) cost — (1 + sint)(— sin t) 


dx dx/dt 1+ cost 


ay dt \ dx _ (1 + cost)? _ cost+cos*t+sint+sin?t _1+cost+sint 
da? dx /dt 1+ cost (1 + cost) (1 + cost) 
27. We graph the curve x = t? — 3t, y= #? +¢+1 for -2.2 <t < 1.2. 4 
By zooming in or using a cursor, we find that the lowest point is about 
(1.4, 0.75). To find the exact values, we find the t-value at which 
dy/dt = 2t+1=0 t s (x,y) = (+, 3). 
4 c 2 
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d 
29. x = 2acost—acos2t > < = ~2asint + 2asin 2t = 2asin t(2cost — 1) = 0 ° 


sint = 0 or cost = $ t=0, Z,m,or =. 


d 
y = 2asint — asin 2t a = 2acost — 2acos2t = 2a(1 + cost — 2cos” t) = 2a(1 — cost)(1+2cost) =0 
2a An 
t=0,2 >, or +. 
Thus the graph has vertical tangents where t = 3, 7 and 5 = , and horizontal tangents where t = = = and = 3 . To determine 
dy/dt 


ee das [dt ‘n = 0, so there is a horizontal tangent there. 


what the slope is where t = 0, we use I’ Hospital’s Rule to evaluate lim 7 


(3a, 0) (a, 0) 


31. The curve r? = 9cos 56 has 10 “petals.” For instance, for —75 < 0 < Jp, there are two petals, one with r > 0 and one 


with r < 0. 
= 10 (7/9, tr? do = 5 [7/19 9 cos 50 dd = 5-9-2 [2*/"° cos 50d = 18[ sin 50]*/"° = 18 
33. The curves intersect when 4cos 0 = 2 cos 0 4 6 => ee 


for —a < 0 < 1m. The points of intersection are (2, z) and (2, —&). 


35. The curves intersect where 2sin9 = sin@+cos0 => 
sin@ =cos@ = @= 4, and also at the origin (at which 0 = an 
on the second curve). 


A= fr/* 1( 2sin 0) 0+ forl4 3 (sin 6 + cos 0)? dé 


= 0 (1 —cos 20) do + 4 f27/* ( (1 + sin 26) dé 


r=2sin0@ r=sin 6+ cos 6 


= [@- 2 sin 20]7/* + + [$ 6— cos 26) °7/" 


=1(n-1) 
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37. « = 3t?, y = 20. 


L= fo (dad? 


CHAPTER 10 REVIEW 


+ (dy/dt)? dt = f° \/(6t)? + (62)? dt = > V36t + 3684 dt = f° V36t2 VI +P dt 
= 2 6|t| VIF P dt =6 fe tvI +P dt =6 J? ae [u=1+1?, du = 2¢d¢] 


5 
1 2 3/2 
=6-3-3[u9/?] = 


39. L = [?" \/r? + (dr/d6)? do = [?" \/(1/0)? + (-1/0")? do = 


in) 
a 
-———1 
Dp 
+ 
= 
=) 
Mie 
Dp 
- 
1S) 
YY 


2(5°/? — 1) = 2(5 V5 — 1) 


"JPET 
Q? 


Tw 


_ vn+1 ae (+ at) 
1 


7 20 w+ Vn + 


Tw 


— @Wr?+1—V4r7+1 +1n( 72% V4r2 + *) 


20 


M2 =4Vt, y= —+ 


3° 2¢2’ 


l< 


Rive el 


<t<4 5 


S= fo 2ry/(da/dt)? + (dy/dt)? dt = fi 20 (4t + 44-7) J(a/vt)? + (t2 — ¢-8)? dt 


= On fi (3+ 3-4) 


43. For all c except —1, the curve is asymptotic to the line x = 1. For 
c < —1, the curve bulges to the right near y = 0. As c increases, the 
bulge becomes smaller, until at c = —1 the curve is the straight line x = 1. 
As c continues to increase, the curve bulges to the left, until at c = 0 there 
is a cusp at the origin. For c > 0, there is a loop to the left of the origin, 


whose size and roundness increase as c increases. Note that the x-intercept 


of the curve is always —c. 


a? y’ 


= car ees) 5 14-5 1 46 5 1,-4]4 471,295 
(7 + 4-3)? dt = 2m fr (Zt + § + gt”) dt = Qa[ pet? + Gt — gt“), = “et 


45. — + — =1 is anellipse with center (0,0). 47. 6y? +a —36y +55 =0 


9 8 
a=3,b 2/2,¢ 


foci (+1, 0), vertices (+ 


6(y? —6y+9)=-(@+1) © 
(y — 3)? = —2(a + 1), a parabola with vertex (—1, 3), 


opening to the left, p= —3 => focus (— 33,3) and 


i i — — 23 
directrix x = — 5. 
YA 
ae a 
> 
0 x 
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49. The ellipse with foci (+4, 0) and vertices (+5, 0) has center (0, 0) and a horizontal major axis, with a = 5 and c = 4, 


2 2 


so b? = a? —c? = 5? — 4? = 9, An equation is a + Ya. 
25 9 
2. Ge 
51. The center of a hyperbola with foci (0, +4) is (0,0), so c = 4 and an equation is a 1. 
The asymptote y = 3a has slope 3, so ; — => a=3bandd’?+0?= = (30)?+0=4 5 
2 2 2 2 
100? =16 => = 3 and so a? = 16 — 3 = 2 Thus, an equation is OTE aE = l,or oe ~ 1. 

53. 2? + y = 100 x? = —(y — 100) has its vertex at (0, 100), so one of the vertices of the ellipse is (0, 100). Another 
form of the equation of a parabola is x? = 4p(y — 100) so 4p(y — 100) = —(y — 100) Ap 1 p i. 
Therefore the shared focus is found at (0, 390)) so 2c = 390 0 c= 238 and the center of the ellipse is (0, 322). So 

4012 — 2 bs eh ee _ 399)? 
a = 100 38 — “ and b? =a? — 2 = as = 25. So the equation of the ellipse is a y a =1 
2 _ 399)2 2 _ 2 
OF WE) a oe & 4 Ou B09)? _ 
25 (+) 25 160,801 
8 
‘ : 1 ed =7 4 
55. Directrix x 4 d 4, SO €e 3 r Piswcose: = a cosp 


57. In polar coordinates, an equation for the circle is r = 2asin 0. Thus, the coordinates of Q are x = rcos@ = 2asin 6 cos@ 
and y = rsin@ = 2asin? 6. The coordinates of R are x = 2acot 6 and y = 2a. Since P is the midpoint of QR, we use the 


midpoint formula to get 2 = a(sin @ cos + cot #) and y = a(1+sin? 6). 
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L] PROBLEMS PLUS 


YA 


1. See the figure. The circle with center (—1, 0) and radius \/2 has equation 


(x + 1)? + y? = 2 and describes the circular are from (0, —1) to (0, 1). (+1? +y?=2 


1 


Converting the equation to polar coordinates gives us 


RY 


(rcos6 +1)? +(rsiné)? =2 => (-1, 0) 


r? cos? 6+ 2rcos6+1+r7sin?6=2 > 


(0, -1) 


r?(cos? @ + sin? 9) +2rcos9=1 => r?+2rcos@ =1. Using the 


quadratic formula to solve for r gives us 


_ + /4c0s? 6 +4 
es A208 OE VECO OES = cos + VOOR TFT for r > 0. 


n/4 n/4 
The darkest shaded region is z of the entire shaded region A, so $A = i Ly? dd = 4 / (1-—2rcos#)d6 => 
0 0 


n/4 n/4 
tax [ [1 — 2080 (— cos + v/cos?0 +1 )] a= [ (1 + 2cos* 9 — 2c0s 0\/cos? 0+ 1 ) do 
n/4 
=| [1+2- $(1 + 00828) ~ 20080 (1— sin?) +1 dé 
) 


n/4 n/4 
=| (2+ 00820) do —2 f cos 0\/2 — sin? 6 dd 
0 0 


— [06 fous 20 n/A 2 WN? damaaa u=sind, 
= ie SAO Io — 0 eae du = cos 0 dé 


1 u ayy? Formula 30 
5) ee ormula 30, 
+ ) (0 + 0) 2| Sve u? + sin |. peer 


Thus, A=4 (E+ 5 V3) = 42 2/3. 


3. In terms of x and y, we have x = rcos@ = (1+ csin@) cos = cos 6 + csin@ cos @ = cos@ + Scsin 26 and 


y=rsind = (1 + csin @) sind = sin@ + csin? 6. Now-1<sind<1 => -1<sin@+csin?60 <1+c<2,s0 


—l<y < 2. Furthermore, y = 2 when c = 1 and 0 = $, while y = —1 for c = 0 and 0 = am Therefore, we need a viewing 
rectangle with —1 < y < 2. 

To find the x-values, look at the equation x = cos 8 + dcsin 20 and use the fact that sin 20 > 0 for0 < 0 < § and 
sin 20 < 0 for— 5 < 6 < 0. [Because r = 1 + csin 0 is symmetric about the y-axis, we only need to consider 


[continued] 


4 
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CHAPTER 10 PROBLEMS PLUS 


—§ <0< §.] So for —F <4 <0, x has a maximum value when c = 0 and then x = cos @ has a maximum value 


of 1 at 0 = 0. Thus, the maximum value of x must occur on (0, Z| with c = 1. Then x = cos@ + 4 sin20 => 


4¢ = —sin 6 + cos 20 = —sin@ + 1 — 2sin 0 4¢ — —(2sin@ — 1)(sin@ + 1) = 0 when sind = —1 or $ 
[but sin? A —1 for0 <0 < F]. Ifsind = 3, then 0 = | and 2.1 c=l 


x = cos a a 4 sin es = 3/3. Thus, the maximum value of « is 2/3, and, 4 2 
c= 
3 


by symmetry, the minimum value is -3 ,/3. Therefore, the smallest 


viewing rectangle that contains every member of the family of polar curves 


1.6 1.6 
r=1+csin0, where 0 < c< 1, is [-2 V3, 3 3] x [-1, 2]. c=y 
=1.1 
ey 
. Without loss of generality, assume the hyperbola has equation 2 po 1. Use implicit differentiation to get 
! 2 2 
~ “UY =0,s0y’ = a The tangent line at the point (c, d) on the hyperbola has equation y — d = oe —c). 
ane b b bc 272 2 22 
The tangent line intersects the asymptote y = a2 when ae d= aq (® Cc) abdx — a*d° = b*cx — b°c 
272 722 
abda — b?cx = a?d? — b?¢? = ies = ad ee and the y-value is Buds h = cm 
b(ad — bc) b ab a 


Similarly, the tangent line intersects y 


b (A ad — be 
x at 


b> ) . The midpoint of these intersection points is 


1fad+be  bc—ad\ 1fad+be  ad—bc 12be 1 2ad ; 
(5( b + 5 ).3( 5 + - )) € 5D <<) (c, d), the point of tangency. 


Note: If y = 0, then at (a, 0), the tangent line is 2 = +a, and the points of intersection are clearly equidistant from the point 


of tangency. 
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11. LJ INFINITE SEQUENCES AND SERIES 


11.1 Sequences 


1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive integers. 


(b) The terms a,, approach 8 as n becomes large. In fact, we can make a, as close to 8 as we like by taking n sufficiently 


large. 


(c) The terms a, become large as n becomes large. In fact, we can make a, as large as we like by taking n sufficiently large. 


n 


3. Gn = ———.,, so the sequence is 2! 2 2 24 2 _f2 4 8 16 32 


5. a i Go a so the sequence is Se ela : ee . : 
. an = ae q Bl? 52753? 547 Be 5’ 257125’ 625’ 3125’ f° 


7. Qn = : so the sequence is ee ee ee ee : 
eT" (nt yy s 213! 4! 51’ 6!’  . 2’ 6’ 24’ 120’ 720’" "f° 


9. a1 = 1, dn41 = 5ay — 3. Each term is defined in terms of the preceding term. a2 = 5a; — 3 = 5(1) —3 =2. 


ag = Sag —3 =5(2) -3=7. ag =5a3 —-3=5(7) -3 = 32. as =5a4 —3 = 5(32) — 3 = 157. 


The sequence is {1, 2,7, 32, 157,...}. 


Per nt MO | RS Ge) a ne wo 
va ee eae A eae. doe a ee Rh; eg ee 
a4 2/7 2 ‘ 2222 
as = ie T4377 a The sequence is {2, 2, eee 
1 

liidida : ; i = 
13. {$s aig aoe ae The denominator is two times the number of the term, n, sO an = on 
15. {—3,2,—4,$,—38,...}. The first term is —3 and each term is — 2 times the preceding one, so ay = —3(-2)"". 


17. { 3, -}, 2 et 1620 chs The numerator of the nth term is n? and its denominator is n + 1. Including the alternating signs, 


2 
n+1 n 


we get an = (—1) ae 


43 
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19. 


21. 


23. 


25. 


27. 


29. 


31. a 


CAN DT FP wn re 


= 
f=) 


Anh ; 
i+ e 
1 0.5000 
2 1.2500 . 
3 0.8750 
4 1.0625 0 5 
5 0.9688 
6 1.0156 It appears that im, an = 1. 
‘ pened lim (1+ (—4)") = lim 1+ lim (-2)” =140= 1 since 
8 1.0039 et ae ee 
9 0.9980 lim (—3)" = 0 by Q) 
10 1.0010 
34+5n? — (34+5n?)/n? — 54+3/n? 5+0 
Gn = —— = SS = 0 an =5asn— co. Converges 
n+n? (n +n?) /n? 1+1/n 1+0 
nt n' /n3 : : 
om = ——— = —>— + — = = SO dn + COaSN — cosince lim n = oo and 


n3—2n  (n3 — 2n)/n3 


CHAPTER 11 INFINITE SEQUENCES AND SERIES 


0.5+ 
0.44 


It appears that lim a, = 0.5. 


n— co 


lim an = lim alin 


~ woe To 


n 
1—2/n?’ 


! 2 : 
jim, (1 - =) =1-—-0=1. Dvwverges 


Gn. S300 OS a (3) ,8o lim an = 0 by (9) with r = 


7 


n— oo 


Converges 


Because the natural exponential function is continuous at 0, Theorem 7 enables us to write 


lim (-1/vm) _ 40 4 


lim an = lim eT vm — ent. 


noo n—oco 


Converges 


[1+4n? _ (1+ 4n?) (1+.4n?)/n? 
1+n2 \) (1 +4n?)/n? 
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2 tes. 
= eee — V/4=2asn— oosince lim (1/n?) =0. Converges 


(1/n2) +1 


n—0co 


Sy 


SECTION 11.1 SEQUENCES 45 


_ n? 7 n? Wn _ Jn eae 
VnF +4n Vn F4nf/n3 — \/1+4/n?’ 


lim \/1+4/n? =1. Diverges 


33. Gn 


n — coasn— oosince lim \/n = oo and 
n—-co 


—1)” 1 1 
35. Jim, |an| = Jim, a =5 Jim, a = 5 (9) = 0, so Jim, Gn = 0 by (6). Converges 
—})! — 1)! 
37. dn = CaS = ge “AAS as — Pan See — 0asn— oo. Converges 


(Q2n+1)! (Qn+1)(2n)(Qn—1)!  (2n+1)(2n) 


39. a, = sinn. This sequence diverges since the terms don’t approach any particular real number as n — oo. The terms take on 


values between —1 and 1. Diverges 


2 n? x 4 2% 4H 2 ; 

41. an = née” = —. Since lim = lim = lim = 0, it follows from Theorem 3 that lim a, = 0. Converges 
e”™ woo EX x—oo EF x—oo EF n—-0o 
cos? n 1 ? 2 ; F 1 cos? n 
4.0< a < a [since 0 < cos*n <1], sosince lim ore 0, oa converges to 0 by the Squeeze Theorem. 
i in(1 int : 
45. an = nsin(1/n) = ae), Since lim sae) = lm = [where t = 1/2] = 1, it follows from Theorem 3 
1/n asco 1/a tot ¢t 


that {a,,} converges to 1. 


2\" 2 
ae Iny =aln{1+-}, 
47. y ( =) ny vin (1+ 2) so 


ee 2/t) Hy (sa) (-3) . 2 


lim Iny = li li = 
Peri me eras x LOCO —1/x? pane 14 2/a 


2\" 2\. 
lim (1 + 2) = lim ce” = e?, so by Theorem 3, lim (1 + 2) =e”. Converges 
xw2— 00 x ®L—- Co n—- co 


2 ae? 
49. an = In(2n? +1) —In(n? +1) =In (= = *) =In (5) —In2asn— oo. Converges 
n 


14 1/n? 


51. an = arctan(In7n). Let f(x) = arctan(Inz). Then lim f(x) = 2 since lnz — cas x — o and arctan is continuous. 
2 


Thus, lim an = lim f(n) = 5. Converges 
53. {0,1,0,0,1,0,0,0,1,...} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to 


either one (or any other value) for n sufficiently large. 


5. a, = — = 


[forn > 1] = + — oo as n — 00, so {an} diverges. 
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57. 


From the graph, it appears that the sequence {a,,} = {eo in * 1 \ is 


divergent, since it oscillates between 1 and —1 (approximately). To prove this, 


suppose that {a,,} converges to L. If bn = ea then {b, } converges to 1, 


Tr L nm . mr : . 
and lim “2 = 2 = 2. But = (—1)", so lim ” does not exist. This 


n—0o by 1 bn noo Dn, 


contradiction shows that {a,, } diverges. 


59, «| From the graph, it appears that the sequence converges to a number between 


0.7 and 0.8. 


‘ss Gn = arctan ne = arctan n’/ n? = arctan i > 
2 ne+4)— (n2+4)/n2) 1+ 4/n? 


[= 0.785] asn — oo. 


1 tanl=— 
arctan => 
q 


61. 2 From the graph, it appears that the sequence {an} = { senet is 


divergent, since it oscillates between 1 and —1 (approximately). To 
2 


n 
Tone’ then 


prove this, suppose that {a,,} converges to L. If bp = 


0 rot | 21 


bn} converges to 1, and lim sien ae = L,. But ie ees cos n, SO 
: r 


nc On 1 in, 


F a 7 : Boys , 
\ / lim — does not exist. This contradiction shows that {a,,} diverges. 


9. n—>co On 


63. From the graph, it appears that the sequence approaches 0. 


2n 


1-3-5----+(2n—1) 
(2n)" 


<5 (1)- (1) teste (ie lense 


So by the Squeeze Theorem, { \ converges to 0. 


65. (a) dn = 1000(1.06)” = ai = 1060, a2 = 1123.60, ag = 1191.02, a4 = 1262.48, and as = 1338.23. 


(b) lim ay = 1000 lim (1.06)”, so the sequence diverges by (9) with r = 1.06 > 1. 


n—0oo 


67. (a) We are given that the initial population is 5000, so Po = 5000. The number of catfish increases by 8% per month and is 
decreased by 300 per month, so P; = Po + 8% Po — 300 = 1.08P5 — 300, Pz = 1.08P; — 300, and so on. Thus, 
Pn = 1.08Pn—1 — 300. 
(b) Using the recursive formula with Py = 5000, we get P; = 5100, Pz = 5208, P3 = 5325 (rounding any portion of a 
catfish), Ps = 5451, Ps = 5587, and Ps = 5734, which is the number of catfish in the pond after six months. 
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69. If |r| > 1, then {r”} diverges by (9), so {nr”} diverges also, since |nr”| = n|r”| > |r”|. If |r| < 1 then 


x 
: : Ha 1 : r ‘ 
lim er” = lim = lm ———— = lim =0,so lim nr” = 0, and hence {nr”} converges 
~—+00 Zoo ft @—00 (- nr) 1 ied woo —Inr n—0o 


whenever |r| < 1. 


71. Since {a,,} is a decreasing sequence, ay, > n+1 for all n > 1. Because all of its terms lie between 5 and 8, {a,} isa 
bounded sequence. By the Monotonic Sequence Theorem, {a} is convergent; that is, {a,,} has a limit L. L must be less than 


8 since {an} is decreasing, so5 < L < 8. 


1 1 1 
2(n+1)+3 In +5 ~ In+3 


73. An is decreasing since a@n41 = = dy for each n > 1. The sequence is 


= 2n+3 


bounded since 0 < an < # for all n > 1. Note that a, = . 


75. The terms of an = n(—1)” alternate in sign, so the sequence is not monotonic. The first five terms are —1, 2, —3, 4, and —5. 


Since lim |a,| = lim n = oo, the sequence is not bounded. 


n— co n— oo 


77. Gn = 3 —2ne~”. Let f(x) = 3 — 2xe~*. Then f(x) = 0 — 2[x(—e~*) + e *] = 2e-* (x — 1), which is positive for 
x > 1,so f is increasing on (1, co). It follows that the sequence {a,, } = {f(m)} is increasing. The sequence is bounded 


below by a, = 3— 2e7 1 & 2.26 and above by 3, so the sequence is bounded. 


79. For {v3 V2V2, 2/22, oo ay = 2)? ag = 23/4, ag = 27/8. so ay = 22” -D/™ = QI 0/2"), 
lim an = lim 2170/2") = 2! = 2, 


Alternate solution: Let L = lim an. (We could show the limit exists by showing that {a,, } is bounded and increasing.) 


n—- co 


Then LZ must satisfy D = /2-L L? =2L L(L — 2) =0. L 4 Osince the sequence increases, so L = 2. 


81. a3 = 1, dn41 = 3- at We show by induction that {a,, } is increasing and bounded above by 3. Let P,, be the proposition 


n 


: . 1 1 
that dn+1 > dn and 0 < an < 3. Clearly P; is true. Assume that P, is true. Then an+41 > an . < A 
n+l n 
1 1 1 1 : dtd . 
= > ——. Now an42 = 3—- >3—-—— =an+1 & Pr41. This proves that {a, } is increasing and bounded 
An+1 an An+1 an 


above by 3, so 1 = a1 < an < 3, that is, {an } is bounded, and hence convergent by the Monotonic Sequence Theorem. 


If L = lim ay, then lim an+1 = L also, so L must satisfy D = 3 — 1/L L?—-3L+1=0 L— 34¥3. 


n—oco n—0oo 2 


But L > 1,so0 L = 245. 


83. (a) Let an be the number of rabbit pairs in the nth month. Clearly aj = 1 = az. In the nth month, each pair that is 
2 or more months old (that is, an —2 pairs) will produce a new pair to add to the an—1 pairs already present. Thus, 


Gn = Gn—1 + Gn—2, $o that {an} = {fn}, the Fibonacci sequence. 
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(b) dn = a aA & = Bins =14+ 22 = l+ 5 =1+ ——.IfL= lim an, 
then L = jim, Qn—1 and L = jim, Gn—2, So L must satisfy D = 1+ ; I?-L-1=0 L 1 +v5 
[since L must be positive]. 
85. (a) 50 From the graph, it appears that the sequence { oa 


5 


ot cake A 
converges to 0, that is, lim — = 0. 


noo nl 


10 


(b) 


75 12.5 


0 


From the first graph, it seems that the smallest possible value of N corresponding to ¢ = 0.1 is 9, since n°/n! < 0.1 
whenever n > 10, but 9° /9! > 0.1. From the second graph, it seems that for ¢ = 0.001, the smallest possible value for N 
is 11 since n° /n! < 0.001 whenever n > 12. 

87. Theorem 6: If lim |a,,| = Othen lim — |a,| = 0, and since — |an| < Gn < |an|, we have that lim a, = 0 by the 


Squeeze Theorem. 


89. To Prove: If lim an = 0 and {b,} is bounded, then lim (anb,) = 0. 


Proof: Since {b,} is bounded, there is a positive number M such that |b, | << M and hence, |an| |bn| < |an| M for 


all n > 1. Let e > 0 be given. Since lim a, = 0, there is an integer N such that |a,, — 0| < a ifn > N. Then 


|a@nbn — O| = |anbn| = |an| |bn| < |an| M = |an —0| M < u -M =e foralln > N. Since ¢ was arbitrary, 


lim (anb,) = 0. 


noo 


91. (a) First we show that a > a1 > bi > b. 


2 
a, — by ait Vab = 3(a 2Vab +b) = 3(Va—vb) >0 [sincea>b] => ai > dy. Also 


a—a, =a—43(atb) = 4(a—b) > Oand b— bi = b- Va = v6( vb - va) <0,s0a > a1 > bi > b. In the same 
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way we can show that ai > a2 > be > bi and so the given assertion is true for n = 1. Suppose it is true for n = k, that is, 


ap > Ap4i > be+4 > by. Then 


2 
Grn+2 — Onde = 4 (Qp41 + be4i) — V/arqi1bey1 = $ (ants — 2\/arpibeyi + bes) = 3( Jar = Voi) > 0, 


1 1 
Gk41 — p42 = Arai — 5 (Ge41 + be41) = F(Ge+1 — be41) > O, and 


beta — Onge = be4+1 — JV an4ide44 = VJ de44 (Voc => Jara ) <O +S  agy1 > Gpp2 > dete > Oe41, 
so the assertion is true forn = k + 1. Thus, it is true for all n by mathematical induction. 


(b) From part (a) we have a > an > Gn41 > bn+1 > bn > 6, which shows that both sequences, {a, } and {bn}, are 


monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 


(c) Let Jim, Qn = a and jim, by, = 8. Then jim, An41 = jim, dn + bn a= = = B 
2Za=at+6B > a=B8B. 
bPn ee bp 
93. (a) Suppose {p,,} converges to p. Then pr+i = ee > Jim | Pn+1 = os le > p= aan => 
p+ap=bp => p(pta—b)=0 p=Oorp=b—-a. 


b 
bpn _ \a Pn 


a+ pn 7 fee 
a 


b b b\? b bY? Dy 
(c) By part (b), pi < {| — } po, po < (-—])pi < | —]} po, ps < | — }p2 < ( —] po, etc. In general, pn < {(-—] po, 
a a a a a a 


u 
a 


b n 
(b) pn4i = = (2)p. since 1 + re >1. 


~~ n—0o 


so lim py, < lim (2) - po = Osince b < a. By, lim r” =Oif —l<r<1.Herer= 


€ (0,1) | 


(d) Let a < b. We first show, by induction, that if po < b— a, then pn < 6—aand pn+i > pn. 


b b-a-— : 
For n = 0, we have pi — po = Po ype BOND = ODO) a clas Sh eee ha Sage 
a+ po a+ Po 


Now we suppose the assertion is true for n = k, that is, pp < b—aand p41 > pr. Then 


bp, _ a(b—a)+bpx—apx — bpp — a(b—a— pr) 
a+ Dr a+ Pr a+ Pk 


b-—a— pri =b-a > 0 because px < b— a. So 


b b-a- 
Proi <b—a. And pere — prot = ae — Proi = Devi (b— a Peta) 


> O since py4i < b—a. Therefore, 
a+ prt a+ Pr+1 


Pr+2 > Pr+1. Thus, the assertion is true forn = k + 1. It is therefore true for all n by mathematical induction. 
A similar proof by induction shows that if po > b — a, then p, > b — aand {p,,} is decreasing. 
In either case the sequence {pn } is bounded and monotonic, so it is convergent by the Monotonic Sequence Theorem. 


It then follows from part (a) that lim p, = b— a. 
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11.2 Series 
1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 


(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not convergent. 


oo 


3. Qn = lim sy = lim [2— 3(0.8)"] = lim 2-3 lim (0.8)” = 2- 3(0) =2 
n=1 TES OD n— oo n—-0o0 n—0o 
oo 1 1 1 1 1 1 


8. =a 3g — 0.5, 82 = $1 ba, = 5 + 


Gage = 0.55, 


1644 


83 = 89 + a3 © 0.5611, sq = s3 + a4 & 0.5648, s5 = s4 + a5 © 0.5663, sg = s5 + a6 & 0.5671, 


$87 = 86 + a7 & 0.5675, and sg = s7 + ag & 0.5677. It appears that the series is convergent. 


7. For S- sinn,dn =sinn. s, =a, =sinl & 0.8415, so = 5s; + a2 = 1.7508, 


83 = 82 + a3 © 1.8919, s4 = s3 + a4 © 1.1351, 55 = 54 + a5 © 0.1762, sg = 55 + a6 & —0.1033, 


87 = 86 + a7 & 0.5537, and sg = s7 + ag & 1.5431. It appears that the series is divergent. 


n Sn 
—2.40000 
—1.92000 
—2.01600 
—1.99680 
—2.00064 
—1.99987 
—2.00003 —3 


—1.99999 From the graph and the table, it seems that the series converges to —2. In fact, it is a geometric 


COCO AN DT FP WY 


—2.00000 
on 2 294 =a 
ee ee aol ee 7 7 a 
—2.00000 series with a = —2.4 and r = —g, so its sum is oy —— = —— = —_9. 


(-5)"  1-(-3#) 1.2 


= 
j=) 


Note that the dot corresponding to n = 1 is part of both {a,,} and {s,, }. 


TI-86 Note: To graph {a, } and {s, }, set your calculator to Param mode and DrawDot mode. (DrawDot is under 


GRAPH, MORE, FORMT (F3).) Now under E (t) = make the assignments: xt1l=t, yt1=12/(-5)*t, xt2=t, 


yt2=sum seq(ytl,t,1,t,1). (sum and seq are under LIST, OPS (F5), MORE.) Under WIND use 


1,10,1,0,10,1,-3,1,1 to obtain a graph similar to the one above. Then use TRACE (F4) to see the values. 
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10 
11 > 7 ~ 
1 | 0.44721 
2 | 1.15432 | 
3 | 1.98637 {Si} + 
4 | 2.88080 |  : 
5 | 3.80927 l es {4n} 
6 | 4.75796 joe ee lee eae eee 
7 | 5.71948 
8 | 6.68962 The series es diverges, since its terms do not approach 0. 
9 | 7.66581 fo Yared a 
10 | 8.64639 
13 Fa y 
2 | 1.00000 >" {54} 
3] 1.33333 
4 ) 1.50000 
5 | 1.60000 
6 | 1.66667 oe {a,} 
7 | 1.71429 o~ ; “+ + 2 . . 47 49 
8 |) 1.75000 
9 | 1.77778 From the graph and the table, we see that the terms are getting smaller and may approach 0, 
10 | 1.80000 and that the series may approach a number near 2. Using partial fractions, we have 
11 | 1.81818 k 2 k 2 2 
Seah (4-3) 


-(5-3)+G-8)+(-2) 


2. 


Ask — 00,2— = 2,80 3 


nao n?—n 


15. (a) jim, an = jim, = i - so the sequence {ay} is convergent by (11.1.1). 


(b) Since Jim | G= 3 # 0, the series ue Gn is divergent by the Test for Divergence. 


17.3-4+ 8-4... isa geometric series with ratio r = — 4. Since |r| = 4 > 1, the series diverges. 
19. 10 —2+ 0.4 — 0.08 + --- is a geometric series with ratio — = —. Since |r| = + < 1, the series converges to 
a 10 10 50 25 


ier 1G) 65 GB 
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52 


23. 


25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


CHAPTER 11 INFINITE SEQUENCES AND SERIES 


; S- 12 (0.73)”"—* is a geometric series with first term a = 12 and ratio r = 0.73. Since |r| = 0.73 < 1, the series converges 


n=1 
oo 2 —__12___ 12 _ 12(100) _ 400 

1l—-r 1-0.73 0.27 27 9° 
Ss. ale a “ac | ae ; 300 3 
Ss a a 4 . The latter series is geometric with a = 1 and ratio r = —$. Since |r| = | < 1, it 
n=1 n=1 


30 4. Thus, the given series converges to (+) (4) = 4. 


ee 2n co e”) n co n 2 2 

S- — = oe icy 7 =e (5 -) is a geometric series with ratio r = = Since |r| = ras 1.23] > 1, the series 
n=1 n=1 n=1 

diverges 

: + be + ae + a ae > : This is a constant multiple of the divergent harmonic series, so 

a. 6 5 18 1g 4 3n 3 Kn P 8 ; 

it diverges. 

= 2 2 1 1 

Bie: ~ diverges by the Test for Divergence since jim an = Jim, 7 au = = lim a z SD #0. 


7 = zs 3 3 3 
n+l1ly—n _ : : . : = : — . == 
y 3B" =3 : iG ; The latter series is geometric with a = ri and ratio r = 1 Since |r| = Zz <1, 


n=1 
‘ 3/4 : : 
it converges to 1-3/4 = 3. Thus, the given series converges to 3(3) = 9. 
vos = diverges by the Test for Divergence since lim coe ee #0 
4. ere : nocoo4+e™ 440 47° 


A sin 100)* is a geometric series with first term a = sin 100 [~ —0.506] and ratio r = sin 100. Since |r| < 1, the series 
k=1 
sin 100 


converges to T—sn 100 = —0.336. 


2 
Co. 1 . . F 
> n( et diverges by the Test for Divergence since 
n=1 nr 


8 


>= arctan n diverges by the Test for Divergence since lim a, = lim arctann = 5 £0. 
n=1 n—- 00 n—0o 
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cael ge Me F F : 1 ; aL, Yes 1 . 
4. 5° i > (z) is a geometric series with first term a = 5 and ratio r = 2 Since |r| = F < 1, the series converges 
n=1 n=1 


to = ee . By Example 8, >> 7 = 1. Thus, by Theorem 8(ii), 
n=1 


1 
1-1/e 1-1/e e e-1 (n+ 1) 


oe 1 1 So» sd es 1 1 1 -—1 
S (S+aop)- hat Sart ae sea 


aoe ra n(n+1) e-1 e—-1l e-1 e-1 


co 
43. Using partial fractions, the partial sums of the series 5> wolf 
n=2  — 


> Gary 7% (A i) 


=(-8)+(G-B (aes 


; , : : 1 1 1 
This sum is a telescoping series and s, = 14 
n-1l on 
Oy 2 ‘ 2 1 1 1 3 
WN GE SY ae Foes Cos ni 7) =o 
45. For the series > 2 8n = so Bi et > : [using partial fractions]. The latter sum is 
nai Mn+3) "S46 4+3)° Ali 143 oe, 


(1-4) +($-4) +($-3) + (4-4) +--+ (A-4) +(e -)+(4-4)+(G-) 


=1+ 4 + z Sy as aa [telescoping series] 
= 3 : : fj. 4 1 1 1 ay fe Cit fee 
Thus, ag eg 7 limon = lim (+3 +3 qe aS ts) =1+5+3=%.- Converges 


47. For the series 7 ce? — ever), 


n=1 


— Ss few = eu) = (e! — el/2) 4 (el/2 — el/8) 4... 4 fe _ er) =e —el/(nth) 
i=1 


[telescoping series] 


Thus, >> (ew = ere!) = lim s, = lim (c = ee) =e—e° =e—1. Converges 


a — 
n= n—-oco n—oco 


49. (a) Many people would guess that x < 1, but note that x consists of an infinite number of 9s. 


(b) cx = 0.99999... = - + — + _— + aa fees Py — which is a geometric series with a; = 0.9 and 
_ 0. 0.9 : 
r = 0.1. Its sum is i-01 7097 1, that is, 7 = 1. 


(c) The number 1 has two decimal representations, 1.00000... and 0.99999.... 


(d) Except for 0, all rational numbers that have a terminating decimal representation can be written in more than one way. For 


example, 0.5 can be written as 0.49999... as well as 0.50000.... 
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0.8 = ES + a +--+ is a geometric series with a = lady = It converges to —“— = 2ea =e 
= 70" 102 o ~ 10 ~ 10° Poa tego 
a 516-4516 516-5516 : ; ; . 516 1 

2.516 = 2+ To3 + 08 +--+. Now Tos + 08 +--+ isa geometric series with a = Tor andr = ips It converges to 

3 3 
GES a SOLOS, = SUC AOE 8 LO a8 olen ag Oe eon 
l—r 1-—1/10% 999/103 999 999 999 333 
— 567 567 567 ~~ 567 . ; : : 567 

1.234567 = 1.234 + Too + To? +--+. Now Toe + To to is a geometric series with a = Toe and 

si Fin a te tl, OJIN = BO TPID", 4 DOB ob BU Thus 
~ 103° . 1—r  1—1/103 999/103 = 999,000 ~—-37,000° : 


21 «1234, «21 45,658 | 21 45,679 


oe cee 37,000 1000 is 37,000 37,000 ' 37,000 37,000 


So (—5)"a” = SO (—5a)” is a geometric series with r = —5z, so the series converges © |r| <1 © 
n=1 n=1 

Q@ = 00 — —dx 
l—-r 1—(-5a) 1452" 


|-5a|<1 <= |a| < 4, thatis, -} <a < 4. In that case, the sum of the series is 


co (” — 2)” so fe—2\". ; t . x-—2 ; 
Se = is a geometric series with r = , so the series converges <= |r|<1 © 


n=0 3” n=0 3 

x—2 x—2 Cohn 
3 <1 1l< 3 <1 —-3<a2-2<3 <= —-1<-2<5. In that case, the sum of the series is 
Qa 1 2 1 _ 3 

l-r xZ-2  3-(4-2) 5-2 

3 3 

oo” of 2N™ ‘ : ‘ 2 ; 2 

oS ao DS a is a geometric series with r = eee the series converges <= |r| <1 © = <1l<s 

n=0 n=0 


Qa 1 =, 
l-r 1-2/2 2-2 


2<|z| <= «> 2ore < —2. In that case, the sum of the series is 


co co 
So e”* = YS (e*)” isa geometric series with r = e”, so the series converges = |r| <1 © |e*"|<1 © 


- 1 
l—-r 1-e 


-l<e*<1 Ss O<e* <1 S «<0. In that case, the sum of the series is 


After defining f, We use convert (f, parfrac) ; in Maple, Apart in Mathematica, or Expand Rational and 


_ 3n?+3n+1 1 1 ; 
Simplify in Derive to find that the general term is Eau =a CEStu So the nth partial sum is 


»=3(z a (1 a) +(x eee aig) ; wrip 


The series converges to lim s,, = 1. This can be confirmed by directly computing the sum using 


sum(£,n=1..infinity) ; (in Maple), Sum[f, {n,1,Infinity}] (in Mathematica), or Calculus Sum 


(from 1 to oo) and Simp1ify (in Derive). 
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67. For n = 1, a1 = O since s; = 0. Forn > 1, 


2 ae m-1 (n—1)-1_ (n—1)n—(n+1)(n—-2) _ 2 
BEE = ORE ae (n-—1)4+1 (n+1)n ~ n(n+1) 
ee 1—1/n 
Also, Qn = lim sn = lim = 


69. (a) The quantity of the drug in the body after the first tablet is 100 mg. After the second tablet, there is 100 mg plus 20% of 
the first 100-mg tablet; that is, 100 + 0.20(100) = 120 mg. After the third tablet, the quantity is 100 + 0.20(120) or, 
equivalently, 100 + 100(0.20) + 100(0.20)?. Either expression gives us 124 mg. 


(b) From part (a), we see that Qn+1 = 100 + 0.20 Qn. 


(c) Qn = 100 + 100(0.20)! + 100(0.20)? + --- + 100(0.20)”~! 


= > 100(0.20)’~* [geometric with a = 100 and r = 0.20]. 
i=l 


aut asl = 125 mg. 


The quantity of the antibiotic that remains in the body in the long runis lim Qn = T0007 4 75 


71. (a) The quantity of the drug in the body after the first tablet is 150 mg. After the second tablet, there is 150 mg plus 5% 
of the first 150- mg tablet, that is, [150 + 150(0.05)| mg. After the third tablet, the quantity is 
[150 + 150(0.05) + 150(0.05)?] = 157.875 mg. After n tablets, the quantity (in mg) is 


150(1 — 0.05”) _ sO 
1—0.05 19 


150 + 150(0.05) + --- + 150(0.05)”~+. We can use Formula 3 to write this as 0.05”). 


(b) The number of milligrams remaining in the body in the long run is lim [2oe8 (1 - 0.05”)] = 3000 (1 — 0) & 157.895, 


only 0.02 mg more than the amount after 3 tablets. 


73. (a) The first step in the chain occurs when the local government spends D dollars. The people who receive it spend a 


fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, that is, 


Dc? dollars. Continuing in this way, we see that the total spending after n transactions is 


Sy =D+ Det DP +--+ Der = POC) py 
Gi ae See ee eS [since 0 <e <1 > lim c*=0 
noo n—0o l-—ec 1—cn-c0 l-e M— CoO 


ae [sincec+s=1] =kD [since k = 1/s] 


If c = 0.8, then s = 1 — c= 0.2 and the multiplier is k = 1/s = 5. 
75. S>(1+c)~" is a geometric series with a = (1 + c)~? and r = (1+ c)~*, so the series converges when 
n=2 


\(lt+e)"|<1 = |l+cl>1 Ss 14+c>1orl+e<-l © c>Oorc< —2. We calculate the sum of the 
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(l+c)? ee 1 P 
series and set it equal to 2: —~——~__ =2 <= =2-2 ica2 ©& 1=2(14+c)*-2(1+c) © 
c 


1-(1+¢)~ l+ce 1 
2c? + 2e-1=0 c= 2+ VB = ave However, the negative root is inadmissible because —2 < 3-1 <0. 


Soc= eS. 


77. er = gitata ty = elel/2el/3...e1/" s (141) (Laks) Gag) ee eS) [e > 1 +2] 


ee ee 


Pies patie 
123 n 


Thus, e*” > n+ and lim e*” = oo. Since {sn} is increasing, lim sn = oo, implying that the harmonic series is 
n—-oco n—-Cco 
divergent. 


79. Let dy, be the diameter of C’,. We draw lines from the centers of the C;; to 


the center of D (or C), and using the Pythagorean Theorem, we can write 


14 (1-3)? = (14 dh)? pore 


ie (1 + 1q,)° = ( = 1q,)? = 2d; [difference of squares] = di = 5. ax 
Similarly, pS eee] 
1= (1+ 4d2)” — (1— di — 3a)? = 2dp + 2d — cB — dide 7 


= (2—d1)(di + dz) oS 


so _(-dy 
OR Gage Ss IE 


[1 — (di + de))? 


,1=(1+4ds)”—(1—-di-—d2—4ds)” @ ds= 2— (di + da) 


, and in general, 


d (1 = aes, di)” 


n41 = ST . If we actually calculate dz and d3 from the formulas above, we find that they are hs = — and 


2- d 6 2-3 
eee respectively, so we suspect that in general, d, = To prove this, we use induction: Assume that for all 
k<n, dk = : - : Then 3 d,=1 eee [telescoping sum]. Substituting this into our 
IES EAL) ee oe aa. nt+1 n+l Vege e 
era Sea 
Eo ntill] — 4i)? _ 1 Pe tort 
formula for d,+1, we get dn41 ; . Ga (n+ i)(n +2)’ and the induction is complete. 
~\n+l n+1 


Now, we observe that the partial sums 5~;"_, d; of the diameters of the circles approach 1 as n — oo; that is, 


co co 1 
Qn = ——— = 1, which is what we wanted to prove. 
Ee 2nesy : 
81. The series 1—1+1-—1+1-—14+4--- diverges (geometric series with r = —1) so we cannot say that 


0=1-1+4+1-141-1+---. 


83. SO Can = lim DOR, cai = im, Cy ai = ¢ lim yr i = CO, Gn, which exists by hypothesis. 


=1 noo —0o 
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85. Suppose on the contrary that S>(an + bn) converges. Then }>(an + bn) and S> an are convergent series. So by 
Theorem 8(iii), S> [(@n + bn) — an] would also be convergent. But >> [(an + bn) — Gn] = >> bn, a contradiction, since 


>> bn is given to be divergent. 


87. The partial sums {s,, } form an increasing sequence, since 8, — Sn—1 = Gn > 0 for all n. Also, the sequence {s,, } is bounded 


since s,, < 1000 for all n. So by the Monotonic Sequence Theorem, the sequence of partial sums converges, that is, the series 


>> an is convergent. 


89. (a) At the first step, only the interval (<, 2) (length z) is removed. At the second step, we remove the intervals (3, 2) and 


aye At the third step, we remove 2 intervals, each of length (4) >In general, 


(Z, 3) , which have a total length of 2 - ( 
at the nth step we remove 2”~* intervals, each of length (ays for a length of 2” . (3)" = 3 (2) ee Thus, the total 


co 
length of all removed intervals is mo 4(2)"" =j af TE =1 [geometric series with a = $ andr = 2] . Notice that at 


the nth step, the leftmost interval that is removed is ((3) ine (3)") , SO we never remove 0, and 0 is in the Cantor set. Also, 


the rightmost interval removed is (1 - (2) ne ee () = , So 1 is never removed. Some other numbers in the Cantor set 


(b) The area removed at the first step is 4; at the second step, 8 - (3) >. at the third step, (8)? . ee In general, the area 


removed at the nth step is (8)"~* (5) = 4 (eVn 75 so the total area of all removed squares is 


E33) -ra57 


oo n 1 1 2 5 5 3 23 
Mee) For er be Tog 6 BP ad 
_-33 4 _ 119 _ (nt1)!-1 
aly ae ae a 730° The denominators are (n + 1)!, so a guess would be sn = ee 
_ 1 
(b) Forn = 1, 1 = 5 = “Zp so the formula holds for n = 1. Assume a. Then 
2 _ (e+ijl-1 k+l — (k+1)!-1, k+1 — (K+ 2)!—(kK+2)+k4+1 
ie (k +1)! (k +2)! (K+)! * (REIM(k+2) (k +2)! 
_ (k+2)!—1 
(k + 2)! 


Thus, the formula is true for n = k + 1. So by induction, the guess is correct. 


; ode (Dl Tes, 1 = ce mo 
(c) Jim, sn lim i lim i= Gad)! SD era = 
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11.3 The Integral Test and Estimates of Sums 


1 ae yA 
1. The picture shows that ag = —~+ < —~ dz, 
21.3 ih l-3 Eee 
yO 
1 34 co] Pri 
as = ara < f pia neo On 80. as < | ia. The 


integral converges by (7.8.2) with p = 1.3 > 1, so the series converges. 


0 


Since this improper integral is convergent, the series se n—® is also convergent by the Integral Test. 


n=1 


5. The function f(x) = 


ae . te ; : 
ae | is continuous, positive, and decreasing on [1, co), so the Integral Test applies. 


co t t 
if 2 dx = lim Z dz = lim E In(5a 0| lim E In(5t — 1) = ind = 00. 
1 


5a —1 t—oo Jy 5a — 1 t—o0o 1 t—0o 


is also divergent by the Integral Test. 


co 
2 
Since this improper integral is divergent, the series 
proper integ g 2 a 


7. The function f(x) = = 7 is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. 


x? + 


co t t 
i} * de = lim * de = lim E In(a? + | = ; lim [In(¢? + 1) — In2] = oo. Since this improper 
1 


v2 + 1 too Jy 2 + 1 t—0o 1 t—00 


integral is divergent, the series > zy i is also divergent by the Integral Test. 
n=1 
COs hs . . : 
9. >> —~ isap-series with p = \/2 > 1, so it converges by (1). 
n=1 nv2 
"W.14+ : + d + u + i fee y : This is a p-series with p = 3 > 1, so it converges by (1) 
mo an 6A AB ~ 4 n8 sf ie ree. 
13, : + : + : + : + : tee= 3 : The function f(x) = is continuous, positive, and decreasing on 
i nie, aan eas CES 4 ain—1 = Apa ee : 8 


[1, co), so the Integral Test applies. 


gree ok ; oo i ; 1 t . 1 1 : 
| Goi dx = lim dx = jim, E In(4a — | = lim E In(4t — 1) — 5 n3| = on, so the series 


t—-co 1 a 1 Ae t—co 


> ial diverges. 
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co /n+4 cof l/n 4 oes sah 2 4 OO ab : ; 3 
15. > Ee = > ae + ve uo 73? + 2 aa > was 8a convergent p-series with p = 5 > 1. 
co 4A ica (a : : s ; 
> 7a 4>> 72 88 constant multiple of a convergent p-series with p = 2 > 1, so it converges. The sum of two 
n=1 n=1 


convergent series is convergent, so the original series is convergent. 


17. The function f(x) = 


oa is continuous, positive, and decreasing on [1, 00), so we can apply the Integral Test. 
x 


love) 1 7 t 1 : 1 12 t 1 : = t ¥ 1 


i[F--"'(3) 


co 
Therefore, the series converges. 
xy n2+4 : 
23 
19. The function f(x) = = a is continuous and positive on [2, 00), and is also decreasing since 


_ (a* +4)(3x?) — 23 (4a?) 12a? -2® — 2? (12—2*) 


: f V12 = 1. th 
f'(«) (a4 + 4)? (24 +42 (ct +4)? <0 forz > 86, so we can use the 


Integral Test on [2, 00). 


co 3 t 3 t 
i = ji dx = lim * de = lim E In(a* + 4)| Pi lim E In(t* + 4) — 41n 20] = oo, so the series 


bea too Jo oA + 4 SRE jim, 
= n3 fore) n3 
Be aaa diverges, and it follows that By ia diverges as well. 
na! iti ing si 1 1+ Ing 
21. f(z) = is continuous and positive on [2, oo), and also decreasing since f’ (x) = -+———; < 0 for x > 2, so we can 
xlnax inet 


the Integral Test. dx = lim [In(1 = lim [In(Int) — In(In2)] = th ies 5 i ; 
use the Integral Tes i; cna jim [In(In«)]5 jim [In(n ) — In(In 2)] = on, so the series py, aneA diverges 
23. The function f(#) = ze~” = = is continuous and positive on [1, oo), and also decreasing since 
. e*-l—ae™ e* (1-2) 1-2 
f'(«)= (ep = (ep oe O for x > 1 [and f(1) > f(2)], so we can use the Integral Test on [1, 00). 
a ; e ‘ by parts with 
/ ze dx= lim | xe *dx= lim ([-2e~" +f e- az) aaa 
1 tooo Jy t—00 1 1 u=2,dv =e *dx 
t 
= lim (tet e+ [-e-*]!) = tim ( aa 7 +2) 
too 1 tsoo\ et e eF e 
Sas gig 
t—-0o e e e e 


co 
so the series y ke—* converges. 
k=1 
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; ib 1 1 1 : ‘ : : ae P 
25. The function f(x) = ings ee eal [by partial fractions] is continuous, positive and decreasing on [1, 00), 


so the Integral Test applies. 


t 


hide ok 1 1 
Jom f(x) dx = lim +--+ dx = lim |—— —Inz + In(x + 1) 
1 x «+1 tool «£ ri 


= jim [fm tt in| =0+0+1-—In2 
The integral converges, so the series 3 converges. 


n=1 1 n? +n 


COS 7X 


27. The function f(x) = is neither positive nor decreasing on [1, 00), so the hypotheses of the Integral Test are not 


a 


cos 77 


7a 


co 
satisfied for the series pe 


29. We have already shown (in Exercise 21) that when p = 1 the series )> 


1 
naz n(Inn)P 


p+ling 
x?(Inax)Ptt 


diverges, so assume that p # 1. 


f(x) = is continuous and positive on [2, 00), and f’(x) = — < Oifx >e?, so that f is eventually 


1 
a(In x)P 


decreasing and we can use the Integral Test. 


foo) 1—-p yt 1—p 1—p 
: u dx = lim Ae [for p A 1] = lim dee un) 
2 w(Ina)? l—p |, too | 1l—p 1—p 


This limit exists whenever 1—p<0O < p> 1,s0 the series converges for p > 1. 


31. Clearly the series cannot converge if p > —t, because then lim n(1 +7)? 4 0. So assume p < —4. Then 


f(x) = «(1 + 27)? is continuous, positive, and eventually decreasing on [1, 00), and we can use the Integral Test. 


2\p+1 
E Gee) lim [(1-+¢7)?4? — 2°), 


L+0?)Pdx = Ii = 
d. o(1+2*)Pde = jim |. C42) |, oop im 


t—co 


This limit exists and is finite <= p+1<0 © p<-—1,sotheseries S~ n(1 +n”)? converges whenever p < —1. 
n=1 


33. Since this is a p-series with p = x, ¢(a) is defined when x > 1. Unless specified otherwise, the domain of a function f is the 
set of real numbers «x such that the expression for f(a) makes sense and defines a real number. So, in the case of a series, it’s 


the set of real numbers x such that the series is convergent. 


co 4 co foe) 
36. (a) = (2) -$ 3-08 5-9(5)-4 


co 4 4 
(b) > = zatat > 1 us (Z +5) raeietasanans ES 17 


90 16 
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37. (a) f(z) = - is positive and continuous and f’(x) = — 4 is negative for x > 0, and so the Integral Test applies. 
oo 1 1 1 1 1 
me 72 © $10 = TB + 7p a 32 pea 5 102 549768 


a =i" oD 1 
Rio </ 72 = lim = = lim (- + a) apy so the error is at most 0.1. 


cosas k aoe 
) s+ f wiesscaot [ zz dt => sott<s<sot+y => 


1.549768 + 0.090909 = 1.640677 < s < 1.549768 + 0.1 = 1.649768, so we get s © 1.64522 (the average of 1.640677 


and 1.649768) with error < 0.005 (the maximum of 1.649768 — 1.64522 and 1.64522 — 1.640677, rounded up). 


(c) The estimate in part (b) is s © 1.64522 with error < 0.005. The exact value given in Exercise 34 is 1”/6 © 1.644934. 


The difference is less than 0.0003. 


@ka< [ - = dr = =. So Rn < 0.001 if = < = & n> 1000. 


39. f(x) = 1/(2x +1) is continuous, positive, and decreasing on [1, 00), so the Integral Test applies. Using (2), 


i -1 : 1 
n < 2 d = a = .T t to fi imal places, t 
R </ (2a +1)” da im 0 | oS |. Ton +1) 0 be correct to five decimal places, we want 


1 5 


1 ~ = 
Gn es < 108 & (2n+1)° > 20,000 = n> $(4/20,000 — 1) ¥ 3.12, so use n = 4. 


Peale SS i ed Ley oom ood 
a ee (nase Be 56 76 gs ~ ° “Uv. 7 


co co 1 
M. So nh 8 = Lo yhoor aur is a convergent p-series with p = 1.001 > 1. Using (2), we get 


oo —0.0017 ¢ t 
Hee i, a 19 de — lim Ee —1000 lim lar = 1000 (<a ) = ey We want 
‘ eo: no 


—0.001 0-001 


t—0co t—co 


n 


1000 _9 0.001 1000 
S(O RIO) a Oe Or se 10 10 or oe 
43. (a) From the figure, a2 + a3 +---+4@n < (He; x) dx, so with YA 
Lito 2 1 al 
a A ee sce —dx=Inn. 
F(x) x2 3 4 eft oo 
Le BN yo. 
Thus, sa 1+ ota tat +—<1+4Inn 
0 


(b) By part (a), si9¢ < 1+1n 10° & 14.82 < 15 and 


8399 <1+1n 10° © 21.72 < 22. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


61 


62 CHAPTER 11 — INFINITE SEQUENCES AND SERIES 
nn n iL . . . . 
45? fe" ae = (ery > = nh ——.. This is a p-series, which converges for all b such that —Inb>1 = 


nm 


Inb<-1 & b<e' & JK<1/e [withd> 0]. 


11.4 The Comparison Tests 


1. (a) We cannot say anything about }> an. Ifan > bn for all n and 5° b,, is convergent, then )* an could be convergent or 


divergent. (See the note after Example 2.) 


(b) If an < bn for all n, then 5> a, is convergent. [This is part (i) of the Comparison Test. ] 


1 1 1 ; ee eee ve 
3. ane < =r for all n > 1, so os ae converges by comparison with 2 =< which converges because it is a p-series 
with p =3> 1. 
ree ad >= for all n > 1, so 3 Ledivenés by comparison with yee which diverges because it is a 
nvn~ nvn x n=l 7 nai Vn 
p-series with p = 4 <i. 
ee < aes oh for alln > 1. 3 (.3,)" is a convergent geometric series (|r| = 7 < 1), so yeas 
3+ 10” 10” 10 = | 10 10 eet 3+ 10” 
converges by the Comparison Test. 
Ink ; : : 
9. a > ; for all k > 3 [since nk > 1 for k > 3], so ae — B iveiees by comparison with s Re , which diverges because it 


=3 


: : : f : so Ink .. ‘ : 
is a p-series with p = 1 < 1 (the harmonic series). Thus, }> as diverges since a finite number of terms doesn’t affect the 
k=1 


convergence or divergence of a series. 


Wk Vk ke 1 Wk ee ee al 
11. FFI < ie = ae Gas for all k > 1, so Ss Ve dks 5 ones. by comparison with Pa Ee 
which converges because it is a p-series with p = z >1. 
1+cosn 2 2, : : 1 ~~ 1+cosn 
13. ———— < — forall aS — t t =i<l y ——_— th 
i < en foralln > en 18 a convergent geometric series (|r| = =< 1),so a converges by the 


n=1 n=1 


Comparison Test. 


art 2 aa 4\" Spa coy fs Nee pce 4 
15. a5 > > 4 3 foralln>1. So4 s) = 435 3) is a divergent geometric series (|r| = $ > 1), so 
am n=1 


n=1 


co n+1 
En) 5 diverges by the Comparison Test. 
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17. Use the Limit Comparison Test with an = : and bn = : : 
n2+1 n 
lim “ = lim ie = lim u = 1 > 0. Since the harmonic series x : diverges, so does 
noo by noo y/n2 +1 200 \/T 4+ (1/n?) n=1 ‘ 
oe. 1 
n? +1 
os : : 1 1 
19. Use the Limit Comparison Test with an = ids and b, = —;: 
n 
1)n? ah 1+1 ate, eee ke 2 
Jim | 5, Jim. as 7 = Jim “5 — = Jim, i ee = 1> 0. Since > 7a sa convergent p-series 
(p22 Sai aieeeie 
— ri a nverges. 
Dp , the se ear ae so converges 
ae ‘ : 1 1 
21. Use the Limit Comparison Test with a, = el and b, = : 
2+n Jn 
- /T Jy 4/2 a/1 1 . oe 1 : : ; 
lim 2" = lim Des. lim ¥™ aR lim zee rs 1 > 0. Since }> —= isa divergent p-series 
1 . Swviltn : 
[p= 5 <1], the series 5° also diverges. 
n=1 
23. Use the Limit Comparison Test with a, = ite 2 and b,, = By 
(1+ n2)2 ne 


n?(5 + 2n) _ bne+2n*  1/n* 5 
ie By ete (LRA? ee (mee 1/2 ~ te (44) 


2° 
5 =2> 0. Since eS 73 is a convergent 
= 


: . BS 542 
p-series [p = 3 > 1], the series 2a ead also converges. 
"41 "41 741 1 wre" +l1 ; 
reas ap > i ee as = — for n > 1, so the series S- a diverges by comparison with the divergent 

ne"+1 7 nev" +n n(e"™+1) n ane? 1 
1 7 "41 i 

harmonic series Se —. Or: Use the Limit Comparison Test with a, = edad and b, = —. 
mL ne? + 1 n 


2 2 
27. Use the Limit Comparison Test with an = (1 + x) e "andb, =e”: lim on = lim (1 + +) =1> 0. Since 


n—-co On noo 


e-" = > — isa convergent geometric series [|r| = + < 1], the series }> {1+ —)] e~” also converges. 
n=1 n=1 © n=1 n 


1 1 ie 
n! s Vie es Qn t 


n=1 


29. Clearly n! = n(n — 1)(n — 2)--- (3)(2) > 2-2-2-----2-2= 27-1, so is a convergent geometric 


co 
; 1 ; 
series [Ir | =e 1], so > 71 converges by the Comparison Test. 


n=1 
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A oe : : of 1 : : Bo 
31. Use the Limit Comparison Test with a, = sin( *) and b,, = —. Then }> a, and }> b,, are series with positive terms and 
n n 


a in(1 . sind i ce : . : : 
lim oe fs lim sin(1/n) = lim a as 1 > 0. Since SS bn, is the divergent harmonic series, 
noo On n—0o /n 6-0 0 n=1 

sin (1/n) also diverges. [Note that we could also use |’Hospital’s Rule to evaluate the limit: 
n=1 


sin(1/z) H lim cos(1/z) : (=1/2*) = lim cos 2 =cos0= 1.] 


33 S A ee ahi Sed ay +—1 _ ~ 0.19926 Nets = so the error is 
eS Sn Bp IR Bee Bee 5 +105 ~ oa 


54+n5 
saa tC ae =]* -1 1 1 
<Tio < — dr = ii “dx = lim |—]} = li = = = 0.000 025. 
Fao S Tio S [, aa = A a 7 zl. t=s00 (F = am) 40,000 
10 24 20 2 24 2 1 
35. ES 5-" cos? n = — - = + = fore a : = 0.07393. Now — < pare the error is 
Rio < Tio < ane dx = lim 5-* dx = lim all lim ca + a ee <6.4x 107° 
epee a, acu co Pe “tool Ind|,, tool md" Ind 55 
37. Since ace < = for each n, and since 3 =e is a convergent geometric series (|r| = 75 < 1), 0.didod, = s Dn: 
10” — 10" : 2 10" eee SS Er aah Ree Lo 


will always converge by the Comparison Test. 
39. Since }> an converges, lim a, = 0, so there exists N such that |an —0| <1lforalln >N => O< an <1 for 


aln>N => O0<a? <an. Since >> an converges, so does 5> a2, by the Comparison Test. 


41. (a) Since lim = = oo, there is an integer NV such that = > 1 whenever n > N. (Take M = 1 in Definition 11.1.5.) 


noo Dn nm 


Then an > bn whenever n > N and since }> by, is divergent, )~ an is also divergent by the Comparison Test. 


(b) (i) Ifan = aid by = re 2, then lim on = lim “ = lim ~ # lim = = lim r=, 
Inn n n—->0co Dn n— co Inn LoCo Inz zoo l/r L000 


came 
rt —— t. 
so by part (a), oa inns divergen' 


oe i 1 aes . . . . . TL . . 
(ii) Ifan = ae and b, = —, then ys bp is the divergent harmonic series and lim Bee lim Inn= lim Inz=«o, 
n n 


n=1 n—-0co On n— co @Z—0o 


so )> Gn diverges by part (a). 
n=1 


43. lim na, = lim a so we apply the Limit Comparison Test with b,, = —. Since lim na, > 0 we know that either both 


> 
n—oo n—-oo /n n n—oo 


OO ad 
series converge or both series diverge, and we also know that 5> = diverges [p-series with p = 1]. Therefore, }> a, must be 


n=1 


divergent. 
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45. Yes. Since }~ ay is a convergent series with positive terms, lim an = 0 by Theorem 11.2.6, and S> bn = D> sin(an) isa 


sin(an) 


series with positive terms (for large enough n). We have lim Bn = lim = 1 > 0 by Theorem 2.4.2 


n—-co An n—-Cco an 


[ET Theorem 3.3.2]. Thus, }~ bn is also convergent by the Limit Comparison Test. 


11.5 Alternating Series 


1. (a) An alternating series is a series whose terms are alternately positive and negative. 


(b) An alternating series }> an = D> (—1)"""bn, where b, = |an|, converges if 0 < bn4i < bn forall n and lim b, = 0. 
n=1 n=1 n—0o 


(This is the Alternating Series Test.) 


(c) The error involved in using the partial sum s,, as an approximation to the total sum s is the remainder R, = s — sy and the 


size of the error is smaller than b,,+1; that is, |R,| < bn41. (This is the Alternating Series Estimation Theorem.) 


2 4 6 8 10 2 
aes we = 5 (-2)" 
he tae ae a yO 


0. Since 


2n 
.N lim 6b, = li = li = 


lim a, # 0 (in fact the limit does not exist), the series diverges by the Test for Divergence. 


noo 


ee a ee 1 
5. da = Ss a = Deny ite Now b, = acaba > 0, {bn } is decreasing, and Jim, bn = 0, so the series 


converges by the Alternating Series Test. 


Xo (-1)"bn. Now lim b, = lim 3—1/n 


3 
= =-F0.Si li n #0 
Mtl eee mmdtiin 2 pO. Since, mh Ga 


Ls te bus 


(in fact the limit does not exist), the series diverges by the Test for Divergence. 


9. yu an = > ( 1)"e" = 2 ( 1)"b,. Now b, = ie 0, {b,, } is decreasing, and Jim, bp, = 0, so the series converges 


by the Alternating Series Test. 


~ +4 
( e ) _ (a3 +.4)(22) — 2?(327) _ 2(2a3 + 8-323) 2(8— 2°) 


11. b >Oforn >1. {bn} is decreasing for n > 2 since 


= fe 2. Al 
(a3 +4) (@ +42 (a? +4 < 0 fora > so, 


2 


1 co : : 
lim bn = lim ee Loe 0. Thus, the series )> (—1)"t? converges by the Alternating Series Test. 
n=1 


n—0o n— oo 14.4/n3 ne + 


13. lim by = lim e?/" = e° =1,s0 lim (—1)"~'e?/” does not exist. Thus, the series 5+ (—1)"~1e?/” diverges by the 
n=1 


n— co n—oco n—oco 


Test for Divergence. 


sin(n + 3) in (-1)" Now ice 1 
1+ Jn 1+ Jn - 


oo sin(n + )m 


n=0 1+ J/n 


> 0 for n > 0, {bn} is decreasing, and lim 6b, = 0, so the series 


15. dn = — 
1+ fn n— 00 


converges by the Alternating Series Test. 
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) ana lim sin() = sin0 = 0, so the 
n 


n—-oco 


7. 1)” sin(=). bn = sin(=) > O for n > 2and sin(=) > sin( 


series converges by the Alternating Series Test. 


non n” 


fag Sas ea >n => lim YP =o > lim ( does not exist. So the series he 1)" — nr diverges 
ni 1-2.--..5m nso n! n—0o n! n=1 
by the Test for Divergence. 
21. va ~ The graph gives us an estimate for the sum of the series 
' py ioaliol ae of —0.55. 
{40} . 
a + + + + 9 
he Oe) ~ 0.000.004, so 
{Sn} 
XX S 
—l 
co (-0.8)" ss & (—-0.8)” 
> n} ice py n) 


~ —0.8 + 0.32 — 0.0853 + 0.01706 — 0.002 731 + 0.000 364 — 0.000 042 ~ —0.5507 
Adding bg to s7 does not change the fourth decimal place of s7, so the sum of the series, correct to four decimal places, 
is —0.5507. 


n+1 
a 1 sis. Sa 1 
Kies lt a < 78 and (ii) lim nee 0, so the 


& 1 
23. The series pe satisfies (i) of the Alternating Series Test because +15 


ae 1 1 F : 
series is convergent. Now bs = 56 = 0.000064 > 0.00005 and bg = oe = 0.00002 < 0.00005, so by the Alternating Series 


Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to get the 


sum to the desired accuracy.) 


eae ! tga) in 2 
25. The series pile satisfies (i) of the Alternating Series Test because (np yar < 72an and (ii) jim paps 0, 


al 1 
so the series is convergent. Now bs = 5295 = = 0.00125 > 0.0005 and bg = 5296 


Series Estimation Theorem, n = 5. (That is, since the 6th term is less than the desired error, we need to add the first 5 terms to 


get the sum to the desired accuracy.) 


i 1 
27. b4 = — = —— V0. 2 
«= 3 = Tega © 0.000025, so 
co (—1)" ay sk aes Cs a 
Bo Bire: =H 5 + 5p aay © 0-459 722 
pa (Qnyp 2 (Qn)! + 34 ~ 720 


Adding ba to s3 does not change the fourth decimal place of s3, so by the Alternating Series Estimation Theorem, the sum of 


the series, correct to four decimal places, is —0.4597. 
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n —2n | ~ i —_ 12 ~ 
29. SU(-1)"ne" & 88 =-ZtG b  — cap © 0.105 025. Adding bs = 6/e'” ~ 0.000037 to s5 does not 


change the fourth decimal place of s5, so by the Alternating Series Estimation Theorem, the sum of the series, correct to four 


decimal places, is —0.1050. 


co i een ae | 1 1 1 1 : . ac 16 
31. > +——_ SS ha gt Sag cep et pot The 50th partial sum of this series is an 
(—1)"-} 


nm 


1 1 1 1 ; oe 
= $50 + 51 +--+, and the terms in parentheses are all positive. 


underestimate, since 
De 52 5354 


The result can be seen geometrically in Figure 1. 


GM 
n+p 


i ee : ae ? ead roe 
33. Clearly bn = Ae is decreasing and eventually positive and lim 6, = 0 for any p. So the series > converges (by 
m— 00 n=1 


the Alternating Series Test) for any p for which every b,, is defined, that is,n + p 4 0 for n > 1, or p is not a negative integer. 


35. S> ben = > 1/(2n)? clearly converges (by comparison with the p-series for p = 2). So suppose that S> (—1)"~* bn 


1 


ey But this 


converges. Then by Theorem 11.2.8(ii), so does )> [(—1)"~*bn +. bn] = 2(14+5+24+-°°)=2>5 


diverges by comparison with the harmonic series, a contradiction. Therefore, 5> ei? b,, must diverge. The Alternating 


Series Test does not apply since {b,, } is not decreasing. 


11.6 Absolute Convergence and the Ratio and Root Tests 


1. (a) Since lim Ht} = 8>1, part (b) of the Ratio Test tells us that the series }* a» is divergent. 
n—-oco an 
QAn+1 


(b) Since lim 


n—0o an 


= 0.8 < 1, part (a) of the Ratio Test tells us that the series }* a, is absolutely convergent (and 


therefore convergent). 


(c) Since lim eceeld O 1, the Ratio Test fails and the series 5> a, might converge or it might diverge. 
n—oco an 
3. bn = : > 0 for n > 0, {bn} is decreasing forn > 0, and lim b, = 0, so 3 eur converges by the Alternatin: 
nS Sy > 0, {bn g 2 Oyand Din Ones 0800) ea a ges by g 


: : 1 
Series Test. To determine absolute convergence, choose a,, = — to get 
n 


diverges by the Limit Comparison Test with the 


lim oie lim = lim 


lis ea 
h . Thus, th 
armonic series. Thus, the series = eae 


1/n 5n+1 oe 1 
=5>0, 
n sp a) bn+1 


is conditionally convergent. 


sinn 
Qn 


sinn 
mT 


5 converges by 


5. 0< 


1 ae ae i oe 
=< ors for n > 1 and > gn isa convergent geometric series (r = 5 < 1), so ys 


n=1 


sinn . 
on 8 absolutely convergent. 


lo e) 
comparison and the series y 


n=1 
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n : 1 5” : 1 1 1, 141 1 al Foe ye : 
7 fim [SE] = im Fae] = jim | AEE = 5 im, MO = 5) = 5 < Lore series Si 
absolutely convergent by the Ratio Test. 
| @n4t : (—1)"3"*1 2" n3 3 n3 Sic 1 3 3 
9. 1 =r —~——_; : l es =i Ee (ya Ss"] 
n>o0| an | nrool|2"(n+1)> (—1)*=13"| noo|\ 2) (w+1|  2no(+1/nye lea ee 
so the series es as is divergent by the Ratio Test. 
41. lim |[*+1) — Jim he lim a 0 < 1, so the series s Ee is absolutely convergent by the Ratio Test 


Since the terms of this series are positive, absolute convergence is the same as convergence. 


10"*1 (n4+1)4*1 10 n+1 5 —— 10” 
= li : = li . = 1, so th —— 
ae ie $2) aans3 to" qscoh 22 2 ee 2» (n + 1)42-41 


is absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the same as 


An+1 
an 


13. lim 


noo 


convergence. 
n+1 _a\n-1 
n>co}] An n—0o (—3)" nT” n—oco}|—3 n 3 n-0o 1 3 3 
series S- a= diverges by the Ratio Test. Or: Since lim |a,,| = oo, the series diverges by the Test for Divergence. 
n=1 
mi ! 
Ai ter | ee SCT a eh SE | eet ee aa Sree 
n—0o| Gn n—+00 (n+ 1)! cos(n7/3) nce | (n + 1) cos(n7/3) noo n+ 1 


ce cos(n7/3) 
! 


0 <c < 2 for all positive integers n), so the series }> is absolutely convergent by the Ratio Test. 


n=1 
100 100 
| @n41 | (n+1)7°?100"+4 n! _ 100 f/ntl 100 1 

19. 1 —|= | Se ae Ee ee a | = | 1 gare 

Pees Qn Gowns (n + 1)! 7100199” eae n+l n ees n+1 3 n 

=0-1=0<1 
oo 1004 QQ” 
so the series 5> aa is absolutely convergent by the Ratio Test. 
n=1 : 
_1)" ! HB Bid oa - 

ot. lim |2tt2|—= lim (-—1)"(n +1)! 2825 (2n — 1) as n+1 

noo} An n>oo/1-3-5----- (2n - 1)(2n + 1) (—1)"-1!n! noo 2n+1 

1+1/n 1 
= ili 1 
meri 2? 
: 2! ! A! ! : 
so the series 1 1.3 ~ 7 5 103-507 f+ +( ys 5.5. — Gn —1) +--+ is absolutely convergent by 
the Ratio Test. 
. Gn41 : 2-4-6----- (2n)(2n + 2) n! . 2n+2 . 24n+1) 

23. | = | . = | = | =2>1 

peel GK Jim | (n +1)! FARE On)| hast ee hd PoaNS 

4-+6-+005 (2n) 


55 cD : : 
the series > diverges by the Ratio Test. 
n=1 
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25. 


27. 


29. 


31. 


33. 


35. 


37. 


39. 


41. 


43. 
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2 2 n 
. - n+i1 ~ 141 /n? n 1 ea n+l ‘ 
Jim | /lan| = Jim ped Jim | ae 1/2 = 5 < 1,s0 the series p> (ES) is absolutely convergent by the 
Root Test. 
lim Y/|an| = lim 7? (yr? = lim ate = 0 < 1, so the series 3 Cyr is absolutely convergent by the Root 
noo " n—0o (Inn)” noo Inn , n=2 (In n) 


Test. 


n2 n 
lim %/lan|= lim + (1 + x) = lim (1 + x) =e > 1 [by Equation 6.4.9 (or 6.4*.9) [ ET 3.6.6] ], so the series 


2 


eee 
(1 + x) diverges by the Root Test. 


> cay) converges by the Alternating Series Test since lim Ee 0 and { Z \ is decreasing. Now Inn < n, so 
naa nn noo Inn Inn 
1 1 1 1 
inn > 7 and since > 7 is the divergent (partial) harmonic series, pS lie diverges by the Comparison Test. Thus, 
n=2 
> to is conditionally convergent 
naa Inn y oe 
_qg)yrtl n+1 Sa se 
re) fc ered] a Ras ABI ro (WN (aN fe A rg RLS ee 
n>co}] An noo |(a+1)10"+2  (—9)" noo |10(n + 1) 10 n>001+4+1/n 10 10 


n 


we (-9)" . ; 
series St os is absolutely convergent by the Ratio Test. 
n=1 


(an) 


sy Uf cre nis ee Tie ee th (+ ) 
im im 1m im ®% = ©, So the series 5 in rs 


noo Inn a—>oo lnx roo l/xr Z—00 - 
a= 


lim Y/|a,|= lim ? 


noo n—0oo 


diverges by the Root Test. 


— arctan n (—1)” arctann 


2 chee | ic 
< 2h , So since > ale = ae > ae converges (p = 2 > 1), the given series > 


n? n? 
converges absolutely by the Comparison Test. 
; a i An41 , 5n+1 5 rarer : 
By the recursive definition, lim = lim Z Sl a > 1, so the series diverges by the Ratio Test. 
n—oo an n—0o m+ 
br cos nt oo non : 1 
The series ss o1—§ _ = 5 (-1)"™—, where bp > O forn > 1 and lim bp = =. 
n=1 n n=1 n n—oo 2 
STi torts n 1 1 Co bn COSNT . 
li a ral n. = lim bn al 1, so th sc cte 
Poel ti ee | oe Giese | Se eed Pi eee eee 
absolutely convergent by the Ratio Test 
3 3 
(a) lim Fa eu) = lim eo z = lim : z = 1. Inconclusive 
(b) 1 me ) = = Jim, = ra sim ( + - ) = —-. Conclusive (convergent) 
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(c) lim (=3) eco =3 lim ,/ 55 3 lim At aaa = 3. Conclusive (divergent) 


nate | Yat at 


: ; 1 1/n? +1 
(d) lim : = lim 1+ —-—~+——__,, | = 1. _ Inconclusive 

n—00 Woy Jn n—00 m 1/n2+(1+4+1/n) 

An+41 grtt n! x . 
45. (a) lim |——] = li —|= lim = || lim = |x| -0 = 0 < 1, so by the Ratio Test the 

n>0o}] An n—0o (n + 1)! Bike n>ol|n+1 n—oo 1 

series }> Tl converges for all x. 
n=0 


n 


(b) Since the series of part (a) always converges, we must have lim — = 0 by Theorem 11.2.6. 


5 1 1 1 1 1 1 661 
47. — — = -4+-4+—4+—+4+ — = — B& 0.68854. Now the rati 
(a) S5 2 nae 5+37+ 947 64° loo 960 ow the ratios 
fe ee ee = ” __ form an increasing sequence, since 
on) 6M! Bn +d ce as: 
n+1 n (n +1)? — n(n +2) 1 . 
i Nig Toe PU gre IVT I) ee E 46(b), th 
Tnt1 —7 Bn+2) Un+1) n+ 1)(n $2) dnt ln +2) > 0. So by Exercise 46(b), the error 
(62° 1 
in using s5 is Rs < a — : iG oe = Ton = 0.00521. 
An+1 _ 2 


(b) The error in using s, as an approximation to the sum is Ry, = We want R, < 0.00005 <= 


1 n 7 
1-§ = (n+1)2n4 
1 


@Fi2" < 0.00005 < (n+1)2” > 20,000. To find such an n we can use trial and error or a graph. We calculate 


11 
(11 +1)2"* = 24,576, so s11 = S> a = 0.693109 is within 0.00005 of the actual sum. 
n=1 


49. (i) Following the hint, we get that |an| <r” forn > N, and so since the geometric series }>°°_, r” converges [0 < r < 1], 


the series }>°_,, |an| converges as well by the Comparison Test, and hence so does }>°°_, |an|, 80 )°°°_, an is absolutely 


convergent. 
(ii) If lim Y/|a,| = LD > 1, then there is an integer N such that %/|a,| > 1foralln > N,so|a,| > 1 forn > N. Thus, 


lim an # 0,80 S°°°_, Gn diverges by the Test for Divergence. 


si ; coy) ere Cor : ved : 
(iii) Consider 57 — [diverges] and }~ — [converges]. For each sum, lim %/|an| = 1, so the Root Test is inconclusive. 
n n=1 7 TERS, 


n=1 


51. (a) Since }* a, is absolutely convergent, and since lax | < |a»| and jaz | < |an| (because a;t and a, each equal 


either a, or 0), we conclude by the Comparison Test that both S~ at and > a, must be absolutely convergent. 
Or: Use Theorem 11.2.8. 

(b) We will show by contradiction that both S~ a, and 37 a;, must diverge. For suppose that S~ a;) converged. Then so 
would 5>(a*;, — $an) by Theorem 11.2.8. But }> (az — $an) = do [$ (an + |an|) — $an] = $d |an|, which 


diverges because )~ a» is only conditionally convergent. Hence, )~ a;t can’t converge. Similarly, neither can “aj. 
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SECTION 11.7. STRATEGY FOR TESTING SERIES 11 


53. Suppose that S~ an is conditionally convergent. 


(a) > nan is divergent: Suppose > nan converges. Then lim n?a, = 0 by Theorem 6 in Section 11.2, so there is an 


n—-oco 


; 1 
integer N > Osuchthatn >N = n?|an| <1. Forn > N, we have |an| < 72? 80 >> |an| converges by 
n>N 


: : : 1 fs 
comparison with the convergent p-series 5~ ~;- In other words, >> an converges absolutely, contradicting the 
n>N 1 


assumption that }> a», is conditionally convergent. This contradiction shows that >> nan diverges. 


Remark: The same argument shows that }> n?a,, diverges for any p > 1. 


(b) > ( 7 ) is conditionally convergent. It converges by the Alternating Series Test, but does not converge absolutely 
=p ninn 


is continuous, positive, and decreasing on [2, oo) and 


[by the Integral Test, since the function f(x) = = ~ 


oo t t _4yyn 
| eee lim if Eas lim [in(In x)| = oo]. Setting an = (St) for n > 2, we find that 
2 «nx tools, clna 0° 2 ninn 


Se oo (-1)” : : 

Yo nan = > (=I) converges by the Alternating Series Test. 

n=2 n=2 In n 

} it ; ; oo (-1)""? 
It is easy to find conditionally convergent series > a,, such that }> na, diverges. Two examples are )> ~—~—— and 
n=1 n 

oo (12! : ; ; ; : 
> a both of which converge by the Alternating Series Test and fail to converge absolutely because )> |a,| is a 
n=1 

p-series with p < 1. In both cases, }> na, diverges by the Test for Divergence. 

11.7 Strategy for Testing Series 
ne ; nl 1 
1. Use the Limit Comparison Test with a, = and b, = —: 
n+ n 
2 3 2 
WK -—1 ; — . 1-1 ; ors ; ; : 
jim a = lim | wan = lim ~ : ; = im, a =1> 0. Since p> 3 is the divergent harmonic series, the 
2 
pth eee -1 . 
series >» an also diverges. 
2 


SS (-1)" bn. Now bn = Be > 0 for n > 2, {bn} is decreasing for n > 2, and lim 6b, = 0, so 


ns a 1 n—->oCo 


2 


iS) 


the series )> (—1)” - converges by the Alternating Series Test. By Exercise 1, }> 7 diverges, so the series 
n=1 n3 +1 nar me+i 
ge n?—1 
~(-)" a x is conditionally convergent. 
n=1 
. CH, CH, €& a iter SOO EH : 
5. lim — = lim — = lim — =ov,s0 lim -5 = oo. Thus, the series }> —> diverges by the Test for Divergence. 
w~—0o 2 xw2—0o 22 B00 2 n—oco n2 n=1 n2 
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7. 


11. 


13. 


15. 


17. 


19. 


21. 
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Let f(x) = = Then f is positive, continuous, and decreasing on [2,0©), so we can apply the Integral Test. 
x 
Since | = da eee = pee du = 2u'/? +C =2Ving + C, we find 
avin x = 


foe} t 
| a = lim ae = lim [2vin z| = = lim (2 Vint—2vVlIn 2) = oo. Since the integral diverges, the 
2 


Inz t—co 2 Inz t—0o t—0o 


co 
given series )> 


diverges. 
n=2nVinn 


2n+2 2 2n 
. Gnt1]_ . T (2n)!| T = eee fads > 
male | os Cn Ol we | ee ereaengy ee 22 eg ee 


convergent (and therefore convergent) by the Ratio Test. 


ie) 1 1 oo. MeL oo f1\" . : a3 ; : 
dX (= ) =) ( 3) . The first series converges since it is a p-series with p = 3 > 1 and the second 
1 


series converges since it is geometric with |r| = 5 < 1. The sum of two convergent series is convergent. 


. An+41 . gut (n+ 1)? n! . &(n+ 1)? . n+l _ 2 8"n? 
1 = 1 : = | =31 = 1, so th 
ol ec| es | Gra) see |  accanie ate ae eee 
converges by the Ratio Test. 
gk-13k+1 — 9kg9—13kg1 2.3\* k 
an = as = eo = 3(2) . By the Root Test, Jim, ‘ (=) = lim = 0 < 1, so the series 


k co k 1gk+1 co 3 6 k 
> (5) converges. It follows from Theorem 8(i) in Section 11.2 that the given series, > a = 5 ( 2) ‘ 
k=1 k=1 


also converges. 


| @n4i . 1-3-5----- (Q2n—1)(2n+1) 2-5-8----- (3n — 1) . 2n4+1 
lim = lim | AH... L__ | = lim 
noo} An n+00|2-5-8----- (3n — 1)(3n + 2) 1-3-5----- (2n — 1) no 38n+2 
+1/n 2 
=a fel 
eee + 2/n 3 ae 
0 1.3.5 ..... Qn —1 
so the series > 2. : : — * = 7 converges by the Ratio Test 
Let f(a) = ie Then f’(x) = 2a < Owhen Ina > 2 or 2 > e?, so eau is decreasing for n > e? 
Jr ~ Qe3/2 ALE 8 : 
mee . Inn — lf/n co In 
By l’Hospital’s Rule, lim — = = lim = lim — = = 0, s0 the series > (—1)" ” converges by the 


Alternating Series Test. 


lim |an| = lim |(—1)” cos(1/n”)| = lim |cos(1/n”)| = cos0 = 1, s0 the series S* (—1)” cos(1/n?) diverges by the 
n—-co n—-co n—-co n=1 


Test for Divergence. 
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23. Using the Limit Comparison Test with a, = tan( =) and b, = Es we have 
n n 


2 4 fr? 
m any) lim tanta) lim =* Ce ee lim sec?(1/x) = 1° =1> 0. Since 


co co 
>> by, is the divergent harmonic series, 5> a, is also divergent. 


n=1 n=1 
2 2 
: | @n41 . (n+1)! e” . (n+1)n!-e” . n+l con! 
25. Use the Ratio Test. lim }|——]| = lim |+——>- —| = lim ~—,~—~——— = lim —~—— =0 < 1,s0 — 
noo] An n—0o e(n+1)? ni n—0o en? +2n4+1y)! n—co e2nt1 a pe: er? 


converges. 


2 |} l da 22 hawck a 
27. | sda = lim -= - :| [using integration by parts] = 1.80 p> — converges by the Integral Test, and since 


x z.| 4 
kInk kink lnk co 6k Ink 
———_{ < — = —~ , the given series —.,, converges by the Comparison Test. 
(k+1)° k3 ke S Pa (k +1)? aa " 
oe) co 1 loc) 
. n= = i rs in = ° bn i i 9 i n =U, i 
29 2a a ul 1)" nar = os (—1)” bn. Now b an > 0, {b,} is decreasing, and Jim | b 0, so the series 


converges by the Alternating Series Test. 


co 1 co 
Or: Write — a =~ < 4 and u an is a convergent geometric series, ee aac is convergent by the 
: ea I 4 

Comparison Test. So }> (—1)” cosa absolutely convergent and therefore convergent. 

n=1 

k k k k 

sts : 4 ‘ 
31. jim, arn = jim a GE [divide by 4°] im, at co since sim (2) = Oand sim (2) = 00. 
oS k 

Thus, ew ar z diverges by the Test for Divergence. 


2 


n2/n n 

n 1 1 i oo 

33. lim Y/Ja,| = li = lim ——— = ———__ = - < 1 soth 

Hen lal er ‘Vicar bari 6 ee (45) 
converges by the Root Test. 


| , 80 let b, = Es and use the Limit Comparison Test. lim Gn lim a 1>0 


35. dn = = 
we miti/n n-ni/nr n n—oo by noo ni/n 


diverges by comparison with the divergent harmonic series. 


; gy fae 1 
(see Exercise 6.8.63 [ET 4.4.63), so the series z tifa 


37. lim /Jan| = lim (21/" —1) =1—1=0< 1, so the series > (4/2 — 1)” converges by the Root Test. 
n—0o n=1 


noo 


11.8 Power Series 


1. A power series is a series of the form poe Cyne” =cotaet Con? + C32? +--+, where x is a variable and the c,,’s are 
constants called the coefficients of the series. 
More generally, a series of the form S7°°_, cn(x — a)” = co + ¢1(a — @) + €2(x — a)” +--+ is called a power series in 


(a — a) or a power series centered at a or a power series about a, where a is a constant. 
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3. If an = (—1)"na”, then 


(-1)""l(n oh 1a? 


= lim (2 + *) a = |x|. By the Ratio Test, the 


co 
series )> (—1)”"na” converges when |x| < 1, so the radius of convergence R = 1. Now we’ll check the endpoints, that is, 


x = +1. Both series )> (—1)"n(+1)" = > (#1)"n diverge by the Test for Divergence since lim |(--1)"n| = co. Thus, 
n=1 n=1 n—-0o 


the interval of convergence is J = (—1,1). 


gt In —1 : 2n-1 : 2—1/n 
: = lim |x|) = lim ( ——— |a| } = |a|. By 
2n+1 ze noo \ 2n+1 noo \2+1/n 


7 converges when |x| < 1,so R = 1. When x = 1, the series > ; 
n=1 4n — 


n 


diverges by 


Co 
: f x 
the Ratio Test, the series 5 5 
n=1 


: eee es 2 1 1 ilies lane Saree te: : : : 
comparison with uo Se since ae > on and 3 me a diverges since it is a constant multiple of the harmonic series. 
_ & (-1)” : ‘ : ‘ 
When x = —1, the series }> ‘ ) 7 converges by the Alternating Series Test. Thus, the interval of convergence is [—1, 1). 
n=1 4 — 
n n+1 ! 1 
7. Ifan = = then lim | lim | “|= im |—_]= |x| lim ——— = |z|-0 =0 < 1 forall real x. 
ni n—oco| Qn nooo }(n+1)! a ns>oo|n+1 n>coon+1 
So, by the Ratio Test, R = oo and I = (—oo, 00). 
a” 
9. If an = nian? then 
n+1 Ayn 4 4 
4 An41 ; x n° 4 : n x : n |x| a |z|— [2 
] =F . = --|= | =1°. = —. By th 


. [Z| 


; a ee x fo ek 
Ratio Test, the series }> aa gn converges when ze <1 © |a|<4,s0R=4. When x = 4, the series }7 > 
n=1 7 n=1 7 


wo ih nis : 2, OS ( AYE : : 
converges since it is a p-series (p = 4 > 1). When « = —4, the series > 4 converges by the Alternating Series Test. 
n=1 
Thus, the interval of convergence is [—4, 4]. 
fe n gn = = n+1 qrti n+1 
11. Ifan = eps Sse tel lim |“*| = lim (eat be AS = lim ,/——. 4 |x| = 4|a]. 
Jn n>co}] An n—0o JY/n+il (—1)" 4” He n—0o n+l 


; . & (-1)" 4” : 
By the Ratio Test, the series > ia) x” converges when 4|z| <1 << |x| < 4,s0 R= +. When x = §, the series 
n=1 


Vii 


oe: Pl 
converges by the Alternating Series Test. When x = + the series )> —= diverges since it is a p-series 
n 


es) ( = 
Xu Jn n=1 


(p = $ <1). Thus, the interval of convergence is (—, $]. 
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n 
13. Ifan = ” th 
a a" (n2 $1) a”, then 
: An+41 ; (n+1)a"*1 2"(n? +1) — wW+nrtnti el 
li = lim | .-_ SS —] = Lim S_——_ :- = 
n—-0o an noo antl (n?2 + 2n + 2) ba ea noo n> + 2n? a 2n 2 
— lim 1+1/n+1/n?+1/n? |2| _ (a 
By the Ratio Test, the series 5> Tea x” converges when lel <1 © || < 2,so R = 2. When x = 2, the series 
n=1 
3 " diverges by the Limit Comparison Test with b) = —. When « = —2, the series Gets converges by the 
a n+l g y p cael = > mo n2+1 g iy 
Alternating Series Test. Thus, the interval of convergence is [—2, 2). 
15. Ifan = (252) then lim |°"+4 li (ce) Maa |v — 2| lim is Ae |x — 2|. By the 
: ses n? + i 7 n—-0o an n—-0o (n + 1)? +1 (a 2)” n—0co (n + 1)? + 1 = (PY 
: . & (©—2)” 
Ratio Test, the series }> REET converses when |x —2| <1 [R=1] l<a-2<1 Ss 1<2a< 3. When 
n=0 
x = 1, the series wey asl converges by the Alternating Series Test; when x = 3, the series 2, <a z converges by 
; j eat foo aL ‘ : 
comparison with the p-series } — [p= 2 > 1]. Thus, the interval of convergence is J = [1, 3]. 
n=1 1 
(a + 2)” 5 (a + 2)"t1 2” Inn . Inn ja+2|  |e©+2| . 
17. Ifa, = ———., then 1 . = : = 
‘ Inn? nso | Qn+1 In(n+1) (a@+2)” ire In(n + 1) 2 sa 
1 
lim LE im ee lim lim = oes lim {1+ i = 1. By the Ratio Test, the series 
n—0o In(n + 1) Z—00 In(a + 1) @Z—00 1/(« + 1) zZ>00 OL B00 x 
oS 2)” 2 
> (+ 2)" converges when ee | <1 Ss |#+2)<2 [R=2] = -2<24+2<2 Ss -4<2<0. 
n=2 
= ED ae es Sg 
When x = —4, the series }> Inn converges by the Alternating Series Test. When x = 0, the series an diverges by 
n=2 n=2 
the Limit Comparison Test with b,, = — (or by comparison with the harmonic series). Thus, the interval of convergence is 
n 
4 0). 
(=) eee _ je | 
19. Ifa, = ~———.,, then lim ¥/Ja,| = lim ——— = 0, s0 the series converges for all «x (by the Root Test). 
nr n—-0o n—0o n 
R= ooand I = (—oo, 00). 
n 
21. an = pr — a)”, where b > 0. 
tim |+1| = tim (+1) le al"** Oe os en | Dd) 
n—0o An n—0co prtt n |x — a|” n—-0co nm b b : 
By the Ratio Test, the series converges when ae <1 © |x-al<b [soR=b] b<a-a<b © 


a—b<a<a+b. When |z—a|=8, lim |an| = lim n =o, so the series diverges. Thus, J = (a — b,a + b). 
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An+1 


! os n+1 
an 


23. Ifa, = n! (2% — 1)”, then lim nln — 1)" Jim 


n— oo 


= lim 


n— oo 


for alla # 3 Since the series diverges for all x 3, R=Oand I {$ }. 


25. Ifan = Gree”, then 
n 
. An+1 ; (5a — 4)rti n? 5 n \3 . 1 $ 
l = | . = | -4 = | — 4| | ———_ 
anes! a Jim | Gober Grae ae at sale 4 | aa re 
= |5a —4|-1= |5r —4| 
By the Ratio Test 3 lees ee es when |5a—4| <1 <= |x — 2| <$ & -¢<a-¢<i © 
y > 24 8 8 51S 5 5 5S 5 
bin ee ‘ : 
3 <a<l,soR= z. When x = 1, the series pe 7s is a convergent p-series (p = 3 > 1). When x = 3, the series 
> a converges by the Alternating Series Test. Thus, the interval of convergence is J = (3, 1] : 
n=1 n 
gl” 
27. If dn = , th 
& Lathe teerGiely 
n+1 
: Gn+1 . x 1-3-5-----(2n-1) . |x| 
I | oo yt sae 8, a | = 1. Th 
gore | an | aes | Les Dass m= DOT) zn Ons 
the Ratio Test, the series > ad converges for all real x and we have R = oo and I = (—co, 00). 
1-3-5. +--+ (2n—-1) 


29. (a) We are given that the power series }*°°_, cnx” is convergent for x = 4. So by Theorem 4, it must converge for at least 


—4 <2 <4, In particular, it converges when x = —2; that is, }77°_, cn(—2)” is convergent. 


(b) It does not follow that 7° 9 cn(—4)” is necessarily convergent. [See the comments after Theorem 4 about convergence at 


the endpoint of an interval. An example is c, = (—1)”"/(n4”).] 


31. Ifan = (ota, then 
lim |%+4) = jim [e+ HI" en)! |x| = lim pee ee ME Samet: |zr| 
IO ee noo (n!)* [k(n + 1)]! noo (kn +k)(kn+k—1)--- (kn 4+ 2)(kn +1) 


= Feat ee Ro |r| 
© noo | (kn +1) (kn+2) (kn +k) 


ea ec lim an lim eRe |x| 


k 
1 : : 
= (z) |r] <1 © |x| < k* for convergence, and the radius of convergence is R = k*. 


33. No. If a power series is centered at a, its interval of convergence is symmetric about a. If a power series has an infinite radius 


of convergence, then its interval of convergence must be (—o0o, 00), not [0, 00). 
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_ (=1)" 2th 
35. (a) If an = nl(n-+ 122+ then 
2n+3 ! ! 2n+1 2 
. | Gn41 2 x ni(n + 1)!2 () , 1 
1 —|= 1 er ooo FE 1 ———__——. = 0Oforall x. 
ea | oe enn eae yancl 2) See 
So Ji (x) converges for all x and its domain is (—oo, 00). 
(b), (c) The initial terms of J:(x) up ton = 5 are ao = > 2 SoS. 84 
x x x x 
oP ag? Bea Teasg! “are 860° 
ale J 
and a5 = ~ 776,947,200" The partial sums seem to 8 8 


approximate J; (x) well near the origin, but as || increases, 


we need to take a large number of terms to get a good 


approximation. 


37. Son-1 = 1 t Qe +27 +2273 +274 2e 5 +... $y? 2% 4.297?" -1 
= 1(1 4+ 2x) + a? (14+ 2x) + 24 (1 4+ Qa) +--+» 0?" -2(1 4 Qe) = (14 22)(1 +2? + at +---+02"-*) 


pen 
= — [by (11.2.3) withr = 22] > 14 as n — 00 by (11.2.4), when |z| < 1. 


= (14 22) 


1+27 . Ds 
To az Since x?” —> 0 for || < 1. Therefore, sn > Toe Since san and s2n—1 both 
=: —2 


Also san = S2n—1 + 2°" > 


1+ 2 ; : 1+2 
i = - as n — oo. Thus, the interval of convergence is (—1, 1) and f(x) = as 
=a —2 


approach 
39. We use the Root Test on the series S> cna”. We need lim Y/|cenz”| = |x| lim %/|cn| = c|xz| < 1 for convergence, or 
n—oco n—oo 


|x| <1/ce,soR=1/c. 


41. For 2 < x < 3, ¥> cna” diverges and >> dn2x” converges. By Exercise 11.2.85, )“(cn + dn) x” diverges. Since both series 


converge for |x| < 2, the radius of convergence of }>(cn + dn) 2” is 2. 


11.9 Representations of Functions as Power Series 


1. If f(x) = S> cnx” has radius of convergence 10, then f’(x%) = S* ncnx”? also has radius of convergence 10 by 
n=0 n=1 


Theorem 2. 


: ; ae 1 : : 
3. Our goal is to write the function in the form 7 , and then use Equation 1 to represent the function as a sum of a power 
-—T 


1 1 oo oo 
series. f(x) = = >a = x)= 1)"2" with |-z| <1 © |a2|<1,soR=1and/ =(-1,1 
Le) Pig Pan ea eg |-2| Iz ( 


2 2 1 2 2 n . Cons tal . 
5. f(x) = rare (3) ae > =) or, equivalently, 2 aa x”. The series converges when |= | <a be 
I 3). 


that is, when |x| < 3, so R = 3 and 


= (-3, ) 
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x x 1 x 1 x? & x\4)” co (—1)" oh? 
Ge | a ivalently, $> 2 = 
I(@) = 476 = 16 € + =) 16 G = aa) A 16 - G ) On equivalently,: 2 —panre 


4 
The series converges when - (5) <1 = |S] <1 => |x| < 2,soR=2and/ = (-2,2). 
e-1 2+2-3 3 3/2 3 1 
9. = = 1 1 : 
aoe ae) a+2 z/2+1 2° 1— (—2/2) 
3&8 x\n 3 32 x\n 1 aD Bae 
“88 (Har FEC | 
5, 2 2 5 2 2 2 get Qnr+1 


The geometric series }> (-=) converges when -5| <1 s |a| < 2,so R =2and J = (—2,2). 
n=0 


; : 1 : 1 ; 
Alternatively, you could write f(x) = 1— 3(<5) and use the series for aio found in Example 2. 


24 —4 24 —4 A B 
TE a I en Qn -4= A B(x — 1). Let x = 1 to get 
N= eo Ga eo eS e a i ce 


2=-2A A=landx=3togett2=2B <= B=1. Thus, 


22 —4 1 1 —l 1 1 eo PS n eat 1 
gen SEU te = — | ——__] =- a —1— —— 2”. 
v?—Ar+3 «-1 er 3 1l-« Ex 3 F a 28 3 oe tS ) - = sar)? 


We represented f as the sum of two geometric series; the first converges for « € (—1, 1) and the second converges for 


€ (—3, 3). Thus, the sum converges for 2 € (—1,1) = I. 


13. (a) f(x) = a (G)-- Se by (-1)” 2" [from Exercise 3] 


n=0 


= = (-1)"*1na"—" [from Theorem 2(i)] = 5 (-1)"(n + 1)x” with R = 1. 


In the last step, note that we decreased the initial value of the summation variable n by 1, and then increased each 


occurrence of n in the term by 1 [also note that (—1)"t? = (—1)”]. 


1 ee (ae a ee 
(b) f(x) = (+2) 9 de fea os br 1)"(n+1)a [from part (a)] 
= 4 3 (—1)"(n+1)na"—* = 4 3 (-1)"(n + 2)(n + 1)z” with R = 1. 
n=1 n=0 
2; foe} 
(c) f(x) = Gta =. oa =. PAG kG +2)(n+1)x” [from part (b)] 


n+2 


To write the power series with x” rather than «”*~, we will decrease each occurrence of n in the term by 2 and increase 


the initial value of the summation variable by 2. This gives us . YS (-1)"(n)(n — 1)a” with R = 1. 
n=2 
15. f(a) =In(—2) = — f = 2 fF S$ (2) aa o- 2S SP ac - SS 
: 7 7 5-a2@ 5f 1-2/5 5 H=6N5 7 5 pb" (n +1) i nd” 
Putting « = 0, we get C = In5. The series converges for |z/5| <1 <— |a|<5,soR=5. 
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1 co 
17. We know that ear = T— (42) = Bias Differentiating, we get 


~ (+4 4° +42?” 4S vee 


ln 


for|—4z|<1 = |2|<4,soR= 


1 co 
19. By Example 5, G-s = Bain +1)z”. Thus, 
Fa) = = at Ge = Ent De" + Sn Ye 

G2) T-ay * O-ap  & 2 

= So (n4+1ja"+ Yo na” [make the starting values equal] 
n=0 n=1 
=14+ YO [(n4+1)4+nje” =14+ YS (Qn4 1a” = YO (Qn4+1)a” with R=1. 
n=1 n=1 n=0 


2 
_ i — 4 1 2 =< = n _.2n+2 2 
21. f(x) = ged =z (<5) =z eae x?) Ses | 1g . This series converges when |—a | <1 s 


x? <1 © |a| <1,so R=1. The partial sums are s; = 2”, | 


4 6 8 10 
$3 > Si — 2 83 S $4 Ba SH SR "Se Sea ps ee 


Note that s; corresponds to the first term of the infinite sum, 


regardless of the value of the summation variable and the value of the 


Ss, 
exponent. As n increases, s,,(x) approximates f better on the aN ZA : 
1 


interval of convergence, which is (—1, 1). as 


23. f(z) =n(F*=) =In(1+2)— Ina) = f /S-[/—:/& 


=f [Ecarer+ Ser] ae= fia ete —e tate.) + (lt+e+e? +a% 4+2*4+---)] dr 


n=0 
2 4 2 BS. Deer 
= fare 4+ 2¢°+---)dx= X20" de = 0+ YY 
" oo 2n+1 foe} 1 
But f(0) = In = = 0, so C = O and we have f(x) = as PAE with R = 1. Ifa = +1, then f(x) = ee eae 
which both diverge by the Limit Comparison Test with b, = zi eo 
" 3 eae 
f 
: 2x 3 Qa° 
The partial sums are s; = To 2 = 1 fF 3 83 = 82+ aa 
2 2 
As n increases, $,(2) approximates f better on the interval of 
convergence, which is (—1, 1). . ae 
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25. 


27. 


29. 


31. 


33. 
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— Ty ahs wean a ated t 7 oo fee ’ f 
if = {oe 2) ies => io SnD: The series for -——5 converges 


when |t°| <1 |t|<1,so R=1 for that series and also the series for t/(1 — ¢®). By Theorem 2, the series for 


t 
[= dt also has R = 1. 


fore) nm co n+2 
From Example 6, In(1 +a) = >> (yr for |a| < 1,s0 #?In(1+a) = So (-1)""? : and. 
n=1 n=1 
2 ae aa es ; : : 
x In(l+2a)dx=C+ > (-1) a TY R = 1 for the series for In(1 + x), so R = 1 for the series representing 
n=1 + 


n=0 n=0 
tae f 8 (ye de =C+ (1). Thus 
1+23 =) a 5 3n+2° : 
0.3 2 5 8 11 0.3 2 5 8 11 
x x x x x (0.3) (0.3) (0.3) (0.3) 
T= d ee ae 
i as E aera ea 2 re Tia 


The series is alternating, so if we use the first three terms, the error is at most (0.3)''/11 & 1.6 x 107”. So 


I & (0.3)?/2 — (0.3)°/5 + (0.3)8/8 ~ 0.044 522 to six decimal places. 


We substitute «” for x in Example 6, and find that 


co 7? n co - 72th co Pe grt? 
foma+ear= fo 3 pyr 2 ie fd yet de = 0+ ¥ (1) 
Thus, 
0.2 4 6 8 10 0.2 4 6 8 10 
a wed oH REP py SOE oa es MOY OEE MOR) ON a. 2 
re f a an Ea 2X6) 38) 40) I, 4 i! 2d rT 


The series is alternating, so if we use two terms, the error is at most (0.2)8/24 = 1.1 x 107”. So 


[ew -s 20. i i ; 
q D 0.000 395 to six decimal places 
3 5 7 3 5 7 
By Example 7, arctan xz = x 5 + = = +-++-+,so arctan 0.2 = 0.2 02) + 02) 02) rare 


oes ; :2)7 
The series is alternating, so if we use three terms, the error is at most 0 2) = 0.000 002. 


(0.2)3 a (0.2)° 


= 0.197 40. 
3 5 


Thus, to five decimal places, arctan 0.2 = 0.2 — 
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co 4) »2n co 4)" 2n-1 co _4)\n Ss 2n-2 
85. (a) Jaf) = S° OEE sa) = SS I and Je) = $5 Cn 0 
” ! ce (—1)” 2n(2n = 1)?” oe. (-1)" Qnx?” isc) (—1)” gent? 
a? Jj (x) + 2Jo(x) + 2? Jo(x) = py 227 (nl)? a mo Pr(nhe 2, 2" (ple 


(—1)” 2n(2n — 1)x?” 
1 2? (n!)? nai 2?" (nl)? naa 222-2 [(m — 1)!]? 


— & (-1)" 2n(2n— 10?” (-1)"2na?” 
2 227 (n!)2 e) 227 (n!)2 Pa) 22n (m!)2 


2n(2n — 1) + 2n — a) wn 


= Fay [Pees 


& n | 4n? —2n+2n—4n?] 5, 


al al: n 2n 1 2 4 6 
- = ele x x x 
© | tO = I 22” (n!)? ae ‘ tr © ¢a ~ 9804 © ae 
‘ x ; x x n > ane a: 1 fn Ls sd fi 
7 3-4 5-64 7- 2304 ees © ey ime as 


Since wis = 0.000062, it follows from The Alternating Series Estimation Theorem that, correct to three decimal places, 


Jo Jo(x) da + 1— + + hy ~ 0.920 
reels = S Gaes 2 eee es 2 ae 
> n=0 ! n=1 n! n=1 (n 2 1)! n=0 n) 


(b) By Theorem 9.4.2, the only solution to the differential equation df(x)/dx = f(x) is f(x) = Ke, but f(0) = 1, so 
Kk =1and f(a) =e”. 


Or: We could solve the equation df (x) /dx = f(a) as a separable differential equation. 


a” : An+1 net n? n 4 
39. Ifa@n = —, then by the Ratio Test, lim = lim . =|a| lim | ——]} =|2| <1 for 
n?2 n—0o An n—0o (n + 1)? ge n>oo\n+1 
convergence, so R = 1. When az = +1, S> — = 5 =a which is a convergent p-series (p = 2 > 1), so the interval of 
n=1 n=1 


convergence for f is [—1, 1]. By Theorem 2, the radii of convergence of f’ and f” are both 1, so we need only check the 


oo n co n-1 co n 
endpoints. f(x) = >> oe ee fiys 5 = = 5 Z , and this series diverges for x = 1 (harmonic series) 
n=1 n? n=1 n? n=0 71 + 1 
co ng” t 
and converges for z = —1 (Alternating Series Test), so the interval of convergence is [—1,1). f"(2) = >> re diverges 
n=1 


at both 1 and —1 (Test for Divergence) since lim a = 1 £ 0,50 its interval of convergence is (—1, 1). 
nao 1 
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co 2n+1 
M. By Example 7, tan7’ x = > (—1)” : for |x| < 1. In particular, for x = =s we 


n=0 an + 1 J3° 


2n4+1 ny 
he be Sil OL, We en YB) ae aes ee 
have = tan (=) = pai 1 ne Dal 1) 3) VammtT so 


~6 S (I _ = (-1)" 
wae ye x (2n + 1)3” 2v3 & (2n + 1)3”" 


ww 


11.10 Taylor and Maclaurin Series 


oo (n) (8) 
1. Using Theorem 5 with $> bn (a — 5)”, bn = f a so bg = f ac) 
n=0 : : 


3. Since f”) (0) = (n + 1)!, Equation 7 gives the Maclaurin series 


Sf IO) fap ek n ; ; ; as 
potas oS Ds ar on + 1)az”. Applying the Ratio Test with a, = (n + 1)x” gives us 
2 n+1 42 
lim a li nye = |x| lim a = |x| - 1 = |a|. For convergence, we must have |x| < 1, so the 
n—00| An noo} (r+ 1)a” nso nm+1 


5. Using Equation 6 with n = 0 to 4 and a = 0, we get 
a) ~ 
4 £"O) i a seni Ge at Sg ey WI eb aa 
0 ae (a — 0) =o? agi bore +a + ae 
1 
9 =ac+a0?+ha° + i204 
3 
4 
: f°(8) n 2 0 ia 1 
7 2» ar ) Ol (a — 8)" + 1 (a — 8) 
2 10 
oI (x 8)? ae ale (x 8)? 
= 2+ a(x — 8) — seg (@ — 8)? + pag (a — 8)° 
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SECTION 11.10 TAYLOR AND MACLAURIN SERIES 
9. 
n 
0) 
1 
2 
3 
1/2 nyo 3/2 m\i 1/2 m2 3/2 T\3 
0! (« a Cea (« = 2 ( 4 3! (« z 
1 V3 T 1 1 \2 V3 T\3 
“fF -BE-D 
2 2 6 4 6 12 6 
u" my (4) 
11 (Q—2)? =f) + POrt+ LO 1 LO», OO 5. 
if ire) er) 6.2 , 24 ‘ 120.4 . 
0 (1—a)7? 1 =H=1+2u+ 50° + Gut aye t+: 
—3 co 
1) 21-2) =14 Qe + 3a? +402 +504 $-.-= $3 (nt Da” 
2} 6(1—«a)~4 6 n=0 
3 | 24(1—2)7° 24 n+1 
ae ; lim |S+t) — ae eed Be = |z| (1) =|2| <1 
4 | 120(1—2)7 120 n—0o}| An nooo} (n+ 1)a” noo n+1 
for convergence, so R = 1. 
" m (4) 
ne) Fa), | FO) : ’ 
= 2 4 
0 cos x 1 say + ae - 
1 | —sinz 0 : 
a ae a : 
2 | —cosz —1 = Pee” (n)! [Agrees with (16).] 
3 sin x 0 
ante 2n)! x 
4 cos 2 1 li GAnt+1} _ 4g a Si = 1 
eae An noo |(2n+2)! a2” fees (2n + 2)(2n + 1) ae 
for all x, so R = o0. 
het Pe One 2 a Se 
15 2 Da x os aro 
n+1n+1 ! 
ki Anti] _ ity (In 2)?" a ni 
= lim un?) a =0<1 forallz,soR=o. 
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ij f(0) 0 ifn is even = co tn tl 
: = so sinha = ——.. 
1 ifn is odd 2% Gn4+0) 
g2rtt 
Use the Ratio Test to find R. Ifa, = ————,, then 
(2n + 1)! 
2n+3 
: Gn+41 . x (2n +1)! oe ae 1 
I =] : Se? olin $= 
sei | Gay eae (2n+3)!  g2nrtl oS ee (2n + 3)(2n + 2) 
=0<1 forallz,soR=o. 
19. f(x) = 0 for n > 6, so f has a finite expansion about a = 2. 
np f@ | FQ) 
See 5 £2) 
0 | a +22 +a 50 f(x) =2° +22 +e= Yo (e- 2)" 
n=0 : 
1 | 5a*+6a7+4+1) 105 
50 105 184 252 
2) 200%+12¢ | 184 or (B— 2)" + =p @— 2) + Sp @- 2)? + Se @— 29° 
3 | 60a7 +12 252 
__ 240 heey 120 (n— 2° 
4 120z 240 4) 5! 
5 120 120 =50+ 105(a — 2) a 92(a —= 2)? a 42(a — 2)? 
6 0 0 + 10(# — 2)* + (# — 2)° 
is 0 0 A finite series converges for all x, so R = oo. 
es) (n) 
By? pe ne f(z) =ine = SS EO) gay 
m | FO) | FR) vot 
0 Ing In2 an In2 ( 2)° (x 2) -1 ( NZ 2 3 
= —= (x —2)°+ —2)'+ —2)?+ =. (#—2) 
i} 191 192 193 
1 ee 1/2 0 1!2 2!2 3!2 
—6 24 
2 | —1/a? | —1/2? rey (x — 2)4 ap (x — 2) + 
3 | 2/23 2/23 
_ = n+1 (n ~— 1)! n 
4| —6/2* | —6/2! =In2+ al 1) ator (a — 2) 
5 | 24/a° | 24/2° 35 4 
=In2+ $3 (-1)"* —2)" 
n2+ So (“14 (e—2) 
_1)n+2 _ n+1 n sae _ _ 
ee (—1)""* (a — 2) n2 ay fae (—1)(@— 2)n| _ ie n |x — 2| 
n—0o An n—0o (n + 1) Qnt+1 (-1)"*1(a _ 2)” n—0o (n + 1)2 noo \nm+ 1 2 
—2 
= ie 5 | <1 for convergence, so |# — 2| < 2and R= 2. 
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rao CoN 
6 6 6 
_e 0 , 2e 1 de 2 
rie — 3) are =a) tap or (@— 3) 
8e° 16¢° 
Ege a8) Pa aaa 
co 268 * 
n=0 
. Gn+1 ; 2”*1 8 (4 — 3)"tt n! . 2|2-3| 
1 —|= 1 — ——_| = 1 —_ =0< 1 forallz,soR=~. 
ree Gn ae (n+ 1)! 2” e6 (x — 3)” es ee * eres me 
25 f(x) =sinz«= > f (7) (a — 1)” 
n=0 n 
—l 1 -1 1 
; a Vtg aay ta @ aa) he lesa) + 
2 oa 9 ae 2n41 
P| oe 0 = m 
; sin x py (Qn +1) (a — 7) 
—cosx 
4 sin r 0 lim | ont! ee (-1)"?? (@ —2)?"*8 (2n +1)! 
5 | cosa —1 BS, Oe ne (2n + 3)! (aL er eee 
. _\2 
6 | —sing 0 = lim ew) =0<1 forallz,soR=oc. 
7 | —cosx 1 n-reo (2n + 3)(2n + 2) 
27. If f(x) = cosa, then f+) (x) = +sin x or + cos-. In each case, [re] < 1, so by Formula 9 with a = 0 and 
1 


M =1,|Rn(x)| < |x|". Thus, |Rn(x)| > 0 as n — oo by Equation 10. So lim Rn(a) = 0 and, by Theorem 


(n+ 1)! 


8, the series in Exercise 13 represents cos «x for all x. 


29. If f(a) = sinh z, then for all n, f+ (a) = cosh or sinh z. Since |sinh | < |cosha| = cosh « for all x, we have 
fort? @)| < cosh x for all n. If d is any positive number and |a| < d, then For? @)| < cosh x < coshd, so by 


cosh d 


Gens |x|"*". It follows that |Rn(a)| > 0 as n — oo for 


Formula 9 with a = 0 and M = coshd, we have |Rn(x)| < 


|x| < d (by Equation 10). But d was an arbitrary positive number. So by Theorem 8, the series represents sinh x for all x. 
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31. 


33. 


35. 


37. 


39. 


41. 


CHAPTER 11 INFINITE SEQUENCES AND SERIES 


1/4 
n 


n=0 


oo i(_3 1(_3)(_27 
YI—a@=([1+( oo) ee sc ( Jiror=144ca+ 4 Cd) (2)? + rae t) ( i) (=a) eas 


esi ys fees (AI a eae (4n—5)] on 
et Saget oe asa 
= 1 23+ 7++ee- (4n—5) , 
age oS Taal 
and|—z]|<1 © |al<1soR=1. 
1 1 1 ze\-3 1&8 [-38\sar\r 
—— ey Ge wee a —) . The binomial coefficient is 
(Q+a2)? [2(1+2/2))° at 5) FECI@ 


n 
— (-1)"-2-3-4-5--+-- (n+1)(n+2) — (-1)"(n+1)(n +2) 
2-n! 2 
Thus, ( a a ; y Cun + Das 2) - = > ie + Uin oe for |= <l |x| < 2,so R = 2. 
arctan x = 5 1)” gine so f(x) = arctan(x?) = x 1)” ( nia 5 yr : oR = 
= Qn4+1’ = Qn+1 Pea Qn+1 , 
oo = 2” oo . (2 jan oo 7 g2n 7.2n 
cos x = Dal 1) (an)! cos 24 = Dal 1) (Qn)! pai 1) Qnyr’ so 
f(x) = xcos2z = ak a g"tl) R=oo. 
co 2n co 1,2 2n co An 
cosx = ZANT ca = cos($a7) = Ley Acie a = Sak Oa so 


3 
ute 
| 
3 Nile 
Sa 
iT 
aR 
NS 
3 


x _ x - x -2(142)" x 
V4+u2 fA +a2/4) 2\f1+a2/4 2 4 2 


2 1 3 2\2 1 3 5 2\3 
6 et Ee Caisse ™ 
gfitCagt—q aa 3! ry anal 
ee ea a (2n—1) », 
Ty Pon = oman 
aS pyr bi8 82 n= 1) ont ond el ed |x| <2 R=2 
roa nl 2anti 4 5} Bee 
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1 1 co (—1)" (2x)?” 1 co (—1)"(2a)?” co (219nt igen lyen 
43. = ~(1-—cos2x) = =/1—- ————_] = =}]1-1- —_——_] = SEE 77k 
gin img ees) = any 2 any Xu (Qn)! 
R=o 
oo 2” 165 
45. cos. 2 >> (-1)” ; = 
n=0 (2n)! Ty = T, =T,=T; 
= on co (<1) (a?)?” 7 co (—1)"2*” 
a) cole) 2 (2n)! > (2n)! 15 15 
=1- $244 da®- Ayr? t--- Ree eon 
The series for cos x converges for all x, so the same is true of the series for 
f(x), that is, R = oo. Notice that, as n increases, T;, (x) becomes a better “1.5 T,= Ts = Ts =T; 
approximation to f(x). 
a. DSF oer = CM _ FS (ape 
.e mae —, soe > ear aes I? 8° 
—x =< n 1 n+1 
fate r= yo 1) Se 
n=0 n 
=x-a? + a a + me it" Te 
= = 1)” 1 x” 
Xf ) (n—1)! 
The series for e” converges for all x, so the same is true of the series 
for f(a); that is, R = oo. From the graphs of f and the first few Taylor 
polynomials, we see that T;, (a) provides a closer fit to f(a) near 0 as n increases. 
eo 2n 2 4 6 
ey Ae ane es ; Hoe x x x 
49. 5 5 (=) 36 radians and one = Dk 1) (an)! 1 7 + a ++++,80 
2 4 6 
cos 7 =1- Ee ae (rhe) ++. Now 1 — {af6)" ~ 0.09619 and adding @/26" 2.4 x 107° 
does not affect the fifth decimal place, so cos 5° = 0.99619 by the Alternating Series Estimation Theorem. 
1 3 1 3 5 
2\])-1/2 1 2 (=a) (23) 2\2 (=o)=5) (-3) 2)\3 
51. (a) 1/V1— 2 = [1+ (-2*)] = 14 (-2)(-2*) +4 (-2") + 5 (—2?)" +--+: 
2 1-3-5--:-: (2n—1) » 
=I] is 
+ an n! 
a ma os ns (2n — 1) 2n41 
a) ee, ee paced od OE Ge AR 
(b) sin ls xv C+2+% > (Gn +1" nl x 
_ 0 1-3-5--+--(2n—-1) oni Sa. 
See Qn +12" nl x sincee0 = sin “0=C. 
53. 


=o 3Bn4+1’ 


ee 
+ 
8 
i) 
II 
an 
+ 
8, 
e 
LS} 
a 
NIR 


com & (Flam > [ Viveen~c+® (2) 28 wn 


with R = 1. 
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2n 2n 2n-—1 
(16) 2 oe Ae ad Ae cos xz — 1 oe fk 
55. s 4 l= 1 = yi(-1 => 
cos & pay ) (@n)! cos & ul ) (Qn)! = pai ) (Qn)! 
Coe erat 4 a ee 
£ SP aes 2n - (2n)!" igs 
co grt co gent 
57. arctanz = pai 1)” onal for |x| < 1, so 2° arctana = pai Serge. i for |x| < 1 and 
a co g2rts 
Je arctanxzdx = C + 2)" Gag ants) Since 4 < 1, we have 
1/2 5 an+5 5 7 9 11 
3 n___ (1/2) (1/2)”_ G/2)" | G/2)" _ (1/2) 
t dz = 1 = veel N 
[ # pine = ST) aOR) Ase ae eae ed a 


(1/2)"" 


(i/2)"_ (/2y* . ey? 
7 7-11 


1-5 3-7 a) = 6.3 x 107° does not affect the fourth decimal place, 


= 0.0059 and subtracting 


so f, i ? 2 arctan x dx ~ 0.0059 by the Alternating Series Estimation Theorem. 


co au ale intl 
59. /1 +a? = (1+21)/? = 7 J|@ ‘00 f Vi+atde=c+ ¥ me ALT and hence, since 0.4 < 1, 
n=0 
we have 
0.4 co 26 (0 Aint 
l= 1 4dxz= 2 
0 are See X, (*) 4n+1 
ay OE , 2 4? , ala) 4)" | aaa) 04" | aa) Cas) 4" 
0! 5 2! 9 3! = 4! 17 
A> 4)? 4)'8 A)!” 
sua ke ) 0 ) 4 0 ) _ 500.4)" a, 
10 72 208 2176 
(0.4)° ~6 6 ia tetas (0.4)° 
Now 7 = 3.6 x 107° < 5 x 10~”, so by the Alternating Series Estimation Theorem, J + 0.4 + 10 = 0.40102 


(correct to five decimal places). 


19 8 at Te ToD Pes hs Bee a 
. «ex-In(l+e2 . £-(@— 3u* + su" — sa + en :) . 5@ — 30° 4+ 40° — en? + 
61. lim pe) = lim 2 a 7 2 = lim 2 3 4 5 
xz—0 a? x2—0 2 2-0 2 
= lim(4 — ta 4+ 42? — $434 = 
lim (3 3 4 5 )=3 
since power series are continuous functions. 
: sinc —x+ 42° . (a — qe + aa 5_ Fal +---)—a+ ¢2° 
63. lim —————8— = _ Jim +32) 
«2—0 noes x0 ge? 
1,5 1,7 
i a we + i 1 g es x 1 1 
Zhe I SG Fr jeer acne BP aaa ee rea 
2-0 x z>0\5! 7! 9! 5! =: 120 
since power series are continuous functions 
ae 3 se eg ees SRE eg 
. a —38¢43tan 2 fe — 324 3(a—- Fa + 0° — oe +--+) 
65.0 ia, ASA Ae = lim AM It 
20 x? 2—0 Pa 
. a® — 3a + 3a— 2° + 32° 3a7 + . 3q° — 307 + 
= lim = lim 
20 x «0 x 


+--- ) = 3 since power series are continuous functions. 
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: 2 eo gt ® x gt 
67. From Equation 11, we have ee” = 1— T + a 3 +--+ and we know that cos xz = 1 — a + a from 
Equation 16. Therefore, e-* cosa = (1 — a2? 4+ ia* tee ) (1 ta” + on gt... B Writing only the terms with 
degree < 4, we get e~® cos x = 1- 5ur + ye — a? that +iat+.- =1- Ba? + Bax fees, 
= SS 
sin x DS eae a re 
1+ da? + goat t+. 
E-FUr t+ yx: x 
3 155 
L— gx + aye — 
3 1,5 
ev — wage + 
3 1,5 
ee — 36% 
725 
360 L 
75 
360 v 
BG co _ 1,2 74 
From the long division above, Sea 1+ av +a +:°: 
71. y = (arctanz)? = (« - zu + za” - ta” +: -) (« = zu + za? - ta” +::- iE Writing only the terms with 
degree < 6, we get (arctan x)? = 2? ax* 2° aa4 + gx° + ta° +..-= 97 = a4 + 32° fees, 
= aya & Ce) 
x x 4 
73. —1)"—— = ——— =e™ , by (11). 
2a on & a e y (11) 
75. S<(—1)""? a (-)*? CAS aa en we [from Table 1] = In = 
n=1 nb” n=1 nm 5 


foe) (—1)” 72771 = fool 
1D BA OnF Dl 


n=0 


9 27. 81 St. 7 Bet Be 3s oo 3" we 3” ‘ 
Beart aan San op gp at oa = ae l=e 1, by (11). 
: : : : ; : n p(a) ; 
81. If pis an nth-degree polynomial, then p“ (a) = 0 for i > n, so its Taylor series at a is p(a) = > 7 (a— a)’. 
i=0 uw 
= pO(a) 
Put c —a=1, so thata =a+1. Then p(a+1)= >> A 
i=0 
(x) 


This is true for any a, so replace a by x: p(w +1) = >> P 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


90 CHAPTER 11 INFINITE SEQUENCES AND SERIES 


83. Assume that | f’”"(x)| < M,so f’"(z) < M fora <a <a+d. Now [” f'"(t)dt< f” Mdt => 
f"(a) — f(a) < M(a@—a) => f(a) < f"(a) + M(a— a). Thus, ft f(t) dt < Jo [f"(a) + M(t—a)]dt => 
f(a) — f(a) < f"(a)(w@—a) + gM(a—a)? => fi(x) < f(a) + f"(@)(a@—a)+5M(e—a)? => 
So f' Gat < f? [f'(@) + f"(a)(t- a) + $M(t-a)?] dt => 
f(x) — f(a) < f'(a)(e@— a) + ZF" (a)(@ — a)’ + M(x — a)’. So 
f(x) — fla) — f'(a)(@ — a) — 5 f"(a)(w — a)” < §M(w — a)’. But 
Ro(x) = f(x) — Te(x) = f(x) — f(a) — f'(a)(@— a) — 5 f"(a)(@ — a)”, so Ro(x) < §M(a— a)’. 


A similar argument using f’” (~) > —M shows that Ro(x) > —4M(x — a). So |R2(a2)| < $M |x — al’. 


Although we have assumed that x > a, a similar calculation shows that this inequality is also true if x < a. 


evant ara E(S)wr= £ (urs E(t) 


= = k n S[k n Replace n with n + 1 
~ > é oS i (n+ 1)a® + > (") ts in the first series 


=o (+1) [((k—n)+n]a 
eS k(k —1)(k — 2) (k-n+1) 2 eS (To seal 
Thus, g' (x) = ae) 
(b) A(z) = (+2) * g(a) = 
A! (x) = —k(1 + @)—*—19(a) + (1 +2) * g'(a) [Product Rule] 
= —k(1+a)-*"19(2)+(1+2)* kg(x) [from part (a)] 


= —k(1+2)-*""'g(x) +k. +2)" g(2) =0 


(c) From part (b) we see that h() must be constant for « € (—1,1), so A(x) = h(O) = 1 for x € (—1,1). 


Thus, h(x) =1=(1+a)*g(z) © g(x) =(14+2)* fora € (-1,1). 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 11.11. APPLICATIONS OF TAYLOR POLYNOMIALS 


11.11 Applications of Taylor Polynomials 


1. (a) 
n 
0 0 
1 cos x 1 x 
2 | —sinz 0 x 
3 | —cosx —1 Lr da 
4 sin x 0 xr zu° 
5 COS X 1 xr au? + me 
n £(k) 
Note: T,(x) = >> Peo x® 
k=0 Oh 
(b) 
r f To(x) Ti (x) = T2(z) T3(x) = T4(z) Ts (2) 
7 0.7071 0 0.7854 0.7047 0.7071 
1 0 1.5708 0.9248 1.0045 
T 0 0 3.1416 —2.0261 0.5240 
(c) As n increases, T;, (a) is a good approximation to f(x) on a larger and larger interval. 
3. 12 
n 
0 
1 
2 
3 
3 f(™(1) f 
= n ) 
T3(a) pars (a — 1) 1 7 " 2.5 
e e e e 
=e+e(x—1)+$e(x—1)? + se(a —1)3 
5. 
fe | Fe) | FG?) 
0 cos © 0 
1 —sing —1 
2 | —cosx 0 
3 sin x 1 
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2: 
7. ip 
T3 
f 
1 3 
XX S 
—4 
9. 3 
n fn) f™ (0) 
0 xe 7* 0 
1 | (1—2x)e~** 1 ! -_ 
2| 4(2—1)e"7* —4 
3 | 4(3 — 2ax)e~?* 12 
T; f -4 


(n) 
T(z) = 4 EO 


n=0 n! 


a= 9.14 ta) + S40? 4 Br? = 2 — Qc? + 20° 


11. You may be able to simply find the Taylor polynomials for 


f(x) = cot x using your CAS. We will list the values of f‘ (1/4) 


forn =Oton=5. 


=1-2(«— $)+2(e— 4) —$(@- 4) + B(e@- F)'- S(e@- 5) 


For n = 2 to n = 5, Tn (x) is the polynomial consisting of all the terms up to and including the (a - a)" term. 


13. (a) f(x) =1/a & To(x) 
3 (@-1)°- Ge 1) + F(@- 1? 
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(b) |Ro(x)| < ~ |a — 1|°, where | f’”(x)| < M.Now0.7<2<13 > |x-1/<03 => |x—-1)° < 0.027. 


Since | f’” (a)| is decreasing on {0.7, 1.3], we can take M = | f’”’(0.7)| = 6/(0.7)4, so 


6/(0.7)4 
6 


|Ro(a)| < (0.027) = 0.112453 1. 


, It seems that the error is less than 


1 
From the graph of | Ro(x)| = E — To(x) 


0.038 571 on [0.7, 1.3]. 


+ 
a 
2) 05 
“I 
— 
8 
| 
a 
ae 
w 


(a) f(x) = 27/3 & T3(2) =1 (a —1) m1 (x — 1)? 


=1+2(@-1)- #(@-1)P? + <(e- 19° 


M 
Al 


lc -1)<0.2 > |x—1|* < 0.0016. Since Fes (x) is decreasing 


(b) |R3(x)| < | — 1|*, where | fO%()| <M.Now0.8<a%<12 => 


on [0.8, 1.2], we can take M = | f(0.8)| = 36 (9.8) 10/8, so 


|Ra(«)| < 7 (0.0016) ~ 0.000 096 97. 
(c) 0.00006 
From the graph of |R3(a)| = |2?/? — T3(ar)|, it seems that the 
error is less than 0.000 053 3 on [0.8, 1.2]. 
0.8 1.2 
0 1 
17. (a) f(z) =secx  To(x) = 1+ 42? 

n fe) #™(0) 

0 sec © 

1 secx tanx 0 

2 sec x (2 sec” x — 1) 

3 | seca tana (6sec? x — 1) 


M 
(b) |Ro(z)| < 5 |al®, where | f(a)| < M.Now-0.2<2<02 => |2|<02 5 |z|? < (0.2)3. 
f(a) is an odd function and it is increasing on [0, 0.2] since sec x and tan x are increasing on {0, 0.2], 


(3) 
so | f2(a)| < f (0.2) ~ 1.085 158 892. Thus, |R2(x)| < re?) (0.2)° = 0.001 447. 
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(c) 0.0004 
From the graph of | R2(x)| = |sec x — T2(x)|, it seems that the 
error is less than 0.000 339 on [—0.2, 0.2]. 
—0.2 0.2 
0 
a? 22 2 
19. (a) f(z) =e ~T3(z)=1+ 52 =l+za 
0 BS 1 M 
. 5 (b) |R3(x)| < rir |a|*, where Fo) <M.Now0<2<01 5 
1 | e® (2x) 0 : 
2 e* (2 + 4x?) 2 4 < (0.1)', and letting x = 0.1 gives 
a? 3 0.01 
12 A 001 
3 ]e eee ) 0 |Ra(x)| < en ( soe eee 8) (0.1)4 ~ 0.00006. 
4 | e® (12+ 482? + 162%) 
(C) 0.00008 
From the graph of | R3(x)| = a eis (x)|, it appears that the 
y=|R3(x)| 
error is less than 0.000 051 on [0, 0.1]. 
ore a ee ee ais ee ee ee 
21. (a) f(x) = asine & Ta(z) = 5 (e 0) + a (@ 0)* =a rad 


M 
sinx + xcosx (b) |Ra(x)| < Sr ||”, where | f(@)| <M.Now-1l<a<1l => 


POR EEN |x| < 1, anda graph of f(a) shows that | fO@)| <5for-l<a@<l. 
—3sinx — xcosx i : 

a ae 5 cares Pay 
“heey fais Thus, we can take M = 5 and get | Ra(x)| < =I p= = 0.0416. 


5sinx + xcosx 


(c) 0.009 


From the graph of | Ra(x)| = |wsin x — T1(x)|, it seems that the 


error is less than 0.0082 on [—1, 1]. 
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23. From Exercise 5, cos x (e- 3) +é(a ny + R3(ax), where |R3(x)| < “ |x — =I with 


(| = |cosz| < M = 1. Now x = 80° = (90° — 10°) = ( ) = = radians, so the error is 


I) E) 


|R3 (+) | < a =). = 0.000 039, which means our estimate would not be accurate to five decimal places. However, 


T3 = T4, so we can use |Ra()| < os eas = 0.000001. Therefore, to five decimal places, 
cos 80° ~ — (—4) + 2(-%)’ © 0.17365 


25. All derivatives of e” are e”, so |Rn(x)| < aa |z|"**, where 0 < x < 0.1. Letting = 0.1, 
n ! 
0-1 
Rr(0.1) < tp! (0.1)"** < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since 


R3(0.1) < 0.0000046. Thus, by adding the four terms of the Maclaurin series for e* corresponding to n = 0, 1, 2, and 3, 


we can estimate e°' to within 0.00001. (In fact, this sum is 1.10516 and e°! = 1.10517.) 


27. sinz =x 3 x” + 2° —---. By the Alternating Series 


Estimation Theorem, the error in the approximation 


5 


5! 


1 : 
sing =x — 7 is less than <001 6 


Ja®| < 120(0.01) < |a| < (1.2)'/° © 1.037. The curves 


y = « — 42° and y = sinx — 0.01 intersect at x © 1.043, so y= sinx— 0.01 


i 0.9 


the graph confirms our estimate. Since both the sine function Os 


and the given approximation are odd functions, we need to check the estimate only for x > 0. Thus, the desired range of 


values for x is —1.037 < x < 1.037. 


ca gt 
29. arctanz = © — i + a 2 +.---. By the Alternating Series 2 = 
Estimation Theorem, the error is less than |- ta" | <0.05 <= y = arctan x + 0.05 


|a"| <0.35 <> |2| < (0.35)!/7 = 0.8607. The curves 


1.2 1.2 
y=axu- sa° + za° and y = arctan x + 0.05 intersect at 
x & 0.9245, so the graph confirms our estimate. Since both the y = arctan x — 0.05 
arctangent function and the given approximation are odd functions, = 7 
we need to check the estimate only for x > 0. Thus, the desired yH=x- ; xe+ : x 


range of values for x is —0.86 < x < 0.86. 
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31. Let s(t) be the position function of the car, and for convenience set s(0) = 0. The velocity of the car is v(t) = s’(t) and the 
of og re 0 
acceleration is a(t) = s’’(t), so the second degree Taylor polynomial is T2(t) = s(0) + v(0)t + 20) 2 = 20t + t?. We 


estimate the distance traveled during the next second to be s(1) © 72(1) = 20 + 1 = 21 m. The function T(t) would not be 


accurate over a full minute, since the car could not possibly maintain an acceleration of 2 m/s? for that long (if it did, its final 


speed would be 140 m/s ~ 313 mi/h!). 


—2 
q q q q q d 
Geet ae Cah 
D> (+d? D? D+d/DP DP [ (1+5) | 
We use the Binomial Series to expand (1 + d/D)~?: 
q d\ 2:3(d\? 2-3-4/da\* 
B= —]1-[1-2|=— —|—] - = oo 
| ( (5)+ 2 (5 ria toy a 
~ 4 d\ _ 1 
~ pp 2o(5) 2qd Ds 


when D is much larger than d; that is, when P is far away from the dipole. 


35. (a) If the water is deep, then 27d/L is large, and we know that tanh x — 1 as x — oo. So we can approximate 
tanh(27d/L) = 1, andsov? & gL/(2m) & ve /gL/(Qn). 


(b) From the table, the first term in the Maclaurin series of 


. . , : n fo) FO) 
tanh z is x, so if the water is shallow, we can approximate 
0 tanh x 0 
patty Bos La er ~) ob ond S&S vx Vg. 1 sech” x 1 
L L Q2r OL 
2 —2sech? x tanh x 0 
3 | 2sech? x (3 tanh? x — 1) —2 


(c) Since tanh z is an odd function, its Maclaurin series is alternating, so the error in the approximation 


m 3 3 
tanh one x one is less than the first neglected term, which is If so (7) = ; (7) , 


1/2nd\? 1 i ome a hod at , 
If L > 10d, then 3\ 7 < 3 2T - = 375° so the error in the approximation v* = gd is less 


3 
han gh 


. = 0.013291. 
on | 375 7 


37. (a) L is the length of the arc subtended by the angle 6,soL = RO => 
6=L/R.NowsecO =(R+C)/R => RsecO=R+C => 


C = RsecO— R= Rsec(L/R)— R. 
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CHAPTER 11 REVIEW 


(b) First we’ll find a Taylor polynomial T1(x) for f(x) = sec x at x = 0. 


f(a) 
sec xv 


sec x tan x 


sec x tan x(6 tan? +5) 


n 
0 
1 
2 sec «(2 tan? + 1) 
3 
4 


sec x(24tan*a + 28tan?x + 5) 


Thus, f(x) = seca © Ti(x) =1+ 4(a— 0)? + 2(a@ — 0)* = 1+ $2? + Za’. By part (a), 


elf LY eS (LY 
ee eae es 


(c) Taking L = 100 km and R = 6370 km, the formula in part (a) says that 


Tis £8, 5 Lt R Lc’, 5L" 
2° R2 ° 247° RA 2R * 24R3° 


C = Rsec(L/R) — R = 6370 sec(100/6370) — 6370 © 0.785 009 965 44 km. 


Ee 5 LA 100? 5- 1004 
= z0. km. 
IR * 24R3 ~ 2-6370 | 24-63708 Dee DUR 36 


The difference between these two results is only 0.000 000 008 08 km, or 0.000 008 08 m! 


The formula in part (b) says that C' ~ 


39. Using f(x) = Tn (x) + Rn(x) with n = 1 and x = r, we have f(r) = Ti(r) + Ri(r), where T; is the first-degree Taylor 
polynomial of f at a. Because a = tn, f(r) = f(an) + f’(@n)(r — &n) + Ri(r). But r isa root of f, so f(r) = 0 


and we have 0 = f(an) + f’(a@n)(r — x) + Ri(r). Taking the first two terms to the left side gives us 


f' (an)(an — 1) — f (an) = Ri(r). Dividing by f'(x,,), we get tn — r fs = re, By the formula for Newton’s 
method, the left side of the preceding equation is 7,41 — 7, $0 |@n41 —7T| = ie . Taylor’s Inequality gives us 
lf" (r)| 2 eae oe ‘ ‘ ” Ui : 
|Ri(r)| < aI |r — x,|~. Combining this inequality with the facts | f’(x)| < M and |f’(x)| > K gives us 
Janta 1] < 2 lan 1 


11 Review 
TRUE-FALSE QUIZ 


1. False. See Note 2 after Theorem 11.2.6. 


3. True. If lim an = L, then as n > oo, 2n + 1 > oc, 80 Gan41  L. 


5. False. For example, take c, = (—1)"/(n6”). 


1 n? 
(n+1)? 1 


An+1 
an 


7. False, since lim = lim = 


n— oo 


n3 un aes 1 
(n+1)* 1/n?| m0 (1+ 1/n)? 
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97 


98 


13. 


15. 


17. 


19. 


21. 


11. 


{2-7} 24+n3 _ 2/n? +1 
. § —— —~ Pp converges since Jim —, = lm ——— = 


CHAPTER 11 INFINITE SEQUENCES AND SERIES 


. False. See the note after Example 11.4.2. 


. True. See (9) in Section 11.1. 


po (0) 1 
True. By Theorem 11.10.5 the coefficient of x is a ge f’" (0) =2. 


Or: Use Theorem 11.9.2 to differentiate f three times. 


False. For example, let an = bn = (—1)”. Then {an} and {b, } are divergent, but anbn = 1, s0 {anbn} is convergent. 


True by Theorem 11.6.3. [S~ (—1)” a» is absolutely convergent and hence convergent. | 


True. 0.99999... = 0.9 + 0.9(0.1)' + 0.9(0.1)? + 0.9(0.1)? + -- = (0.9)(0.1)"-? = 7a 


= 1 by the formula 


for the sum of a geometric series [S = ai/(1—1)] with ratio r satisfying |r| < 1. 


True. A finite number of terms doesn’t affect convergence or divergence of a series. 


EXERCISES 


1 
co lt2n3  ns0l/n3+2 2 


1+ 2n3 
3 
lim a, = lim roe lim Trt = oo, so the sequence diverges. 
n—0oo n—0o n N— oo nr 
nsinn n 
lan| = Ae ae i<7® |an| — 0.asn — oo. Thus, Jim, Gn = 0. The sequence {a,, } is convergent. 


3 An 3 Ax 
: {( + 2) } is convergent. Let y = (1 + =) . Then 


In +3/e) u ,, ESE i) 


Jim Iny = Jim, 4x In(1 + 3/x) = Jim Ga = Jim Co = J ae 7m rn = 12, so 
3 An 
lim y= lim (1 + >) er: 


. We use induction, hypothesizing that an—1 < an < 2. Note first that 1 < ag = z (144) = 3 < 2, so the hypothesis holds 


for n = 2. Now assume that az_1 < ay < 2. Then ag = $(ap—1 +4) < $(ax +4) < $(2+4) =2. So ay < agyi < 2, 


and the induction is complete. To find the limit of the sequence, we note that L = lim a, = jim an41 => 


n—- co 


: ; Brest ieee 
7 5 converges by the Comparison Test with the convergent p-series }> = [p=2>1). 
n=1 1 
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io) Iain, ee Ne x n3 
13. Jim | st Jim _ = — Jim, (1 + x) oe <1,so u = converges by the Ratio Test. 
15. Let f(x) = res Then f is continuous, positive, and decreasing on [2, 00), so the Integral Test applies. 
eVIng 


Int Int 


> E i 1 1 . —1/2 ‘ 
i; f(x) dx = lim : ae [ Ina, du * ae lim u du = jim 2vu| 


t—-00 t—0o In2 


In2 


=i (2 Vint - 2 Vin?) = 


—0o 


co 
so the series 5~ 
n=2nVinn 


diverges. 


= TT < (Lay = ( z) , SO 23) |an| converges by comparison with the convergent geometric 


: 1-3-5.----- (2n — 1)(2n + 1) 5” n! ; In +1 2 
ae ; 1 = 1, so th 
Bae 5r+1 (n + 1)! ee eee (2n — 1) ree Bin +1) 5 < 1, so the series 


An+1 
an 


19. lim 


noo 


converges by the Ratio Test. 


21. b Va 


n = ~— > 0, {bn} is decreasing, and lim b, = 0, so the series S> (—1)"~! vn converges by the Alternating 
m+ 1 noo Peet m+ 1 


Series Test. 


23. Consider the series of absolute values: > niga p-series with p = = < 1 and is therefore divergent. But if we apply the 
n=1 


1 
3 
; : 1 : i ; as = 
Alternating Series Test, we see that bn = -— > 0, {bn} is decreasing, and lim by = 0, so the series 5° (—1)” rahe 
VAL n=1 


yn n—0o 


co 


converges. Thus, S> (—1)"~1 n~1/° is conditionally convergent. 
n=1 
Gn41 (-1)"t1(n + 2)3"*1 gener n+2 3 14+(2/n) 3 3 ; 
25. = : = _-= : 1 the Rat 
an | Dan+3 Gigs! pet 4 reagent ee ee 
20 (—1)"(n +1)3” . 
Test, Py SPRUE is absolutely convergent. 
co (—3)"-1 ex (—3)""1 xe (—-8)"-1 1 we (-3)"-1 1 ay" 4 1 
27 = — == = 2 = 
2 oe gy Be eet RS 3\T- (3/8) 
oe cee 
8 ll i 
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29. S*[tan7*(n +1) —tan71n] = lim sp 
n=1 n—co 
= lim [(tan7* 2— tan" 1) + (tan7?3 —tan7'2) +---+ (tan7'(n +1) — tan7' n)| 
= Jim {tan7*(n +1)-tan*1]J=$-F=% 
e? eet oe wer co (—e)” cre pee 
31. 1 et > at tT a us 1) Al > aI =e Since e A ee 
1 x —Zr\ __ 1 Sor = (—2)" 
33. cosha = 5(e +e )=3(E5+5 7 ) 
=" 1 ge GF gt me) ga? x 


St Girt Oe to a ee Sie >1i+e= for all 
5( Peer ) ee +d Gayl 21+ 52 foralle 


oo (—1)"*1 1 1 1 1 1 1 1 
35. RS ee, ee cng Se i ge be = are 

Py n? 32 - 243 = =1024 bu 3125 7776 7 16,807 32,768 a 

1 1 co (-1)"*? 7 (a1) eee 

S bg = = = —=— < 0.000031, ——— ® —— + 0.9721. 

ince Os = 35 = 39768 ~ 2a nt 
37 3 ! ~~] > s = 0.18976224. To estimate the error, note that : < : so the remainder term is 

“per 2 to” ae , 2457 ~ Be’ 
co] co] 1/5° be iene 
Rg = <r = par ile =6.4x 1077 [geometric series with a = = andr = =]. 


39. Use the Limit Comparison Test. lim 


n— co 


: . : 1 
Since }> |a,| is convergent, so is ~ | (: a Jan 
n 


, by the Limit Comparison Test. 


| @n41 } jz+2|"** nA” : n |x+2| |x + 2| 
4. 1 = 1 : = 1 = 1 2, <4 =4, 
Pas te tim [EA ao | wept A a ja+2|<4,s0R 
eines 2)” 
ja+2<4 = -4<44+2<4 = -6< a4 < 2. Ifx =—6, then the series }* (2+ 2" becomes 
n=1 


co (—4)” co (—-1)" : : : : i : 
> ( 4 => 2) , the alternating harmonic series, which converges by the Alternating Series Test. When x = 2, the 
n=1 se n=1 n 


Oe eel eee 
series becomes the harmonic series }~ ie which diverges. Thus, I = [—6, 2). 


n=1 
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CHAPTER 11. REVIEW 


n+1 _ n+1 = 
3 hia | eat |e ah tg) OP eo ee as |x — 3] < 4, 
n>0co}] An n-00 J/n+a4 2”(x oo 3) noo n+4 


Pi 3 1 1 3<1 5 7 FR ant th We 2"(z@—3)" 5 
soR=5. |m@-3)< 5 & -§<@-3<5 & 3<a< §.Forx = §, the series )> ecomes 


n=1 J/n+3 


(<)" 
Vn +3 


1 SO. iL. ; : oo 
=> pia Which diverges [p = 5 < 1], but for x = 3, we get a 


n=0 VN a 3 n=3 


, which is a convergent 


alternating series, so J = [3, Z). 
45. 
nF [FE 
0 sin x 3 
1 cos © wa 
2 | —sing —4 
3 | —cosx -¥8 
4 sin x 4 
T Tv T 
ins & Tt (Tt Tt r"(Z) 72 f(2) T\3 6 (2) 1T\4 
mare cea ale 21 (« 4 +3 (2 4 4 (2 3) = 
1 1 T\2 1 1 \4 V3 T 1 T\3 
st ue 4 iG ) | + 2 (« a) 3! (« =) , 
1 2 et nd mr 3 - 1 \2nt1 
3)" Gayl (« a) toy OU" Gaal (« 3) 
47 Be u al x)” 5 ( 1)" x” for |z|<1 => : A 1)"2"*? with R=1 
l+a2  1-(-2) i% Sh l+e ~% = 
49 4 dz = —1n(4— a) + C and 
“fp A-ae 
1 1 1 1 f 2 sayr 1 f 2 a” 12% gttt 
aes ae (=) Hane = aes a Sg ; 
/= i ae * i/ > a) Sa ee a ee 
In(4 5 ee ee ee rT C=In4 
n(4— <2) 1+, Find + LFHnay + = 2s ae . Putting x = 0, we get C = In4. 


Thus, f(@) =In(4—2) =m4- SO ae The series converges for |z/4| <1 © |a|<4,soR=4. 
n=1 


Another solution: 


In(4 — x) = In[4(1 — @/4)] = In44+ In(1 — 2/4) =n 4 +4 Inf1+ (—2/4)] 


=In44 5° Cayetseiet [from Table 1 in Section 11.10] 


n=1 
Sby( {yee ia 
- pl ) nar - n=1 ndnr 
; 7 co (=1)".928*4 ; at. fool (—1)" (a4)?t? = fore) (S1yeghts* ; 
51. sing = De “nt t => sin(2*) = PSs es ie >») “nti for all x, so the radius of 


convergence is oo. 
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1 1 1 1/4 
53. f(x) = — = =i(1—4e 
V/16 — x */16(1 — «/16) 16 (1 Sen)" 5 ( 16 ) 
zea 2\( zy, CMCd/ Speen ee ear zy 
2 4 16 2! 16 3! 16 
_1,21-5-9--:--: (4n—3) , 1, Q1-5-9-----(4n—3) , 
2 ss 2 2-4” -n!- 16” 2 = pes 26r+1 mI 
for -2|<1 2 |a|<16,s0R=16. 
7 co pt ez 1 x2 yg” oo gt} : co gt} 1 oo gr} 
we peo ales oe Dae n! = +2 n! Sas n! aad 
[Sae=c+iniel+ a S 
x Hel nN: 
1/2 1/4 3/8 
57. (a) Va T3(x) =1 Me ) Me 7 + 3B (@—1)° 
=1+$(@-1)- ¢(e@- 1)? + #(z-1)° 
(b) 15 
é 2 


M : 
(c) |Rz (a)| < alt — 1|*, where Fics (x) < M with f(x) = —Be 7? Now0.9<a<11 => 


: : 1 
-O01<2-1<01 35> (@- 1 < (0.1)*, and letting = 0.9 gives M = my so 


15 4 —6 
< —— (0. OU. OU. = , 
|R3(x)| < TEU.) TFA (0.1)* © 0.000 005 648 ~ 0.000 006 = 6 x 10 


(d) 5x10 ° 
From the graph of | R3(x)| = |,/x — T3(x)|, it appears that 
the error is less than 5 x 107° on (0.9, 1.1]. 
y = |R3Qx)| 
0.9 1.1 
Ms 2n+41 3 5 7 3 5 7 
RE Late, te , ca eee 
ne A) Gia a a a t=-ats at and 
sing — x 1 os x gt Thus. lim sing — x lim 1 4 x x __il 
a 3° BP 7 eso eo 6" 120-5040 6 
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61. f(x) = 2 on x2” f(-a) = 24 On t= 2 { 1)"cn x” 
(a) If f is an odd function, then f(—x) = —f (x) YO (-1)"ena2” = S> —cnx”. The coefficients of any power series 
n=0 n=0 


are uniquely determined (by Theorem 11.10.5), so (—1)" Cn = —Cn. 


0. Thus, all even coefficients are 0, that is, 


=> (-1)"cn =cn. 


If n is even, then (—1)” = 1, so cn ony 2cn = 0 Cn 
oO=Q=m=:::=0. 
(b) If f is even, then f(—x) = f(x) YS (HD en 2” = YS en ze” 
n=0 n=0 
If n is odd, then (—1)” = —1, so —cn = Cn 2cn = 0 Cn 


0. Thus, all odd coefficients are 0, 


that is, cy =c3 =C5 = +--+ = 
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L] PROBLEMS PLUS 


1. It would be far too much work to compute 15 derivatives of f. The key idea is to remember that f (n) (0) occurs in the 


coefficient of x” in the Maclaurin series of f. We start with the Maclaurin series for sin: sina = x — 3 + sr 


9 15 sf S80) 0) 


Then sin(a*) = 2? — zr + =o —-++,and so the coefficient of «+ 5 = Br Therefore, 
(15) 15! 
fF? (0) = Sr =6-7-8-9-10-11-12-13-14- 15 = 10,897,286,400. 
rey 
3. (a) From Formula 14a in Appendix D, with « = y = @, we get tan 20 = la so cot 20 = ames 
1— tan? 0 2tand 
1— tan? 6 . I 1 ‘i 
2 cot 20 = aS cot 9 — tan @. Replacing 6 by 5x, we get 2cot x = cot 5” — tan 52, or 
an 
tani gr = cot 4 5@ — 2cota. 
(b) From part (a) with 5 in place of x, tan = cot = 2 cot > , So the nth partial sum of x5 5, tan i 1S 
oe tan(«/2) ) tan(«/4) a: tan(«/8) Sie ate tant /?") 
2 4 8 
_ [cot(a/2) _ Eee lie cot(a/4) _ cot( covle/?) cot ( conti) _ cot(x/4) 
7 2 4 4 
n n— =) n 
~ Daa zs) ec Ce 2 ot —cota+ cote ie) a) [telescoping sum] 


cot(a/2”) _ _cos(x/2")_ __ cos(a/2") x /2” ; 1 
an 2” sin(a/2”) a sin(7/2") « 


Now as n — oo since 7/2” — 0 


for x # 0. Therefore, if #4 0 and x 4 kz where k is any integer, then 


cach 1 
ys tan = = lim s, = lim ( cot x + 


eel. Qn n—-0o n—0o Qn 


If x = O, then all terms in the series are 0, so the sum is 0. 

5. (a) At each stage, each side is replaced by four shorter sides, each of length 
z of the side length at the preceding stage. Writing so and fo for the 
number of sides and the length of the side of the initial triangle, we 


generate the table at right. In general, we have s,, = 3- 4” and 


Ln = (3) ” so the length of the perimeter at the nth stage of construction 


iS Pn = Snln = 3-4"-(2)" =3- (2)”. 


4n 4 n—-1 
(0) pn = goer = 4( 5) . Since $ > 1, pn > coasn = oo. 
105 
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(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the preceding 
stage. Let a be the area of the original triangle. Then the area a, of each of the small triangles added at stage n is 


An =a: = = ae Since a small triangle is added to each side at every stage, it follows that the total area A,, added to the 


; qrn-} 
figure at the nth stage is An = Sn-1-Gn =3- Anti = =a: ginal: Then the total area enclosed by the snowflake 


2 3 
curveis A=a+ A+ Ag+ Aste Saba 3 La: aS +a: St o++ After the first term, this is a 


or] Oo 


: : : _ 4 8a ino : 
geometric series with common ratio 9° soA=a4 =a But the area of the original equilateral 


n_ V3 8 V3 2V3 
4 = =e 


: oa . 1 ; : 
triangle with side 1 isa = 3" 1-sin= = . So the area enclosed by the snowflake curve is = - — 


3 5.4 5 
7. (a) Let a = arctan x and b = arctan y. Then, from Formula 14b in Appendix D, 
tana — tanb tan(arctanx) —tan(arctany) = ©—y 


tan(a — b) 


~ T+tanatanb 1+ tan(arctanx)tan(arctany) 1+ay 


LR 
Now arctan x — arctan y = a — b = arctan(tan(a — b)) = arctan since —5 <a—b< §. 


(b) From part (a) we have 


1220 1 28,561 
arctan TT — arctan x5 = arctan qa aoe ie = arctan a = arctanl = 7 
119 ° 239 28,441 
: : x 
(c) Replacing y by —y in the formula of part (a), we get arctan x + arctan y = arctan 7 any) . So 
— ay 
Lie 
4 arctan 2 = 2(arctan 2 + arctan +) = 2arctan port = 2arctan 3 = arctan 3 + arctan 3 
—i-2 
pee Ee 
= arctan aL aS = arctan $2 
12° 12 
Thus, from part (b), we have 4 arctan z — arctan 5 = arctan 3 arctan 535 =i. 
3 5 7 9 11 
x £ x x x 
(d) From Example 11.9.7 we have arctanz = x — — + — — — + — — ——+-:-,s0 
3 5 7 9 11 
1 1 1 1 1 1 


1 
FFs ec pg AY RR PP 
PES 5 are Sone a see eee 
This is an alternating series and the size of the terms decreases to 0, so by the Alternating Series Estimation Theorem, 


the sum lies between s5 and sg, that is, 0.197395560 < arctan z < 0.197395562. 


1 1 1 1 
F th ies i rt t t --+,. The third t is less thi 
(e) From the series in part (d) we get arctan 339 — 939 — 309303 + 5.9305 e third term is less than 


2.6 x 10738, so by the Alternating Series Estimation Theorem, we have, to nine decimal places, 


arctan x5 & so & 0.004184076. Thus, 0.004184075 < arctan 5 < 0.004184077. 
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2 
9. We want arctan| —> } to equal arctan 
n? 1+c2y 


11. 
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= 1 1 
(f) From part (c) we have 7 = 16 arctan z — 4 arctan 535, so from parts (d) and (e) we have 


16(0.197395560) — 4(0.004184077) < m < 16(0.197395562) — 4(0.004184075) => 
3.141592652 < m < 3.141592692. So, to 7 decimal places, 7 = 3.1415927. 
ry 


. Note that 1+ zy = n? xy =n? —1=(n+1)(n—1), so if we 


letx =n+1 andy =n-—1, then x — y = 2 and xy F —1. Thus, from Problem 7(a), 


= arctan x — arctany = arctan(n + 1) — arctan(n — 1). Therefore, 


2 guy 
arctan| — | = arctan 
n? l+ay 


y arctan (=) sa (acta nT) eden RST 


k 
= ¥ [arctan(n + 1) — arctann + arctan n — arctan(n — 1)] 


k k 
= > [arctan(n + 1) — arctann| + SO [arctan n — arctan(n — 1)] 


n=1 n=1 


= [arctan(k + 1) — arctan 1] + [arctank — arctan0] [since both sums are telescoping] 


= arctan(k + 1) — $ + arctank — 0 


k k 
Now oe arctan( =) = lim yi arctan( =) = im, [arctan(k +1)- + + arctan K| q tp 


Note: For alln > 1,0 < arctan(n — 1) < arctan(n + 1) < $, so —§ < arctan(n + 1) — arctan(n — 1) < §, and the 


identity in Problem 7(a) holds. 


We start with the geometric series }> 2” = — |x| < 1, and differentiate: 
n=0 ax 
ce d (2X d 1 1 28 ce x 
n—1 n n n—1 
=— =— = —— f 11> = ———— 
DE ue ae (3: ) °F (4) =; or |z| < 2 HD RE (2) 
for |x| < 1. Differentiate again: 
oe _ d x (1 — 2)? —#-2(1 — x)(-1) x+1 eo ete 
2 .n-1 _ a2. = 2 ie: 2 = 
= ae ap (2)! G-ae 7 2" ™ “aa 7 
> near — 2 eta — (l—a2)3(Qe+1)—(a?4+2)3(1—2)?(-1) 2? +4041 
x dx (1-2) (—a8 (—a 
coy e+ 40? +a F : : ¢ 
Sea S “ae |x| < 1. The radius of convergence is 1 because that is the radius of convergence for the 
n=1 _ 
geometric series we started with. If « = +1, the series is }> n?(+1)", which diverges by the Test For Divergence, so the 


interval of convergence is (—1, 1). 
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108 CHAPTER 11 PROBLEMS PLUS 
1 n—1 n+1)(n-1 
13. in(1 — =) = in( a ) = n SEDO = In[(n + 1)(n—1)] —Inn? 


= In(n + 1) + In(n — 1) — 2Inn = In(n— 1) —Inn—Inn+In(n + 1) 


n—-1 n 
=] l 1 1)} =1 1 . 
n a [Inn — In(n + 1)] n = Dae 


k k = 
Lets, = 5 n(1- 3) = (mn * in") fork > 2, Then 


n 


Sk= ee + eee ed + + qe In is ee In is 
sical acer eee go k +1 5 ay Pa oa 


Be 1 : : 1 k 1 1 
em (1 2) = im oe = Jim (m5 In PES) = In 5 Intl =In1l —In2—In1l=—In2(orln5). 


15. If L is the length of a side of the equilateral triangle, then the area is A = 4L . wef = 21? and so L? = SA. 


Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 


L 
PSO T a  2) ele GARE 29 Ot Goreme 


The number of circles is 1 + 2+---+n= SS and so the total area of the circles is 
is 2 
ie Ee a ee 
2 2" a(n + V3—1) 
_ n(n+1) Fe 4A/V/3 —  n(n+1) TA 
20 A(nt+-V3-1)° (n+ V3-1)° 2Vv3 
An —  n(n+1) T 
A (n+ V3 - 1)” 2V3 
_ 14+ 1/n T Seen er eee 


[1+ (V5—1)/nj 2V3” 2V8 


17. (a) | The x-intercepts of the curve occur wheresinz =0 @& x=nz7, 


nan integer. So using the formula for disks (and either a CAS or 


2 


0 40 sin* 2 = (1 — cos 2a) and Formula 99 to evaluate the integral), 


the volume of the nth bead is 
ce > nT —«x/10 .; 2 _ nT —2/5 4:2 
1 VaH=7 fe" in (e sina)” dx = Ty, ai e sin? x dx 


— 2507 (620i 7 ern) 
(b) The total volume is 


co co 
a e*/5 sin? x dx = Ly Vee Sale — @1r/5) — 207 — [telescoping sum]. 
n= 7 


[continued] 
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Another method: If the volume in part (a) has been written as V, = aor e stn ¢ vee 1), then we recognize S* Vn 


n=1 


as a geometric series with a = 259" (1 — e~*/®) andr = e7*/°. 


co 2n+1 
19. By Table | in Section 11.10, tan7* 2 = dul 1)” ae 


TR (th ore A) a ne ee 
have 7 = tan (=) =e a el) (3) Veoee 


for |z| < 1. In particular, for x = 


1 
—, we 
V3 


_ er Ee ee eS - _ en ye ec (-l)" _ set 
BND ancien = OY =2v3 (1+ 5 ) Gat pe avg 


2 3 yA 
21. Let f(x) denote the left-hand side of the equation 1 ae rT +4 — rt ats + a +---=0.Ifx > 0, then f(x) > 1 and there are 
gv at gf 8 
no solutions of the equation. Note that f(—2”) = 1 or ae el cose. The solutions of cos x = 0 for 
2 
x < Oare given by x = 5 — tk, where k is a positive integer. Thus, the solutions of f(x) = 0 are x (5 wk) , where 


k is a positive integer. 


23. Call the series S. We group the terms according to the number of digits in their denominators: 
sere At ge 1 1 1 
SS Cag ag) tae ge) a gape ogg) oh 
AC ee amo Nn pian ae en 
fu g2 93 
Now in the group gn, since we have 9 choices for each of the n digits in the denominator, there are 9” terms. 


: : : -1 
Furthermore, each term in gp, is less than Wet [except for the first term in gi]. So gn < 9” - Wet = 9(3)" ! 


Now >> oC 2" is a geometric series with a = 9 and r = & < 1. Therefore, by the Comparison Test, 


n=1 


n-1 
S= 2 gn < Sao) = Toa = 90 
Sm hy lee a ae ee yt es ae ae a 
ae Gro os ee Se CANS ah gy ee ee a ae 


Use the Ratio Test to show that the series for u, v, and w have positive radii of convergence (co in each case), so 


Theorem 11.9.2 applies, and hence, we may differentiate each of these series: 


du _ 3x” | 6a? | 9a" | _2 ie = 
dx 3! 6! 9! 2! 5! 8! 
Similarl dv = x x x ; q i (rad si 
cae LaF Es + 3 Pat gt — ane Baer a ag v. 


Sou’ =w, v’ = u, and w’ = v. Now differentiate the left-hand side of the desired equation: 
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S( tu? + w® — 3uvw) = 3u2u! + 820! + 8w?w! — 3(u'uw + uv'w + ww’) 
x 


= 3u72w + 3v7u + 3w0 — 3(vw? tuewt uv’) -0 = 


u’ +v° + w” — 3uvw = C. To find the value of the constant C’, we put x = 0 in the last equation and get 


17 +0? +0?-3(1-0-0)=C => C=1,sou?4+v° 4+ w? — 3u0w = 1. 
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12 [] VECTORS AND THE GEOMETRY OF SPACE 


12.1 Three-Dimensional Coordinate Systems 


1. We start at the origin, which has coordinates (0, 0,0). First we move 4 units along the positive x-axis, affecting only the 
x-coordinate, bringing us to the point (4,0, 0). We then move 3 units straight downward, in the negative z-direction. Thus 


only the z-coordinate is affected, and we arrive at (4,0, —3). 


3. The distance from a point to the yz-plane is the absolute value of the x-coordinate of the point. C'(2, 4, 6) has the x-coordinate 
with the smallest absolute value, so C’ is the point closest to the yz-plane. A(—4, 0, —1) must lie in the xz-plane since the 


distance from A to the «z-plane, given by the y-coordinate of A, is 0. 


5. In R?, the equation 2 = 4 represents a line parallel to 
the y-axis and 4 units to the right of it. In R°, the 
equation x = 4 represents the set {(x, y, z) | « = 4}, 
the set of all points whose x-coordinate is 4. This is the 


vertical plane that is parallel to the yz-plane and 4 units 


in front of it. 


7. The equation x + y = 2 represents the set of all points in 


IR? whose x- and y-coordinates have a sum of 2, or 
equivalently where y = 2 — x. This is the set 


{(x,2— «x, z) | « € R,z € R} whichis a vertical plane 


that intersects the xy-plane in the line y = 2— x, z = 0. 


9. We can find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 


|PQ| = /(7 — 3)? + [0 — (—2)? + [1 — (3)? = V16 +44 16 =6 
IQR| = /A—7? + 2-02? +0 — 1)? = V36 +440 = V40 = 210 
|RP| = /(3 — 1)? + (—2 — 2)? + (-3— 1)? = V4 + 16 + 16 = 6 


The longest side is QR, but the Pythagorean Theorem is not satisfied: |PQ|? + |RP|? 4 |QR|’. Thus PQR is nota right 


triangle. PQ R is isosceles, as two sides have the same length. 
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41. (a) First we find the distances between points: 
|AB| = /@B—2)2 + (7-4? + (2-2)? = V26 
|BC| = (0-32 + 8-7 +B- DP = VB = 3 V5 
|AC| = (0-27 +B 4° + BI = V3 


In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to the longest distance. 
Since /26 + V3 #3 V5, the three points do not lie on a straight line. 
(b) First we find the distances between points: 
|DE| = /(1 — 0)? + [-2 — (—5))? + (4-5)? = V11 
|EF| = J(3 1)? + [4 — (—2)]? + (2-4)? = V44 = 2/11 
|DF| = (3-0)? + [4— (-5)? + 2-5)? = 99 = 811 


Since |DE| + |EF'| = |DF', the three points lie on a straight line. 


13. An equation of the sphere with center (—3, 2, 5) and radius 4 is [a — (—3)]? + (y — 2)? + (2 — 5)? = 4? or 


(a + 3)? + (y — 2)? + (2 — 5)? = 16. The intersection of this sphere with the yz-plane is the set of points on the sphere 


whose «-coordinate is 0. Putting a = 0 into the equation, we have 9 + (y — 2)? + (z — 5)” = 16, = Oor 


(y — 2)? + (z — 5)? = 7, x = 0, which represents a circle in the yz-plane with center (0, 2,5) and radius /7. 
15. The radius of the sphere is the distance between (4, 3, —1) and (3, 8, 1): r = ,/(3 — 4)? + (8 — 3)? + [L-—(— 
Thus, an equation of the sphere is (x — 3)? + (y — 8)? + (z — 1)? = 30. 
17. Completing squares in the equation x? + y? + z? — 2a — 4y + 8z = 15 gives 
(a? — 2a +1) + (y® — 4y 4 4) + (2? +824+16) =154+1+4+44+16 => (#-1)?+(y—2)?+(24+4)? = 36, which we 
recognize as an equation of a sphere with center (1, 2, —4) and radius 6. 
19. Completing squares in the equation 2x? — 8a + 2y? + 2z? + 24z = 1 gives 
2(a? — da + 4) + Qy? 4+ 2(2? +1224 36) =14+84+72 > (a2)? +2y?42(24+6)? =81 => 


(x — 2)? + y? + (z +6)? = &1 which we recognize as an equation of a sphere with center (2,0, —6) and 
radius ,/ 3 = 9/,/2. 


21. (a) If the midpoint of the line segment from Pi (x1, yi, 21) to P2(x2, ye, 22) is Q = ( 


T+%X2 Yyit ye a7) 
Dee te De SD ; 
then the distances | P, Q| and |@P2| are equal, and each is half of |P; P2|. We verify that this is the case: 


[Py Po| = V(e2 — 21)” + (y2 — yr)? + (22 — 21)? 


InQl= [Ee +2) —a1]" + [s(y + ye) yi]? + [$(z1 + 22) za’ 


= 4f (ere — B01)? + (Sue — dyn)? + (Bea — Ban)? 
= VG) [(e2 - 21)? + (ye —m)? + (a2 -a)] = 1 /(e2 — a1)? + (ye—1)? + (22 — a1)? 


= 5 |P:P2| 
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[x2 — (a1 +.22)]” + [yo — (yi + y2)]? + [22 — 3(a + 22)]° 


(4202 — 401)” + (4y2 — dyn)” + ($22 — $1)” = (4) [(@2 - 21)? + (2 — 1)? + (2 - a1)”] 


5) (@2 — 21)" + (ya — yn)” + (22 — 21)? = F|PL Ph 


So Q is indeed the midpoint of P; P2. 


(b) By part (a), the midpoints of sides AB, BC and CA are P; (- s, 1, 4), P, (4, 4, 5) and P3 (3, 3, 4). Then the lengths of 


the medians are 


AP,| = \/0? + (4-2) + 6-3)" = 3 44= [B= 


BP = (3 +2) +3) + 4-9) = (SP 4b 41 = fH = ve 


CPy| = 4/(-2- 4)? + 1-1)? + (4-5)? =f +1 = 185 


23. (a) Since the sphere touches the xy-plane, its radius is the distance from its center, (2, —3, 6), to the xy-plane, namely 6. 


25 


27 


29 


31 


33 


35 


37 


39 


Therefore r = 6 and an equation of the sphere is (a — 2)? + (y+ 3)? + (z — 6)? = 6? = 36. 


(b) The radius of this sphere is the distance from its center (2, —3, 6) to the yz-plane, which is 2. Therefore, an equation is 


3)? 


+(2-6) =4. 


is the distance from the center (2, —3, 6) to the xz-plane, which is 3. Therefore, an equation is 


(x — 2)? + (y 
(c) Here the radius 
(x — 2)? + (y 


3)? 4 


| (z — 6)? =9. 


. The equation x = 5 represents a plane parallel to the yz-plane and 5 units in front of it. 


. The inequality y < 8 represents a half-space consisting of all points to the left of the plane y = 8. 


. The inequality 0 < z < 6 represents all points on or between the horizontal planes z = 0 (the xy-plane) and z = 6. 
. Because z = —1, all points in the region must lie in the horizontal plane z = —1. In addition, x? + y? = 4, so the region 
consists of all points that lie on a circle with radius 2 and center on the z-axis that is contained in the plane z = —1. 


. The equation x? + y? + z? = 4 is equivalent to \/x? + y? + z2 = 2, so the region consists of those points whose distance 


from the origin is 2. This is the set of all points on a sphere with radius 2 and center (0, 0, 0). 


. The inequalities 1 < a? + y? + z? < 5 are equivalent to 1 < \/x? + y? + z? < V5, so the region consists of those points 


whose distance from the origin is at least 1 and at most \/5. This is the set of all points on or between spheres with radii 1 and 


4/5 and centers (0, 0,0). 


. Here x? + z? < 9 or equivalently x? + z? < 3 which describes the set of all points in R* whose distance from the y-axis is 


at most 3. Thus the inequality represents the region consisting of all points on or inside a circular cylinder of radius 3 with axis 


the y-axis. 


. This describes all points whose x-coordinate is between 0 and 5, that is,O < a” < 5. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


114 CHAPTER 12 VECTORS AND THE GEOMETRY OF SPACE 


41. This describes a region all of whose points have a distance to the origin which is greater than r, but smaller than R. So 
inequalities describing the region are r < far + y? + 2? <Rorr’ <a2+y +2? < R’. 

43. (a) To find the x- and y-coordinates of the point P, we project it onto Lz 
and project the resulting point Q onto the x- and y-axes. To find the 
z-coordinate, we project P onto either the ~z-plane or the yz-plane 
(using our knowledge of its x- or y-coordinate) and then project the 
resulting point onto the z-axis. (Or, we could draw a line parallel to 
QO from P to the z-axis.) The coordinates of P are (2,1, 4). 

(b) A is the intersection of Li and Le, B is directly below the 


y-intercept of D2, and C is directly above the x-intercept of Do. 


45. We need to find a set of points { P(x, y, 2) | |AP| = |BP| }. 


(a + 1)? + (y— 5)? + (2 — 3)? = (x — 6)? + (y— 2)? +(e +2)? = 


(x +1)? + (y—5) + (z-3)? = (a — 6)? + (y— 2)? + (¢4+2) = 


aw? +2¢+1+y? —l0y+25+4+2?-6249=a7 —1274+36+y? —4y +4427 +4244 14x — 6y — 10z = 9. 
Thus the set of points is a plane perpendicular to the line segment joining A and B (since this plane must contain the 


perpendicular bisector of the line segment AB). 


47. The sphere x? + y? + z* = 4 has center (0,0, 0) and radius 2. Completing squares in 2? — 4a + y? — 4y + 2? —4z = —-11 


gives (a? — 4x + 4) + (y? — 4y + 4) + (2? —42 +4) =-11444+4+44 (a — 2)? + (y — 2)? + (z- 2)? =1, 
so this is the sphere with center (2, 2,2) and radius 1. The (shortest) distance between the spheres is measured along 


the line segment connecting their centers. The distance between (0, 0,0) and (2, 2, 2) is 


/(2— 0)? + (2— 0)? + (2— 0)? = V'12 = 2 V3, and subtracting the radius of each circle, the distance between the 


spheres is 2\/3 —-2-—-1=2V/3-3. 


12.2 Vectors 


1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 
(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and direction at any given 
location. 
(c) If we assume that the initial path is linear, the initial flight path from Houston to Dallas is a vector, because it has both 


magnitude (distance) and direction. 


(d) The population of the world is a scalar, because it has only magnitude. 


3. Vectors are equal when they share the same length and direction (but not necessarily location). Using the symmetry of the 


> > > > > > =f if 
parallelogram as a guide, we see that AB = DC, DA= CB, DE = EB,and EA=CE. 
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5. (a) (b) (c) 


u 
ut+v Vv w Vv 
ut+w w 


u vtw 
(d) ‘ (©) : (f) 
“4 —w/ \-v 
v Ww u 
u-v Mi aye 
vtut+w pit oa: 
— 
7. Because the tail of d is the midpoint of QR we have QR = 2d, and by the Triangle Law, 
a+2d=b 2d=b-a d = 4(b—a) = $b — da. Again by the Triangle Law we have c + d = b so 


c=b—d=b-— (sb-— fa) = da+ db. 


15. (—1, 4) + (6, -2) = (-14 6,4+ (—2)) = (5, 2) 


yA 


(6, —2) 


(-l, 4) 


(S, 2) 


17. (3,0, 1) + (0,8,0) = (3 +0,0+8,1+0) 
= (3,8,1) 


jal = /(-32 +2 = V%=5 


Ja — b| = |(—3 — 9,4 — (—1))| = |(—12, 5)| = (12)? + 5? = V169 = 13 
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21. 


23. 


25. 


27. 


29. 


31. 


33. 
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a+b=(4i—3j+2k) + (2i-4k) =6i—3j-2k 
4a+2b=4(4i-3j+2k)+2(2i—4k) = 16i— 12j+8k+44i— 8k = 20i- 12j 
Jal = /4? + (—3)? + 2? = 29 

ja — b| = |(41- 3j4+ 2k) — (2i—4k)| = |2i--3j+ 6k| = (27 + (3° + @ = V49=7 


The vector (6, —2) has length |(6, —2)| = \/6? + (—2)? = V/40 = 2/10, so by Equation 4 the unit vector with the same 


direction is s (6 -2) = ( ogo ) 
2/10 *’ V10’ -V/10/" 


The vector 8i — j + 4k has length |8i— j + 4k| = \/8? + 24 42 = ,/81 = 9, so by Equation 4 the unit vector with 


the same direction is $(8i—j+4k) = $i-$j+¢k. 


From the figure, we see that tan 0 8 V3 6 = 60°. 


From the figure, we see that the x-component of v is yt 


= |v|cos(7/3) = 4- 4 = 2 and the y-component is 


= |v|sin(7/3) =4- 2 = 2/3. Thus 
Vv = (v1, 02) = (2,24/3 >. 


The velocity vector v makes an angle of 40° with the horizontal and 
has magnitude equal to the speed at which the football was thrown. 


From the figure, we see that the horizontal component of v is 
40° 
im 


|v| cos 40° = 60 cos 40° = 45.96 ft/s and the vertical component 


is |v| sin 40° = 60 sin 40° & 38.57 ft/s. 
The given force vectors can be expressed in terms of their horizontal and vertical components as —300 i and 
200 cos 60° i + 200 sin 60° j = 200(4) i + 200 (42) j = 1004 + 100 V3j. The resultant force F is the sum of 


these two vectors: F = (—300 + 100) i+ (0 + 100 V3) j = —200i + 1003 j. Then we have 


|F| ~ \/(200)2 + (100 V3)” = 70,000 = 100 V7 = 264.6N. Let @ be the angle F makes with the 
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100V3 v3 


positive x-axis. Then tané = 00. and the terminal point of F lies in the second quadrant, so 


6 =tan! (-2) + 180° = —40.9° + 180° = 139.1°. 


35. With respect to the water’s surface, the woman’s velocity is the vector sum of the velocity of the ship with respect 


to the water, and the woman’s velocity with respect to the ship. If we let north be the positive y-direction, then 


v = (0, 22) + (—3, 0) = (—3, 22). The woman’s speed is |v| = /9 + 484 = 22.2 mi/h. The vector v makes an angle @ 


with the east, where @ = tan! (2) = 98°. Therefore, the woman’s direction is about N(98 — 90)°W = N8°W. 


37. Call the two tension vectors Tz and T3, corresponding to the ropes of length 2 m and 3 m. In terms of vertical and horizontal 
components, 
T2 = —|T2|cos50°i+ |T2|sin50°j (4) and T3 = |T3| cos 38°i + |T3| sin38°j (2) 
The resultant of these forces, Tz + T3, counterbalances the weight of the hoist (which is —350 j), so 
Te+T3=350j = 
(— |T2| cos 50° + |T3| cos 38°) i+ (|T2| sin 50° + |'T3| sin 38°) j = 350j. Equating components, we have 


cos 38° 


—|T2| cos 50° + |T3|cos38° =0 => = |Te2| = |T3| —— an 
cos 50° 


d 


|T2| sin 50° + |T3| sin 38° = 350. Substituting the first equation into the second gives 


cos 38° 
cos 50° 


|T3| sin 50° + |T3|sin38° = 350 = _— |Ts3| (cos 38° tan 50° + sin 38°) = 350, so the magnitudes of the 


350 cos 38° 


mere T3| = _—————________ &_ 225.11 Nand |T2| = |T 
ensions are |T3| cos 38° tan 50° + sin 38° and |T2| =| 31 55508 


& 275.97 N. Finally, from (1) and (2), 
the tension vectors are Tz + —177.39i+ 211.41j and T3 = 177.391 + 138.59 j. 


39. (a) Set up coordinate axes so that the boatman is at the origin, the canal is yA 


bordered by the y-axis and the line x = 3, and the current flows in the direction 
of steering 


negative y-direction. The boatman wants to reach the point (3, 2). Let @ be 


the angle, measured from the positive y-axis, in the direction he should 
true 
course 


steer. (See the figure.) 


In still water, the boat has velocity v, = (13 sin 0, 13 cos @) and the velocity of the current is v. (0, —3.5), so the true path 
of the boat is determined by the velocity vector v = vz + Ve = (13sin 6, 13 cos 6 — 3.5). Let t be the time (in hours) 


after the boat departs; then the position of the boat at time ¢ is given by tv and the boat crosses the canal when 


tv = (13sin 0, 13 cos @ — 3.5) t = (3, 2). Thus 13(sin@)t =3 => and (13 cos 6 — 3.5) t = 2. 


3 
t= —. 
13 sin 0 


[continued] 
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3 


Substituting gives (13 cos 0 — 3.5) ijane > 2 


39 cos @ — 10.5 = 26sin@ (1). Squaring both sides, we have 


1521 cos? 6 — 819.cos@ + 110.25 = 676 sin? 0 = 676 (1 — cos” 0) 
2197 cos” 6 — 819 cos — 565.75 = 0 


The quadratic formula gives 


819 + \/(—819)? — 4(2197)(—565.75) 


cones 2(2197) 


= seven =~ 0.72699 or — 0.35421 


The acute value for @ is approximately cos” * (0.72699) = 43.4°. Thus the boatman should steer in the direction that is 
43.4° from the bank, toward upstream. 
Alternate solution: We could solve (1) graphically by plotting y = 39 cos @ — 10.5 and y = 26 sin 0 on a graphing device 


and finding the appoximate intersection point (0.757, 17.85). Thus 6 = 0.757 radians or equivalently 43.4°. 


(b) From part (a) we know the trip is completed when t = — But 6 = 43.4°, so the time required is approximately 
sin 
3 


i3an43.4° & 0.336 hours or 20.2 minutes. 


41. The slope of the tangent line to the graph of y = x? at the point (2, 4) is 


dy 


i 
dx 


xr=2 


=A4 


x=2 


and a parallel vector is i+ 4j which has length |i + 4j| = 1? + 42 = V17, so unit vectors parallel to the tangent line 


are te (i+ 4j). 


43. By the Triangle Law, AB + BC = AC. Then AB + BC + CA = AC + CA, but AC + CA = AC + (-4c) =0. 


— — — 
SoAB+ BC+CA=0. 
45. (a), (b) (c) From the sketch, we estimate that s + 1.3 andt & 1.6. 


(d)ec=sa+tb & 7=3s+4 2tand1 = 2s —t. 


: : : _9 _—u 
Solving these equations gives s = = andt = >. 


47. |r — ro| is the distance between the points (x, y, z) and (0, yo, 20), so the set of points is a sphere with radius 1 and 


center (Xo, Yo, Zo). 


Alternate method: |r — ro| = 1 JV(@— 20)? + (y— yo)? +@—2)2 =1 © 


(a — 20)? + (y — yo)? + (z — 20)? = 1, which is the equation of a sphere with radius 1 and center (xo, yo, 20). 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 12.3 THE DOT PRODUCT 


49. a+(b+c) a1, a2) + ((b1, b2) + (c1, c2)) = (a1, a2) + (br + €1, b2 + c2) 


ay + b1 + c1, a2 + bo +2) = ((a1 + 61) +. €1, (a2 + b2) + c2) 


ay + 61, a2 + b2) + (c1, C2) = ((a1, G2) + (b1, b2)) + (er, C2) 


a 
= 
=" 
=(at+b)+c 


—> — _ 
51. Consider triangle ABC, where D and E are the midpoints of AB and BC. We know that AB+ BC = AC (1) and 


— — —- > > > > —> a 

DB+BE=DE (2). However, DB = 4 AB, and BE = 5BC. Substituting these expressions for DB and BE into 
— — — — —, — —- 

(2) gives AB + +BC = DE. Comparing this with (1) gives DE = 4AC . Therefore AC and DE are parallel and 


[pe = 3|4C| 


12.3 The Dot Product 


1. (a) a- bisa scalar, and the dot product is defined only for vectors, so (a - b) - c has no meaning. 
(b) (a- b) cis a scalar multiple of a vector, so it does have meaning. 
(c) Both |a| and b - c are scalars, so |a| (b - c) is an ordinary product of real numbers, and has meaning. 
(d) Both a and b + c are vectors, so the dot product a - (b + c) has meaning. 
(e) a- b is a scalar, but c is a vector, and so the two quantities cannot be added and a: b + c has no meaning. 


(f) |a| is a scalar, and the dot product is defined only for vectors, so |a| - (b + c) has no meaning. 
3, a: b = (1.5, 0.4) - (—4,6) = (1.5)(—4) + (0.4)(6) = -6 + 2.4 = -3.6 
5. a- b= (4,1, 7) - (6, —3, —8) = (4)(6) + (1)(—3) + ($) (—8) = 19 
7a-b= (2i4+j)-(i-j +k) = (2)(11) + (@)(-1) + (0)(1) = 1 
9. By Theorem 3, a- b = |a| |b| cos @ = (7)(4) cos30° = 28() = 143 & 24.25. 


11. u, v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u and v is 60° and 


u-v = |u||v|cos60° = (1)(1)($) = 4. If w is moved so it has the same initial point as u, we can see that the angle 


between them is 120° and we have u- w = |u| |w| cos 120° = (1)(1)(—$) = —3. 


13. (a) i- j = (1,0, 0) - (0, 1,0) = (1)(0) + (0)(1) + (0)(0) = O. Similarly, j -k = (0)(0) + (1)(0) + (0)(1) = 0 and 
k- i= (0)(1) + (0)(0) + (1)(0) =0. 
Another method: Because i, j, and k are mutually perpendicular, the cosine factor in each dot product (see Theorem 3) 
is cos F = 0. 
(b) By Property 1 of the dot product, i- i = |i]? = 1? = 1 since iis a unit vector. Similarly, j - j = |j|? = 1 and 


k-k = |k|? =1. 
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15. ja| = /42 +32 = 5, |b] = \/2? + (-1)? = V5, anda- b = (4)(2) + (3)(—1) = 5. From Corollary 6, we have 


a-b 5 1 1 
cos 0 . So the angle between a and b is 8 = cos ~* (=) = 63°. 
jal|bl 5-V5 V5 v5 
17. jal = 12 4+ (424 2? = V18 = 3V2, |b] = \/02 + 22 + (—2)? = V8 = 2V2, and 
a-b —10 10 5 
a-b = (1)(0) + (—4)(2) + (1)(—2) = —10. From Corollary 6, we have cos 0 = = ——— = —-— = —= and 
(1)(0) + (—4)(2) + ()(-2) ty Sy WER BT 


the angle between a and b is 6 = cos! (—3) = 146°. 


19. jal = 2 + (—3)? + 2 = V6, |b] = \/2? + 0? + (—1p? = V5, and a- b = (4)(2) + (—3)(0) + (1)(—1) =7. 


Then cos 0 = Bee « i yt and 6 = os ( TE) = ° 

lal|b]  V26-V5 4/130 V130 

21. Let p, g, and r be the angles at vertices P, Q, and R respectively. Q 
— — 
Then p is the angle between vectors PQ and PR, q is the angle OP OR 
— — 

between vectors QP and QR, and r is the angle between vectors 
— — P E 
RP and RQ. P R 

PQ- PR (=2,3) (1,4) 

PQ:-PR —2,3)- (1,4 —2+12 10 ar 10 ) to astenls 
Thus cos p = = = = and p = cos x 48°. Similarly, 

* [pa] |Pa) VORP +B VE Fe Visvit var” Vai a 
QP-QR _ (2,~3)-(3,1) 

: 2,—3) - (3,1 6-3 3 a4 3 

cosqg = SS = Se = > = SH 8509 = OB —— } ~ 75° and 
: loP| jor) viFoVoFT VIsVI0 VIR : (5) 
r = 180° — (48°+ 75°) = 57°. 
>)2 >)2 >)2 
QR| —|PQ|) —|PR 
Alternate solution: Apply the Law of Cosines three times as follows: cos p = ——— as ; 
2|PQ| |PR| 
>) 2 >)2 >)2 >)2 >)2 >)2 
|PR| -|PQ ~|QR PQ| —|PR| -lor 

cos gq = ———— ,and cosr = ——___—. 

2|P9| or 2|Pal aR 


23. (a) a: b = (9)(—2) + (3)(6) = 0, so aand b are orthogonal (and not parallel). 


(b) a- b = (4)(3) + (5)(—1) + (—2)(5) = —3 4 0, so a and b are not orthogonal. Also, since a is not a scalar multiple 


of b, a and b are not parallel. 


(c) a- b = (—8)(6) + (12)(—9) + (4)(—3) = —168 4 0, so a and b are not orthogonal. Because a = — 4 b, aand b are 


parallel. 


(d) a- b = (3)(5) + (—1)(9) + (3)(—2) = 0, so a and b are orthogonal (and not parallel). 


— — —> —> —> 
25. QP = (—1,—-3, 2), QR = (4, -2,-1), and QP- QR = —44+ 6-2 =0. Thus QP and QR are orthogonal, so the angle of 


the triangle at vertex Q is a right angle. 
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27. Let aa = ai i+ a2j+ az k bea vector orthogonal to bothi+ jandi+k. Thena-(i+j)=0 <= ai+a2=Oand 


a-(i+k)=0 © ai+az3 =0,s0 a1 = —a2 = —az. Furthermore a is to be a unit vector, so 1 = a? + a3 +. a3 = 3a? 
implies ay = +—5. Thusa = +3 i- +55 -= 5 kanda =-= qi + Sai + = k are two such unit vectors. 

29. The line 2x — y = 3 y = 2x — 3 has slope 2, so a vector parallel to the line is a = (1,2). The line 3a + y=7 © 
y = —32 + 7 has slope —3, so a vector parallel to the line is b = (1, —3). The angle between the lines is the same as the 


angle 0 between the vectors. Here we have a- b = (1)(1) + (2)(—3) = —5, Ja] = V1? = V5, and 


—5 —5 1 V2 
b] = /12 + = V10, so cos 6 = —— = ————= = —— = — — or ——. Thus 0 = 135°, and the 
ie lal [b] BI ~V5-/10 5V2 V2 2 


acute angle between the lines is 180° — 135° = 45°. 


31. The curves y = x” and y = x* meet when x? = 2° x — 2? =0 x(a —1) =0 x = 0, a = 1. We have 


9? = 2a and £98 = 32”, so the tangent lines of both curves have slope 0 at x = 0. Thus the angle between the curves is 
xv 0 


0° at the point (0, 0). For « = 1, a x : 


dn = 3 so the tangent lines at the point (1, 1) have slopes 2 and 


= 2and xe x 
c=! dx e2=1 


3. Vectors parallel to the tangent lines are (1, 2) and (1,3), and the angle 0 between them is given by 


Dee PG 8 
|(1,2)| |(1,3)] V5V10 5Vv2 


cos @ = 


Thus 0 = cos~! ( ~ 8.1°. 


5B) 


33. Since |(2, 1, 2)| = /4+1+4 = V9 =3, using Equations 8 and 9 we have cos a = 3, cos 6 = z; and cos y = z. The 


direction angles are given by a = cos! (2) = 48°, B = cos “(2 ) = 71°, and 7 = cos a (2) = 48°, 


35. Since |i — 2j — 3k] = V1 +449 = V14, Equations 8 and 9 give cosa = ware cos B = Tare and cosy = rice while 


a= cos"! (5) x 74°, B= cos"! (— 4) = 122°, andy = cos!(—5) x 148°. 


V4 V4 V14 
. c 1 
37. |(c,c,0)| = VP +24 = V3c [since c > 0], so cosa = cos 8 = cosy and. 


v3c (V3 
a = 8B == cos" (Jz) a 55°. 


Be 25% : 
39. Jal = \/(—5)? + 12? = V/169 = 13. The scalar projection of b onto a is comp, b = al a aa Hee 4 and the 


at : b 
vector projection of b onto a is proj, b = (5 ) al 4. 4(-5,12) = (-2, 3). 


41, |al = \/42 + 72 + (—4)? = V81 = 9 so the scalar projection of b onto a is 


sonnce b _ (4)(3) + (7)(-)) + (-4)) 


1 sinh : 
=> The vector projection of b onto a is 
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: 7 
43. jal = /9 + 9+ 1 = V19so the scalar projection of b onto a is comp, b = ——— = —————— = — —= while the vector 
jal = V v PIO) P lal VI9 VI19 


sp IE i 
Viglal vv 


projection of b onto ais proj, b = 


45. (ortha b) -a = (b — proj, b): a= b-a-— (proj, b)-a=b-a aa b-a gral =b-a-a-b=0 
a 
So they are orthogonal by (7). 
-b 
47. comp, b scale a-b=2|a| = 2/10. If b = (b1, be, b3), then we need 3b1 + Ob2 — 1b3 = 2/10. 


|a| 


One possible solution is obtained by taking b1 = 0, b2 = 0, b3 = —2 10. In general, b = (s, t,3s —2V/10 )s s,tER. 


49. The displacement vector is D = (6 — 0) i+ (12 — 10)j + (20 — 8)k = 61+ 2j + 12k so, by Equation 12, the work done is 


W =F-D = (8i-6j+9k)- (6i+2j+12k) = 48 — 12 + 108 = 144 joules. 


51. Here |D| = 80 ft, |F| = 30 lb, and 6 = 40°. Thus 


W =F-D=|F||D|cos0 = (30)(80) cos 40° = 2400 cos 40° & 1839 ft-lb. 


53. First note that n = (a, b) is perpendicular to the line, because if Qi = (a1, b1) and Q2 = (az, b2) lie on the line, then 


—— 
n- QiQ2 = aa2 — aa; + bbe — bby = 0, since aaz + bbg = —c = aa; + bb; from the equation of the line. 


Let P2 = (2, y2) lie on the line. Then the distance from P, to the line is the absolute value of the scalar projection 


nana a ——— > ‘ oS Say reny re 
cain (P:P:) = |n- (x2 — 21, y2 — y1)| = ljax2 — ax1 + by2 — by1| - jazz + byi + ¢| 


of P, Pz onto n. 
— in| Varro VFae 


((3)(-2) + -4)(3) +5] _ 13 


i by2 = —c. Th ired dist i . 
since a2 + bye c. The required distance is 37+ (<4 5 


55. For convenience, consider the unit cube positioned so that its back left corner is at the origin, and its edges lie along the 
coordinate axes. The diagonal of the cube that begins at the origin and ends at (1, 1, 1) has vector representation (1, 1,1). 


The angle @ between this vector and the vector of the edge which also begins at the origin and runs along the x-axis [that is, 


ek = (1,1, 1) - (1,0, 0) a! = PY i \ies peo 
(1, 0, 0)] is given by cos 0 (i, 1, 1) 1(1,0,0)) > v3 0 = cos (Js) © 55°. 


57. Consider the H—C—H combination consisting of the sole carbon atom and the two hydrogen atoms that are at (1, 0,0) and 


(0, 1,0) (or ary H—C—H combination, for that matter). Vector representations of the line segments emanating from the 


carbon atom and extending to these two hydrogen atoms are (1 s, 0 4, 0 3) = (3, s, 3) and 


(0 4,1 4,0 $) = ( z, z, 3). The bond angle, 6, is therefore given by 


cos 0 = (3, 2: aa 23 2) = eae : 0 = cos *(—3) © 109.5°. 
Creer itera 3/3 3 a 
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SECTION 12.4 THE CROSS PRODUCT 


59. Let a = (a1, a2, a3) and b = (b1, ba, bz). 
Property 2: a-b = (a1, a2, a3) - (b1, b2, b3) = aibi + a2b2 + agbs 
= biai + bea2 + bgag = (bi, be, bs) - (a1, a2,a3) =b-a 
Property 4: (ca) -b = (cai, ca2, cas) - (bi, be, b3) = (ca1)b1 + (ca2)b2 + (ca3)b3 
= c(a1b1 + a2b2 + agb3) = c(a- b) = a1(cbi) + a2(cb2) + a3(cb3) 
= (a1, A2, a3) - (cb, cbe, cb3) = a- (cb) 


Property 5: O-a= (0,0,0)- (a1, a2, a3) = (0)(a1) + (0)(a2) + (0)(a3) = 0 


61. |a- bj = | |a| |b] cos 4| = |a| |b] |cos 4]. Since |cos 6| < 1, |a- b| = |a| |b] |cos 6| < |aj |b]. 


Note: We have equality in the case of cos 9 = +1, so 0 = 0 or 0 = 7, thus equality when a and b are parallel. 
63. (a) ee The Parallelogram Law states that the sum of the squares of the 
_b § lengths of the diagonals of a parallelogram equals the sum of the 
he squares of its (four) sides. 


a 


(b) |a+ bl? = (a+b) - (a+b) = |al? + 2(a- b) + |b)” and Ja — b|? = (a— b) - (a— b) = Jal” — 2(a- b) + |b)”. 


Adding these two equations gives |a + b|” + Ja — b|? = 2|a|? + 2|bj?. 


65. proj, b- proj, a= ba Be Bs 7 Ps B oe = (a-b) by Property 4 of the dot product 
lal |b| jal" |b| 
(a-b)? a-b \? 
= +~,—, (a:b) = | ——_ } (a:b) by Property 2 
Jal” |b|° Ja |b| 
= (cos)? (a- b) = (a: b) cos” 6 by Corollary 6 
12.4 The Cross Product 
iG 
: 3 0 2 0 23 
1. axb=|2 3 0/= = j k 
05 15 1 0 
10 5 


= (15 —0)i—(10—0)j+ (0-—3)k =15i—10j—3k 


Now (a x b) -a = (15, —10, —3) - (2,3,0) = 30 — 30 +0 = O and 
(a x b)- b = (15, —10, —3) - (1,0,5) = 15 + 0 — 15 = 0, so a x b is orthogonal to both a and b. 


ij k 
2 —4 0 —4 0 2 
3.axb=| 02 —4/= ive j+ k 
a: i a4 SE ce 
a03.. 2 


= [2 — (—12)]i— (0—4)j+ [0 — (-2)] k= 141+4j+2k 


Since (a x b)- a= (141+ 4j+2k)- (2j-4k) =0+8-8 =0,ax bis orthogonal to a. 


Since (a x b)- b = (141+ 4j + 2k) - (-i+3j+k) =-14+12+2=0,a x bis orthogonal to b. 
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ij k sd a a oe 

5.axb=/i 1 1/_}83 4 aes 2 4 awe 2533 k 
2 3 4 2 3 1 3/3 12 
1 2 -3 


_e 


Since (a x b)-a= (—8 + 4j+2k)- ($i tei+ Gk) = 842 + % =0,a x bis orthogonal to a. 


Since (a x b)-b = (—3i+ 4j+2k)- (i+ 2j—3k) =—3+4-2=0,a x bis orthogonal to b. 


1 
: 1 it t 1/t fo 
Zaxb=|t 1 I1/t]= = i 
ay sh a t? 1 vt 
PePiol 


=(1-t)i-(t-t)j+(P-P)k=(1-dvi+(P-#)k 


Since (a x b)-a = (1—#,0,#° — ¢?) - (¢,1,1/t) =t ?+0+0? —t =0,a x bis orthogonal to a. 


Since (a x b)- b= (1 — t,0,¢? — t?) : ok ly =?-—t?4+0+#? —#t? =0,a x bis orthogonal to b. 


9. According to the discussion following Example 4, i x j = k, so (ix j) x k=kxk=0 [by Example 2]. 


11. (j—k) x (k—-i) = (j—k) x k+ (j—k) x (-i) by Property 3 of the cross product 
=jxk+(-k) x k+j x (-i) + (—k) x (-i) by Property 4 


= (jx k) + (—1)(k x k) + (—1)(j x i) + (-1)?(k x i) __ by Property 2 


=i+(-1)04 (—1)(-k) +j=i+j+k by Example 2 and 
the discussion following Example 4 


13. (a) Since b x c is a vector, the dot product a - (b x c) is meaningful and is a scalar. 
(b) b- cisa scalar, soa x (b- c) is meaningless, as the cross product is defined only for two vectors. 
(c) Since b x c is a vector, the cross product a x (b x c) is meaningful and results in another vector. 
(d) b- cisa scalar, so the dot product a - (b - c) is meaningless, as the dot product is defined only for two vectors. 
(e) Since (a- b) and (c- d) are both scalars, the cross product (a- b) x (ec - d) is meaningless. 
(f) a x band c x d are both vectors, so the dot product (a x b) - (c x d) is meaningful and is a scalar. 


15. If we sketch u and v starting from the same initial point, we see that the 


angle between them is 60°. Using Theorem 9, we have 


|u x v| = |u| |v|sin@ = (12)(16) sin 60° = 192- “e = 96 V3. 


By the right-hand rule, u x v is directed into the page. 


x 

17. axb iat? wae i aa eae (2-12) j+[4—(—4)]k = -71+10j+8k 

-axb=|2 — = i = (-1—6)i—(2—12)j+[4—(—4)] k = —7i+10j+ 
ae 21 ail)" la 2 at ’ 
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19. 


21. 


23. 


25. 


27. 


SECTION 12.4 THE CROSS PRODUCT 
i 4 
b es vols amar : k = [6 — (—1)] i- (12-2) j + (-4-4)k = 7i-10j 
xa= = 1 = 1 air =f 
-1 3 2 3 : 2- ; 
2-1 3 
Notice a x b = —b x a here, as we know is always true by Property 1 of the cross product. 


By Theorem 8, the cross product of two vectors is orthogonal to both vectors. So we calculate 


ij k 
(3, 2,1) x (—1,1,0) Br oes a eal ot one Be be i-j+5k 
7) x aR eat) = = LS =-i-jt+ ; 
0 —1 ol? -1 1 q 
-1 1 0 
: s {-1,-1,5) (-1,-1, 5) - 1 a 5 
So two unit vectors orthogonal to both given vectors are + Sot , that is, (-pe-sa ae) 
. VIt1 +25 3V3 av?" V3) 3v8 
1 1 5 
and ( 55: 57m) 398) 
Let a = (a1, a2, a3). Then 
ij k 
0 O 0 0 0 O 
Oxa=/0 0 OJ= i—- jt k=O, 
a2 a3 ai a3 ai a2 
a1 a2 a3 
ij k 
a2 a3 ai a3 ai a2 
axO=J|a1 a2 a3} = i- jt+ k=0. 
0 O 0 0 0 O 
0 0 0 


a x b = (a2b3 — a3b2,a3b1 — a1b3, a1b2 — a2b1) 


=> ((—1)(b2a3 = bga2) . ( 1)(b3a1 bi a3) p ( 1)(bia2 bea1)) 


= (b2a3 _ b3a2, b3a4 _ bi a3, bia2 = boar) =-bxa 
ax (b+ c) =axX (b1 + 1, b2 + C2, b3 + €3) 


a2(bg + ¢3) — ag(b2 + C2), ag(b1 + c1) — ai(b3 + €3), a1(b2 + C2) — ao(b1 + €1)) 


a2b3 + a2c3 — a3b2 — a3ce2, a3b1 + a3c1 — a1b3 — aics3, a1b2 + a1c2 — a2b1 — a2ci) 


= 
=f 
= ((a2b3 — agb2) + (a2c3 — azc2), (a3b1 — a1b3) + (a3c1 — aic3), (aib2 — azb1) + (a1ce — a2c1)) 
= (a2b3 — azb2,a3b1 — a1b3, aib2 — a2bi) + (aecg — a3c2, a3c1 — a1C3, a1C2 — a2C1) 

= (ax b)+(axc) 

By plotting the vertices, we can see that the parallelogram is determined 


— — 
by the vectors AB = (2,3) and AD = (6, —1). We know that the area 
of the parallelogram determined by two vectors is equal to the length of 


the cross product of these vectors. In order to compute the cross product, 


— 
we consider the vector AB as the three-dimensional vector (2, 3, 0) 


— 
(and similarly for AD), and then the area of parallelogram ABCD is 


ijk 

—as J 

|AB x AD| = 2 3 0||=|(0—0)i—(0—0)j+(—2 -18)k| = |—20k| = 20 
6-1 0 
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— _— 
29. (a) Because the plane through P, Q, and R contains the vectors PQ and PR, a vector orthogonal to both of these vectors 


— — 
(such as their cross product) is also orthogonal to the plane. Here PQ = (—3, 1,2) and PR = (3, 2, 4), so 


—> — 
PQ x PR = ((1)(4) — (2)(2), (2)(3) — (-8)(4), (-3)(2) — (1)(8)) = (0, 18, -9) 
Therefore, (0, 18, —9) (or any nonzero scalar multiple thereof, such as (0, 2, —1)) is orthogonal to the plane through P, Q, 
and R. 
(b) Note that the area of the triangle determined by P, Q, and R is equal to half of the area of the 


parallelogram determined by the three points. From part (a), the area of the parallelogram is 


—=> sw" 
|PQ x PR| = |(0,18, —9)| = YO + 324-481 = V405 = 9V5, so the area of the triangle is 1 - 9/5 = 25. 


— — 
31. (a) PQ = (4,3, —2) and PR = (5,5, 1), so a vector orthogonal to the plane through P, Q, and R is 


PQ x PR = ((3)(1) — (—2)(5), (—2)(5) — (4)(1), (4)(5) — (3)(5)) = (13, —14, 5) [or any scalar mutiple thereof]. 


— — 
(b) The area of the parallelogram determined by PQ and PR is 


a 
|PQ x PR| = |(13, —14,5)| = \/13? + (—14)? + 5? = 390, so the area of triangle POR is $390. 


33. By Equation 14, the volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product, 


owe 
hich is a- (b x ¢) {1-9 aa)> * nae TT) 4-2) 2(-4 4) 43-12) =9 
which is a - xe) =]— = _ = aa = 9. 
aia 4 24 21 


Thus the volume of the parallelepiped is 9 cubic units. 


—? —? — 
35. a= PQ = (4,2,2),b = PR = (3,3, —1), ande = PS = (5,5, 1). 


42 2 
3-1 3-1 3.3 
a-(bxc)=|3 3 -1/=4 a) ne) = 32-16+0=16, 
5 U1 ou as) 
55 61 
so the volume of the parallelepiped is 16 cubic units. 
1 5 -2 
-1 0 3. (0 3-1 
37,.u-(vxw)=|3 -1 OJ; =1 _ + (—2) = 4+ 60 — 64 = 0, which says that the volume 
be de Se 9 —4 5 —4 5. 9 


of the parallelepiped determined by u, v and w is 0, and thus these three vectors are coplanar. 


39. Using the notation of the text, |r| = 0.18 m, |F| = 60 N, and the angle between r and F is 0 = 70° + 10° = 80°. 
(Move F so that both vectors start from the same point.) Then the magnitude of the torque is 


|r| = |r x F| = |r| |F| sin @ = (0.18)(60) sin 80° = 10.8 sin 80° = 10.6 N-m. 
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41. Using the notation of the text, r = (0, 0.3, 0) (measuring in meters) and F has direction (0,3, —4). The angle 6 between them 


: (0, 0.3, 0) - (0,3, —4) 0.9 
can be determined by cos 6 = cos 9 = cos@ = 0.6 
9 = cos-1(0.6) & 53.1°. Then |r| =|r||F]siné = 100+0.3|F\sin53.1° = [F]|~ — 2 _ wai7Nn 
7 a oe ~ aes ~ 0.3sin 53.1° ~ 


43. From Theorem 9 we have |a x b| = |a| |b] sin 8, where 0 is the angle between a and b, and from Theorem 12.3.3 we have 


a-b=|al||bl/cos@ = |al|b| = ee. Substituting the second equation into the first gives |a x b| = ae sin 0, so 
cos 0 cos 0 
|ja x bl |a x b| 3 7 
= tan @. Here |a x b| = |(1, 2, 2)| = V1+4+4=3, so tan? = ay B V3 0 = 60°. 
45. (a) “P The distance between a point and a line is the length of the perpendicular 


— 
from the point to the line, here |Ps | = d. But referring to triangle PQS, 


— — — 
d= |P5| = |r| sin 0 = |b| sin 0. But 0 is the angle between QP = b 


— 
a and QR = a. Thus by Theorem 9, sin = rh 
b b b 
and so d = |b| sin@ = [Bile BI = ae I 
Jal |b] lal 


(b) a = QR = (-1,—2,-1) and b = QP = (1,—5, —7). Then 


a x b = ((—2)(—7) — (-1)(-5), (-)Q) — (-1)(-7), (-1)(-5) — (-2)()) = (9, -8, 7). 


Thus the distance isd = @* | _ 4. varyerszap = ,/ = ,/%. 


lal 
47. From Theorem 9 we have |a x b| = |a| |b] sin 0 so 
la x bl? = Jal” |b]? sin? 6 = Jal? |b]? (1- cos” 0) 
= |al? |b|” — (lal |b| cos)” = Jal? |b|” — (a b)” 
by Theorem 12.3.3. 


49. (a—b) x (a+b) = (a—b)xa+(a—b)xb by Property 3 of the cross product 
=axa+(—-b)xa+axb+(-b)xb by Property 4 


= (ax a) — (bx a) + (ax b) — (bx b) by Property 2 (with c = —1) 


=0-(bxa)+(axb)—-0 by Example 2 
= (ax b) + (ax b) by Property | 
= 2(a x b) 


51. ax (b x c) + bx (c X a) +e x (ax b) 
= [(a- c)b— (a- b)c] + [(b- a)c — (b- c)a] + [(c- b)a — (c- a)b] by Exercise 50 
= (a-c)b—(a-b)c+ (a: b)c— (b- c)a+ (b-c)a— (a-c)b=0 
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53. (a) No. Ifa: b =a-c, thena- (b—c) = 0, so a is perpendicular to b — c, which can happen if b 4 c. For example, 
let a = (1, 1,1), b = (1,0,0) andec = (0,1, 0). 
(b) No. Ifa x b =a x cthena x (b —c) = 0, which implies that a is parallel to b — c, which of course can happen 
ifbf~c. 
(c) Yes. Since a: c = a- b, ais perpendicular to b — c, by part (a). From part (b), a is also parallel to b — c. Thus since 


a £ 0 but is both parallel and perpendicular to b — c, we have b —c = 0, so b=c. 


12.5 Equations of Lines and Planes 


1. (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third line, so these vectors are 
each scalar multiples of the third direction vector. Then the first two direction vectors are also scalar multiples of each 


other, so these vectors, and hence the two lines, are parallel. 

(b) False; for example, the x- and y-axes are both perpendicular to the z-axis, yet the x- and y-axes are not parallel. 

(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third plane, so these two normal 
vectors are parallel to each other and the planes are parallel. 

(d) False; for example, the xy- and yz-planes are not parallel, yet they are both perpendicular to the xz-plane. 

(e) False; the x- and y-axes are not parallel, yet they are both parallel to the plane z = 1. 

(f) True; if each line is perpendicular to a plane, then the lines’ direction vectors are both parallel to a normal vector for the 
plane. Thus, the direction vectors are parallel to each other and the lines are parallel. 

(g) False; the planes y = 1 and z = 1 are not parallel, yet they are both parallel to the x-axis. 

(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a direction vector for the 
line. Thus, the normal vectors are parallel to each other and the planes are parallel. 

(i) True; see Figure 9 and the accompanying discussion. 

(j) False; they can be skew, as in Example 3. 

(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal vector is perpendicular 
to the direction vector, the line and plane are parallel. Otherwise, the vectors meet at an angle 0, 0° < @ < 90°, and the 


line will intersect the plane at an angle 90° — 6. 


3. For this line, we have rp = 2i+ 2.4j + 3.5k and v = 3i+ 2j — k, soa vector equation is 
r=rot+tv = (2i+24j4+3.5k)+t(3i+2j—k) = (24+ 3t)i+ (2.4+4 2t)j + (3.5 — t) k and parametric equations are 
e=24+3t,y=2.44 2t,72=3.5-t. 


5. A line perpendicular to the given plane has the same direction as a normal vector to the plane, such as 


n = (1,3,1). Soro =i+6k, and we can take v = i+ 3j +k. Then a vector equation is 


r= (i+6k)+¢ti+3j+k) =(14+1t)i+3tj+(6+1)k, and parametric equations arex = 1+ t, y = 3t,2 =6 +t. 
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7. The vector v = (2 0,1 x, 3 1) = (2, i, 4) is parallel to the line. Letting Po = (2,1, —3), parametric equations 


. ; : —2 -1 
arex =2+4 2t,y=1+ dt, z = —3 — 4t, while symmetric equations are z = ie = i+8 or 
z—2 z+3 
=y-2= . 
2 e = 


9. v = (3 — (—8), —2 —1,4— 4) = (11, —3, 0), and letting Po = (—8, 1, 4), parametric equations are x = —8 4+ 11t, 


rt+8 yl 
i) 


y=1-3t, z=4-+ 0t = 4, while symmetric equations are , 2 =A. Notice here that the direction number 


z—A 


c = 0, so rather than writing in the symmetric equation we must write the equation z = 4 separately. 


1 ae : ; F 
11. The given line ; = 7 = = has direction v = (2,3, 1). Taking (—6, 2,3) as Po, parametric equations are x = —6 + 2t, 
: —2 
y =2+4 3t, z =3+¢ and symmetric equations are - = g = 1 =z-3. 


13. Direction vectors of the lines are v; = (—2 — (—4),0 — (—6), —3 — 1) = (2,6, —4) and 


v2 = (5 — 10,3 — 18,14 — 4) = (—5, —15, 10), and since v2 = —8vi, the direction vectors and thus the lines are parallel. 


15. (a) The line passes through the point (1, —5, 6) and a direction vector for the line is (—1, 2, —3), so symmetric equations for 


= 1 = 
the line are ~ ey Aas ca 


-1 2 —3 
1 1 
(b) The line intersects the xy-plane when z = 0, so we need — = ute = — or — =2. > ¢S-—1, 
ue =2 => y=-1. Thus the point of intersection with the xy-plane is (—1, —1, 0). Similarly for the yz-plane, 
yt5 2-6 Seaict 
we need x = 0 1 Pag Tag => y=-—83, z = 3. Thus the line intersects the yz-plane at (0, —3, 3). For 
-—1 - Pkt 
the xz-plane, we need y = 0 — = 2 = is x 3, z 3. So the line intersects the xz-plane 
3 3 
at (—3,0,—3). 


17. From Equation 4, the line segment from ro = 6i- j + 9ktor; = 7i+ 6j has vector equation 
r(t) = (1—t)ro+tr = (1—1t)(6i—-j+9k)+1t(7i4+6j) 
= (6i-j+9k) —t(6i-j+9k)+4#(7i1+ 6j) 
= (6i-j+9k)+t(i+7j—9k), 0<t<1. 


19. Since the direction vectors (2, —1, 3) and (4, —2, 5) are not scalar multiples of each other, the lines aren’t parallel. For the 


lines to intersect, we must be able to find one value of t and one value of s that produce the same point from the respective 


parametric equations. Thus we need to satisfy the following three equations: 3 + 2 = 1+ 4s,4—t=3-— 2s, 
1+ 3t = 4+ 5s. Solving the last two equations we get t = 1, s = 0 and checking, we see that these values don’t satisfy the 


first equation. Thus the lines aren’t parallel and don’t intersect, so they must be skew lines. 
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21. Since the direction vectors (1, —2, —3) and (1,3, —7) aren’t scalar multiples of each other, the lines aren’t parallel. Parametric 


equations of the lines are [1:7 = 2+ t, y= 3-— 2t, z= 1-—- 3tand Lo: 7 =3+4+5,y = —44+ 38, z = 2 — 7s. Thus, for the 
lines to intersect, the three equations 2+ ¢ = 3+ s, 3 — 2t = —4+ 3s, and 1 — 3t = 2 — 7s must be satisfied simultaneously. 
Solving the first two equations gives t = 2, s = 1 and checking, we see that these values do satisfy the third equation, so the 


lines intersect when t = 2 and s = 1, that is, at the point (4, —1, —5). 


23. Since the plane is perpendicular to the vector (1, —2, 5), we can take (1, —2, 5) as a normal vector to the plane. 
(0, 0, 0) is a point on the plane, so setting a = 1, b = —2, c = 5 and xp = 0, yo = 0, zo = 0 in Equation 7 gives 


1(a — 0) + (—2)(y — 0) + 5(z — 0) = Oora — 2y + 5z = 0 as an equation of the plane. 


25. i+ 4j +k = (1,4, 1) is a normal vector to the plane and (-1, z, 3) is a point on the plane, so settnga = 1,b=4,c=1, 


Xo 1, yo = $, 20 = 3 in Equation 7 gives 1[z — (—1)] +4 (y— ) +1(z—3) =0ora + 4y + z = 4as an equation of 


the plane. 


27. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (5, —1, —1), and an equation of 


the plane is 5(a — 1) — 1[y — (—1)] — 1[z — (-1)] = Oor5a—-—y-—z=7. 


29. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (1,1, 1), and an equation of the 


plane is 1(a — 1) +1 (y— $3) +1(z- 3) =Oorg+yt2= + or6r + by +62 = 11. 


31. The vector from (0, 1,1) to (1,0, 1), namely a = (1 — 0,0 — 1,1 — 1) = (1, —-1,0), and the vector from (0, 1, 1) to (1, 1,0), 


b = (1—0,1-—1,0- 1) = (1,0, —1), both lie in the plane, so a x b is a normal vector to the plane. Thus, we can take 


n=ax b= ((-1)((—1) — (0)(0), (0)(1) — (1)(—1), (1)(0) — (-1)(1)) = (1, 1, 1). If Pp is the point (0,1, 1), an 


equation of the plane is 1(a — 0) +1(y—1) + 1(z-1) =Oorz@+y4+2z2=2. 


33. Here the vectors a = (3 — 2, -8 — 1,6 — 2) = (1, —9, 4) and b = (—2 — 2, —-3 — 1,1 — 2) = (—4, —4, —1) lie in the 


plane, so a normal vector to the plane is n = a x b = (9+ 16, —16 + 1, —4 — 36) = (25, —15, —40) and an equation of the 


plane is 25(a — 2) — 15(y — 1) — 40(z — 2) = O or 25a — 15y — 40z = —45 or 5a — 3y — 8z = —9. 


35. If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since the given 
line lies in the plane, its direction vector a = (—1, 2, —3) is one vector in the plane. We can verify that the given point 
(3,5, —1) does not lie on this line, so to find another nonparallel vector b which lies in the plane, we can pick any point on the 


line and find a vector connecting the points. If we put t = 0, we see that (4, —1, 0) is on the line, so 


b = (4- 3,-1-—5,0- (-1)) = (1, -6, 1) andn =a x b = (2 — 18, -3 + 1,6 — 2) = (—16, —2, 4). Thus, an equation 


of the plane is —16(x — 3) — 2(y — 5) + 4[z — (—1)] = 0 or —16a — 2y + 4z = —62 or 84 +- y — 2z = 31. 


37. Normal vectors for the given planes are ny = (1, 2,3) and np = (2, —1,1). A direction vector, then, for the line of 


intersection isa = ni X no = (2+ 3,6 —1,—-1— 4) = (5,5, —5), and a is parallel to the desired plane. Another vector 
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parallel to the plane is the vector connecting any point on the line of intersection to the given point (3, 1, 4) in the plane. 


Setting z = 0, the equations of the planes reduce to x + 2y = 1 and 2a — y = —3 with simultaneous solution x = —1 and 


y = 1. Soa point on the line is (—1, 1, 0) and another vector parallel to the plane is b = (3 — (—1),1—1,4—0) = (4,0,4). 


Then a normal vector to the plane is n = a x b = (20 — 0, —20 — 20, 0 — 20) = (20, —40, —20). Equivalently, we can take 


(1, —2, —1) as a normal vector, and an equation of the plane is 1(a — 3) — 2(y — 1) — 1(z — 4) =Oora — 2y—z=-3. 


39. Ifa plane is perpendicular to two other planes, its normal vector is perpendicular to the normal vectors of the other two planes. 


Thus (2,1, —2) x (1,0,3) = (3 — 0, —-2 — 6,0 — 1) = (3, —8, —1) is a normal vector to the desired plane. The point 


(1, 5, 1) lies on the plane, so an equation is 3(a — 1) — 8(y — 5) — (2 — 1) = Oor 3a — 8y — z = —38. 


41. To find the x-intercept we set y = z = 0 in the equation 2x + 5y + z = 10 
and obtain 22 = 10 = «x =5so the z-intercept is (5,0,0). When 
x=z=Oweget5y=10 => y= 2,50 the y-intercept is (0, 2,0). 
Setting x = y = 0 gives z = 10, so the z-intercept is (0,0, 10) and we 


graph the portion of the plane that lies in the first octant. 


43. Setting y = z = 0 in the equation 62 — 3y + 4z = 6 gives6a=6 => 


x = 1, when x = z = 0 we have —3y = 6 y=—2,andx=y=0 
implies 4z =6 = z = 3,50 the intercepts are (1,0, 0), (0, —2, 0), and 
(0, 0, 3). The figure shows the portion of the plane cut off by the coordinate 


planes. 


45. Substitute the parametric equations of the line into the equation of the plane: r+ 2y—z=7 => 


(2 — 2t) + 2(3t) —(1+t) =7 3t+1=7 = t=2. Therefore, the point of intersection of the line and the plane is 


given by x = 2 — 2(2) = —2, y = 3(2) = 6, and z = 1+ 2 = 3, that is, the point (—2, 6, 3). 


47. Parametric equations for the line are x = zt, y = 2t, z = t — 2 and substitution into the equation of the plane gives 


10(Zt) — 7(2t) + 3(t- 2) +24=0 9t+18=0 t=2 THES 2) 2,9 = 202) SA Sata 20 


and the point of intersection is (2, 4, 0). 


49. Setting x = 0, we see that (0, 1, 0) satisfies the equations of both planes, so that they do in fact have a line of intersection. 
Vv =n, X ny = (1,1,1) x (1,0,1) = (1,0, —1) is the direction of this line. Therefore, direction numbers of the intersecting 


line are 1, 0, —1. 
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51. Normal vectors for the planes are ny = (1,4, —3) and nz = (—3, 6,7). The normals aren’t parallel (they are not scalar 
multiples of each other), so neither are the planes. But nj - ng = —3 + 24 — 21 = 0, so the normals, and thus the planes, are 


perpendicular. 


53. Normal vectors for the planes are ny = (1,2, —1) and nz = (2, —2, 1). The normals are not parallel (they are not scalar 


multiples of each other), so neither are the planes. Furthermore, n; - nz = 2 — 4— 1 = —3 4 0, so the planes aren’t 


perpendicular. The angle between the planes is the same as the angle between the normals, given by 


ni - ne -3 1 = 1 ) s 
cos 9 = ————. = ———— = — — 0 = cos — | + 114.1°. 
[ni] |n2] V6 V9 V6 V6 


55. The planes are 2a — 3y — z = 0 and 4x — 6y — 2z = 3 with normal vectors n, = (2, —3, —1) and nz = (4, —6, —2). Since 


n2 = 2n,, the normals, and thus the planes, are parallel. 


57. (a) To find a point on the line of intersection, set one of the variables equal to a constant, say z = 0. (This will fail if the line of 
intersection does not cross the xy-plane; in that case, try setting x or y equal to 0.) The equations of the two planes reduce 
tox +y =1and x + 2y = 1. Solving these two equations gives x = 1, y = 0. Thus a point on the line is (1, 0, 0). 


A vector v in the direction of this intersecting line is perpendicular to the normal vectors of both planes, so we can take 


vV =n, X np = (1,1,1) x (1,2,2) = (2 — 2,1 -— 2,2 — 1) = (0,—1, 1). By Equations 2, parametric equations for the 


line arex=1l,y=-t,z=t. 


——. Therefore 06 = cos” 


Im{|m2] V3 V9 83 V3 


: 14+2+4+2 
(b) The angle between the planes satisfies cos 9 = mony 2 eee 8 . ( 


5 
—— | ~ 15.8°. 
=) 


59. Setting z = 0, the equations of the two planes become 5x — 2y = 1 and 4x + y = 6. Solving these two equations gives 
x = 1, y = 20a point on the line of intersection is (1, 2,0). A vector v in the direction of this intersecting line is 
perpendicular to the normal vectors of both planes. So we can use v = ni X Ne = (5,—2, —2) x (4,1, 1) = (0, —13, 13) or 


; ‘ ‘ —2 
equivalently we can take v = (0, —1, 1), and symmetric equations for the line are x = 1, yo I - orz=l,y-2=~—z. 


61. The distance from a point (x, y, z) to (1,0, —2) is dy = \/(a — 1)? + y? + (z + 2)? and the distance from (2, y, z) to 


(3, 4, 0) is dz = \/(a — 3)? + (y — 4)? + 2?. The plane consists of all points (x, y, z) where di = do d? = d3 
(@—1P? +y° +242) =(e@—-3)P+(y-4yP +2 © 


eo —-Ww+yt+24+4245=07-—6rty?—8y+27425 & 4+ 8y+4z = 20 so an equation for the plane is 


4x + 8y + 4z = 20 or equivalently x + 2y+ z= 5. 
Alternatively, you can argue that the segment joining points (1,0, —2) and (3, 4, 0) is perpendicular to the plane and the plane 


includes the midpoint of the segment. 


63. The plane contains the points (a, 0,0), (0, b, 0) and (0,0, c). Thus the vectors a = (—a, b, 0) and b = (—a, 0, c) lie in the 


plane, andn = a x b = (bc— 0,0 + ac, 0+ ab) = (bc, ac, ab) is anormal vector to the plane. The equation of the plane is 
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therefore bex + acy + abz = abc +0 +0 or bex + acy + abz = abc. Notice that if a 4 0, b £ 0 and c ¥ 0 then we can 


rewrite the equation as — + 2 + — = 1. This is a good equation to remember! 
a Cc 


b 


65. Two vectors which are perpendicular to the required line are the normal of the given plane, (1,1, 1), and a direction vector for 


the given line, (1, —1, 2). So a direction vector for the required line is (1,1,1) x (1,—1,2) = (3, —1, —2). Thus L is given 


by (a, y, z) = (0,1, 2) + ¢(3, —1, —2), or in parametric form, x = 3t, y= 1-—t, z= 2— 2t. 


67. Let P; have normal vector n;. Then ni = (3,6, —3), ne = (4, -12,8), ng = (3, —9, 6), na = (1, 2,—1). Nown = 3n4, 


4 


so n; and ny are parallel, and hence P; and P, are parallel; similarly P2 and P3 are parallel because ng = a 


ns. However, nj 
and nz are not parallel (so not all four planes are parallel). Notice that the point (2, 0,0) lies on both P; and P,, so these two 


planes are identical. The point (3, 0, 0) lies on P2 but not on P3, so these are different planes. 


69. Let Q = (1,3,4) and R = (2,1, 1), points on the line corresponding to t = 0 and t = 1. Let 


— — 
P = (4,1,—2). Then a = QR = (1, —2, —3), b = QP = (3, —2, —6). The distance is 


qa xb _ |(,-2,-3) x (3, -2,-6)| _ (6,-3.4) _ VR +32 +" _ Vel _ [61 


|a| \(1, —2, —3)| (1, —2, —3)| -_ JP + (—2)? + (—3)? 7 V14 a 14° 


lar, + by: +c2z1 +d] _ |3(1) + 2(—2) + 6(4) — 5] _ [18] _ 18 


VeA+RP +A 32 + 2? + 6? V49 7 


71. By Equation 9, the distance is D = 


73, Put y = z = 0 in the equation of the first plane to get the point (2,0, 0) on the plane. Because the planes are parallel, the 


distance D between them is the distance from (2, 0,0) to the second plane. By Equation 9, 


|4(2) — 6(0) + 2(0)- 3] 5 5 5/14 


P+(-OF+O"2 Vee 2/4. 28 


75. The distance between two parallel planes is the same as the distance between a point on one of the planes and the other plane. 


D= 


Let Po = (20, yo, Zo) be a point on the plane given by ax + by + cz + di = 0. Then az + byo + czo + di = O and the 


distance between Po and the plane given by az + by + cz + dz = 0 is, from Equation 9, 


D= |axzo + byo+czo+d2|  |-ditde| — di — | 
VTP FEA Vee eR Vaer+Pre 
7. Iy:c2=y=2 x=y (Ql). Le etl=y/2=2/3 x+1=y/2 (2). The solution of (1) and (2) is 
x = y = —2. However, when x 23:Li= z 2, buta +1 = 2/3 z = —3,a contradiction. Hence the 


lines do not intersect. For Ly, vi = (1, 1,1), and for Le, v2 = (1, 2, 3), so the lines are not parallel. Thus the lines are skew 
lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the distance between the skew lines 
would be the same as the distance between these parallel planes. The common normal vector to the planes must be 


perpendicular to both (1,1, 1) and (1, 2, 3), the direction vectors of the two lines. So set 


n= (1,1,1) x (1,2,3) = (3 — 2,-3+1,2 — 1) = (1, —2,1). From above, we know that (—2, —2, —2) and (—2, —2, —3) 
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are points of L; and Lz respectively. So in the notation of Equation 8, 1(—2) — 2(—2) + 1(—2) + di =0 d,; = Oand 


1(—2) — 2(—2) + 1(-3) + d2 =0 dy = 1. 


jo-1) oo 
VI1+44+1 V6 


Alternate solution (without reference to planes): A vector which is perpendicular to both of the lines is 


By Exercise 75, the distance between these two skew lines is D = 


n = (1,1,1) x (1, 2,3) = (1, —2, 1). Pick any point on each of the lines, say (—2, —2, —2) and (—2, —2, —3), and form the 
vector b = (0,0, 1) connecting the two points. The distance between the two skew lines is the absolute value of the scalar 


In-b]  [1-0-2-041-1]_ 1 
|n| JD eee v6 


projection of b along n, that is, D = 


79. A direction vector for Li is vi = (2,0, —1) and a direction vector for Lz is v2 = (3, 2,2). These vectors are not parallel so 
neither are the lines. Parametric equations for the lines are [1: x = 2t, y = 0, zg = —t, and Le: x =1+4+ 3s, y = —14+ 2s, 
z = 1+ 2s. No values of ¢ and s satisfy these equations simultaneously, so the lines don’t intersect and hence are skew. We 
can view the lines as lying in two parallel planes; a common normal vector to the planes is n = v1 X v2 = (2, —7,4). Line 
Ly passes through the origin, so (0,0, 0) lies on one of the planes, and (1, —1, 1) is a point on Lz and therefore on the other 
plane. Equations of the planes then are 2x — 7y + 4z = Oand 2x — 7y + 4z — 13 = 0, and by Exercise 75, the distance 


|O—(—13)| _ 18 


between the two skew lines is D = =—. 
V4+49+16 /69 


Alternate solution (without reference to planes): Direction vectors of the two lines are vi = (2,0, —1) and v2 = (3, 2, 2). 
Then n = vi X v2 = (2, —7, 4) is perpendicular to both lines. Pick any point on each of the lines, say (0, 0,0) and (1, —1, 1), 
and form the vector b = (1, —1, 1) connecting the two points. Then the distance between the two skew lines is the absolute 


In-b] |2+7+4| — 13 
[n| 4+49+16 69 


81. (a) A direction vector from tank A to tank B is (765 — 325, 675 — 810, 599 — 561) = (440, —135, 38). Taking tank A’s 


value of the scalar projection of b along n, that is, D = 


position (325, 810, 561) as the initial point, parametric equations for the line of sight are x = 325 + 440t, 
y = 810 — 135t, z = 561 4 38¢ forO <t <1. 


(b) We divide the line of sight into 5 equal segments, corresponding to At = 0.2, and compute the elevation from the 


z-component of the parametric equations in part (a): 


z = 561 + 38¢ 


terrain elevation 


561.0 


0.2 568.6 549 
0.4 576.2 566 
0.6 583.8 586 
0.8 591.4 589 


599.0 


Since the terrain is higher than the line of sight when ¢ = 0.6, the tanks can’t see each other. 
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83. Ifa 0, then aw + by+cz+d=0 a(x + d/a) + b(y — 0) + c(z — 0) = 0 which by (7) is the scalar equation of the 
plane through the point (—d/a, 0,0) with normal vector (a, b, c). Similarly, if b 4 0 (or if c 4 0) the equation of the plane can 
be rewritten as a(x — 0) + b(y + d/b) + c(z — 0) = 0 [or as a(x — 0) + b(y — 0) + c(z +. d/c) = 0] which by (7) is the 


scalar equation of a plane through the point (0, —d/b, 0) [or the point (0,0, —d/c)] with normal vector (a, b,c). 


12.6 Cylinders and Quadric Surfaces 


1. (a) In R?, the equation y = x? represents a parabola. 


(b) In R°, the equation y = x? doesn’t involve z, so any 
horizontal plane with equation z = k intersects the graph 
in a curve with equation y = x”. Thus, the surface is a 
parabolic cylinder, made up of infinitely many shifted 
copies of the same parabola. The rulings are parallel to 


the z-axis. 


(c) In R°, the equation z = y” also represents a parabolic 
cylinder. Since x doesn’t appear, the graph is formed by 
moving the parabola z = y? in the direction of the x-axis. 


Thus, the rulings of the cylinder are parallel to the x-axis. 


3. Since y is missing from the equation, the vertical traces 5, Since x is missing, each vertical trace z = 1 — y?, 
et+27=1, y = k, are copies of the same circle in x = k, isa copy of the same parabola in the plane 
the plane y = k. Thus the surface x? + z? = lisa x = k. Thus the surface z = 1 — y’ is a parabolic 
circular cylinder with rulings parallel to the y-axis. cylinder with rulings parallel to the x-axis. 
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7. Since z is missing, each horizontal trace xy = 1, 
z = k, is a copy of the same hyperbola in the plane 
z =k. Thus the surface xy = 1 is a hyperbolic 


cylinder with rulings parallel to the z-axis. 


9. (a) The traces of 2? + y? — 2? = lina = kare y? — z? = 1— k?, a family of hyperbolas. (Note that the hyperbolas are 
oriented differently for —1 < k < 1 than for k < —lork > 1.) The traces in y = k are x” — z* = 1 — k?, a similar 
family of hyperbolas. The traces in z = k are 2” + y? = 1+ k?, a family of circles. For k = 0, the trace in the 
xy-plane, the circle is of radius 1. As |k| increases, so does the radius of the circle. This behavior, combined with the 


hyperbolic vertical traces, gives the graph of the hyperboloid of one sheet in Table 1. 


(b) The shape of the surface is unchanged, but the hyperboloid is 
rotated so that its axis is the y-axis. Traces in y = k are circles, 


while traces in x = k and z = k are hyperbolas. 


(c) Completing the square in y gives x? + (y + 1)? — 2? =1. The 
surface is a hyperboloid identical to the one in part (a) but shifted 


one unit in the negative y-direction. 


11. For x = y? + 42, the traces in 2 = k are y? + 422 = k. When k > Owe 


have a family of ellipses. When k = 0 we have just a point at the origin, and 


the trace is empty for k < 0. The traces in y = k are x = 427 + k?, a 
family of parabolas opening in the positive x-direction. Similarly, the traces 


in z = kare x = y” + 4k’, a family of parabolas opening in the positive 


x-direction. We recognize the graph as an elliptic paraboloid with axis the 


a-axis and vertex the origin. 
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13, 2? = dy + z?. The traces in x = k are the ellipses 4y? + z? = k?. The ZA 

traces in y = k are x? — z? = 4k?, hyperbolas for k 4 0 and two 

intersecting lines if k = 0. Similarly, the traces in z = k are 

x”? — dy? = k*, hyperbolas for k 4 0 and two intersecting lines if k = 0. o 

We recognize the graph as an elliptic cone with axis the x-axis and vertex ~ 

the origin. y 
15. 9y? + 42? = x? + 36. The traces in x = k are 9y? + 4z? = k? + 36,a =A 


family of ellipses. The traces in y = k are 4z” — x” = 9(4 — k?), a family 


of hyperbolas for |k| 4 2 and two intersecting lines when |k| = 2. (Note aay 
ww 


that the hyperbolas are oriented differently for |k| < 2 than for |k| > 2.) 


The traces in z = k are 9y” — x? = 4(9 — k?), a family of hyperbolas 7 
when |k| 4 3 (oriented differently for |k| < 3 than for |k| > 3) and two 

intersecting lines when |k| = 3. We recognize the graph as a hyperboloid of 

one sheet with axis the x-axis. 


2 2 2 2 2 2 


k ; 
17. ies +—=1. The traces ina = kare +2 =1~— ~ a family 


9 ' 25 4 25. A 9 


of ellipses for |k| < 3. (The traces are a single point for |k| = 3 and are 


empty for |k| > 3.) The traces in y = k are the ellipses 


Ge ke 

oa 1- OB’ |k| <5, and the traces in z = k are the ellipses 
ey? K2 

hog 1- T |k| < 2. The surface is an ellipsoid centered at the 
origin with intercepts x 3, y = £5, z 2. 


19. y = 2 — a”. The traces in x = kare the parabolas y = z* — k”, opening 
in the positive y-direction. The traces in y = k are k = z? — x”, two 
intersecting lines when k = 0 and a family of hyperbolas for k # 0 (note 


that the hyperbolas are oriented differently for k > 0 than for k < 0). The 


traces in z = k are the parabolas y = k? — x” which open in the negative 
y-direction. Thus the surface is a hyperbolic paraboloid centered at (0, 0,0). 


y? 2 
+ ——, = 1, with z-intercepts +1, y-intercepts 4 


(1/2)” (1/3)° 


and z-intercepts ++. So the major axis is the x-axis and the only possible graph is VII. 
P 3 i) 


i) 


21. This is the equation of an ellipsoid: x? + 4y? + 92? = a? + 


23. This is the equation of a hyperboloid of one sheet, with a = b = c = 1. Since the coefficient of y” is negative, the axis of the 


hyperboloid is the y-axis, hence the correct graph is II. 
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25. There are no real values of x and z that satisfy this equation for y < 0, so this surface does not extend to the left of the 
xz-plane. The surface intersects the plane y = k > 0 in an ellipse. Notice that y occurs to the first power whereas x and z 


occur to the second power. So the surface is an elliptic paraboloid with axis the y-axis. Its graph is VI. 


27. This surface is a cylinder because the variable y is missing from the equation. The intersection of the surface and the xz-plane 


is an ellipse. So the graph is VIII. 


29. Vertical traces parallel to the xz-plane are circles centered at the origin whose radii increase as y decreases. (The trace in 
y = 1 is just a single point and the graph suggests that traces in y = k are empty for k > 1.) The traces in vertical planes 
parallel to the yz-plane are parabolas opening to the left that shift to the left as |x| increases. One surface that fits this 


description is a circular paraboloid, opening to the left, with vertex (0, 1,0). 


2 2 
31. y? = 2? + a2” ory? =a? + = represents an elliptic 33, 2? + Qy — 22? = 0 or 2y = 227 — 2? ory= 2” = 
cone with vertex (0, 0,0) and axis the y-axis. represents a hyperbolic paraboloid with center (0, 0, 0). 


35. Completing squares in x and y gives 


(a? — 2a +1) + (y? —6y+ 9) —z=0 


(a — 1)? + (y—3)? —z =0orz = (a — 1)? + (y— 3)”, a circular 
paraboloid opening upward with vertex (1, 3, 0) and axis the vertical line 


e=ly=3. 
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37. Completing squares in x and z gives 
(uv? —4r +4) -y? + (22-2241) =0444+1 6 


— 9)? 2 _ 4)2 
(@—2)?-y + (2-1? 50 SO aid 


hyperboloid of one sheet with center (2,0, 1) and axis the horizontal line 


xa=2,z=1. 


39. Solving the equation for z we get z = 4 


zZ=—V/14+ 4a? + y?. 


To restrict the z-range as in the second graph, we can use the option view=—4. . 4 in Maple’s plot3d command, or 


PlotRange -> {-4, 4} in Mathematica’s Plot 3D command. 


41. Solving the equation for z we get z = +,/4x? + y?, so we plot separately z = \/4ax? + y? and z = —,/4x? + y?. 


LLL 
tL 


43. 


45. The curve y = \/z is equivalent to x = y”, y > 0. Rotating the curve about ZA 
the x-axis creates a circular paraboloid with vertex at the origin, axis the 


x-axis, opening in the positive x-direction. The trace in the xy-plane is 


x = y’, z = 0, and the trace in the xz-plane is a parabola of the same x 
parabola 
x=y 


shape: x = z”, y = 0. An equation for the surface is 2 = y? + 2”. 
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47. Let P = (a, y, z) be an arbitrary point equidistant from (—1, 0, 0) and the plane x = 1. Then the distance from P to 


(—1, 0, 0) is \/(a + 1)? + y? + 2 and the distance from P to the plane « = 1 is |x — 1| A/1? = |x — 1 
(by Equation 12.5.9). So|a—1, = /(a@+1)?+y+22 6 (@-1?=(#41P?+y+2 6 


xv? —w+1l=a?4+2r4+14+y4+2?7 = —4e = y? + 2°. Thus the collection of all such points P is a circular 


paraboloid with vertex at the origin, axis the x-axis, which opens in the negative x-direction. 


2 2 2 
49. (a) An equation for an ellipsoid centered at the origin with intercepts x = +a, y = +b, and z = +cis = + a + = =1. 
a c 
Here the poles of the model intersect the z-axis at z = +6356.523 and the equator intersects the x- and y-axes at 


x = +6378.137, y = +6378.137, so an equation is 


2 2 2 
x y Zz 


=1 
(6378.137)2 | (6378.137)2 | (6356.523)2 


2 y’ k2 


x 
T in z = kare the circl 1 
PU TES Mie S Kate Ne SURIES ears ianye (6378187) (6356.523)? 


2 
x? + y? = (6378.137)? — (Suess Z 


6356.523 


(c) To identify the traces in y = max we substitute y = mz into the equation of the ellipsoid: 


x (ma)? 2 


es Sh ey 

(6378.137)2 | (6378.137)2 | (6356.523)2 
(1+ m?)a? a 2 ae 
(6378.137)2 | (6356.523)2 


x 2 


As =a 
(6378.137)2/(1 + m2) | (6356.523)2 


As expected, this is a family of ellipses. 


51. If (a,b,c) satisfies z = y” — x, thence = b? —a?. Li: 2 =at+t,y=bt+t,z=c+2(b—-alt, 


[e:4=at+t,y=b-t,z=c— 2(b+a)t. Substitute the parametric equations of Li into the equation of the hyperbolic 


2 


paraboloid in order to find the points of intersection: z = y? — x? => 

c+2(b—a)t = (b+t)? — (a +t)? = 0? — a? + 2(b—a)t c = b? — a”. As this is true for all values of t, 

Ly, lies on z = y? — x”. Performing similar operations with Lz gives: z = y?-2? => 

c—2(b+a)t = (b—t)? —(a +t)? = —a? —2(b+a)t c = b? — a. This tells us that all of Lz also lies on 


53. The curve of intersection looks like a bent ellipse. The projection 
of this curve onto the xy-plane is the set of points (x, y, 0) which 


satisfy c? +y? =1—-y? © 2#?+4+22y?=1 6 


2 
= <S > ot 5 é 
= SSS x? ——— = 1. This is an equation of an ellipse. 
SNSTRSSRS SSD 1 \/2 
RE /V2) 
> 
ae 
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12 Review 
TRUE-FALSE QUIZ 


1. This is false, as the dot product of two vectors is a scalar, not a vector. 

3. False. For example, if u = i and v = j then |u- v| = |0| = 0 but |u| |v| = 1-1 = 1. In fact, by Theorem 12.3.3, 
ju-v| = |u| |v| cos 6]. 

5. True, by Theorem 12.3.2, property 2. 


7. True. If @ is the angle between u and v, then by Theorem 12.4.9, |u x v| = |u| |v| sin @ = |v| |u| sind = |v x ul. 


(Or, by Theorem 12.4.11, |u x v| = |—v x u| = |—1| |v x ul] = |v x ul.) 
9. Theorem 12.4.11, property 2 tells us that this is true. 
11. This is true by Theorem 12.4.11, property 5. 
13. This is true because u x v is orthogonal to u (see Theorem 12.4.8), and the dot product of two orthogonal vectors is 0. 


15. This is false. A normal vector to the plane isn = (6, —2, 4). Because (3, —1, 2) = in, the vector is parallel to n and hence 


perpendicular to the plane. 


17. This is false. In R?, x” + y? = 1 represents a circle, but { (2, y,z)|2+y= 1} represents a three-dimensional surface, 


namely, a circular cylinder with axis the z-axis. 


19. False. For example, i- j = 0 buti 4 Oandj 4 0. 


21. This is true. If u and v are both nonzero, then by (7) in Section 12.3, u- v = O implies that u and v are orthogonal. But 
u X v = O implies that u and v are parallel (see Corollary 12.4.10). Two nonzero vectors can’t be both parallel and 


orthogonal, so at least one of u, v must be 0. 


EXERCISES 


1. (a) The radius of the sphere is the distance between the points (—1, 2, 1) and (6, —2,3), namely, 
/(6 — (“D2 + (2 = 2)? + (3 = 1)? = ,/69. By the formula for an equation of a sphere (see page 835 [ET 795]), 
an equation of the sphere with center (—1, 2, 1) and radius /69 is (x + 1)? + (y — 2)? + (z —1)? = 69. 
(b) The intersection of this sphere with the yz-plane is the set of points on the sphere whose x-coordinate is 0. Putting « = 0 
into the equation, we have (y — 2)? + (z — 1)? = 68, x = 0 which represents a circle in the yz-plane with center (0, 2, 1) 


and radius 68. 


(c) Completing squares gives (a — 4)? + (y+ 1)? + (zg +3)? = -1+16+1+49 = 25. Thus the sphere is centered at 
(4, —1, —3) and has radius 5. 


3, u-v = |ul|v|cos 45° = (2)(3)2 =3 V2. |ux v| = |u| |v|sin 45° = (2)(3) 2 = 3 v2. 


By the right-hand rule, u x v is directed out of the page. 
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5. 


11. 


13. 


15. 


17. 


19. 


21. 


23. 
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For the two vectors to be orthogonal, we need (3,2, x) - (27,4,2) =0 <= (3)(27)+(2)(4)4+- (2)(x)=0 © 


e+6r+8=0 6 (#+2)(4+4)=0 x=—-2or¢g=—-4, 


. (a) (UX v)-w=u-(v x w) =2 


(b) u- (w x v) =u: [—(v x w)] = —u- (v x w) = -2 
(c) v- (ux w) =(v x u)-w=-(uxv)-w=-2 


(d) (ux v)-v=u-(vxv)=u-0=0 


. For simplicity, consider a unit cube positioned with its back left corner at the origin. Vector representations of the diagonals 


joining the points (0, 0,0) to (1, 1,1) and (1, 0,0) to (0,1, 1) are (1,1, 1) and (—1, 1,1). Let 6 be the angle between these 


two vectors. (1,1,1)-(—1,1,1) =-1+14+1=1=|(1,1,1)||(—1,1,1)|cos0 =3cos9 = cosO=% => 


d= cos~* (4) 1 


— — 
AB = (1,0,—1), AC = (0,4, 3), so 


—_—> sa 

(a) a vector perpendicular to the plane is AB x AC = (0+ 4, -(3+ 0), 4 — 0) = (4, -3, 4). 
as 

(b) $|AB x AC| = 3 VI6F9F16 = 


Let F be the magnitude of the force directed 20° away from the direction of shore, and let F> be the magnitude of the other 


force. Separating these forces into components parallel to the direction of the resultant force and perpendicular to it gives 


F,cos20° + F cos 30° = 255 (1), and F, sin20° — Fysin30° =0 Bea = a3 


into (1) gives F2(sin 30° cot 20° + cos30°) = 255 = F2 = 114N. Substituting this into (2) gives Fi ~ 166N. 


(2). Substituting (2) 


The line has direction v = (—3, 2,3). Letting Po = (4, —1, 2), parametric equations are 


e=4-3t, y= —-14 24, 2=2+4+ 36. 


A direction vector for the line is a normal vector for the plane, n = (2, —1,5), and parametric equations for the line are 


e=—242t, y=2-t, z=44+ 50. 


Here the vectors a = (4 — 3,0 — (—1) ,2— 1) = (1,1, 1) and b = (6 — 3,3 — (—1),1— 1) = (3,4, 0) lie in the plane, 
son = a xX b = (—4,3, 1) is a normal vector to the plane and an equation of the plane is 


—4(a@ — 3) + 3(y — (-1)) +: 1(z — 1) = O or —4¢ + 8y + z = -14. 


Substitution of the parametric equations into the equation of the plane gives 2x — y+ z= 2(2—t)—(143t)+4t=2 => 


t+3=2 t = 1. When t = 1, the parametric equations give x = 2—1=1,y=1+3=4and z = 4. Therefore, 
the point of intersection is (1, 4, 4). 
Since the direction vectors (2,3, 4) and (6, —1, 2) aren’t parallel, neither are the lines. For the lines to intersect, the three 
equations 1 + 2¢ = —1+ 6s, 2+ 3t = 3—s,3+4¢ = —5 + 2s must be satisfied simultaneously. Solving the first two 
equations gives t = = s= 2 and checking we see these values don’t satisfy the third equation. Thus the lines aren’t parallel 


and they don’t intersect, so they must be skew. 
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25. ny = (1,0, —1) and nz = (0,1, 2). Setting z = 0, it is easy to see that (1, 3, 0) is a point on the line of intersection of 
x —z=1andy + 2z = 3. The direction of this line is vi = ni X ne = (1, —2,1). A second vector parallel to the desired 
plane is v2 = (1,1, —2), since it is perpendicular to x + y — 2z = 1. Therefore, the normal of the plane in question is 
n=vi X ve = (4—1,14+2,1+4+2) = 3(1,1,1). Taking (20, yo, zo) = (1,3, 0), the equation we are looking for is 


(t-1)+(y-3)+2=0 © et+y4+2=4 


27. By Exercise 12.5.75, D = Aerials = kas 
/3? +124 (—-4)2  V26 
29. The equation x = z represents a plane perpendicular to 31. The equation x” = y” + 42? represents a (right elliptical) 
the xz-plane and intersecting the xz-plane in the line cone with vertex at the origin and axis the x-axis. 


r=z,y=0. 


2 
33. An equivalent equation is —x? + -z=la 35. Completing the square in y gives 


7 


hyperboloid of two sheets with axis the y-axis. For Aa? + 4(y — 1)? + 2? = 4 ore? + (y—1)? + a 1, 
|y| > 2, traces parallel to the xz-plane are circles. an ellipsoid centered at (0, 1,0). 


2 2 2 2 2 


37. 4a? + y? = 16 “ + ; re 1. The equation of the ellipsoid is > + a + ao 1, since the horizontal trace in the 


plane z = 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since the surface is obtained 


a2 


4 


2 


2 
ae 
16 | 16 


by rotation about the x-axis. Therefore, c? = 16 and the equation of the ellipsoid is 


Ay? +y? +27 = 16. 
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L] PROBLEMS PLUS 


1. Since three-dimensional situations are often difficult to visualize and work with, let C4 
us first try to find an analogous problem in two dimensions. The analogue of a cube Ji 
is a square and the analogue of a sphere is a circle. Thus a similar problem in two Cs 
dimensions is the following: if five circles with the same radius r are contained in a C4 eS 


square of side 1 m so that the circles touch each other and four of the circles touch 


two sides of the square, find r. 


The diagonal of the square is \/2. The diagonal is also 4r + 2x. But x is the diagonal of a smaller square of side r. Therefore 


— = ae WD 
c=V2r V2 4r + 2a = 4r + 2V2r = (44+2V2)r => 1 Ta 


Let’s use these ideas to solve the original three-dimensional problem. The diagonal of the cube is 1? + 1? + 1? = V3. 


The diagonal of the cube is also 4r + 2x where x is the diagonal of a smaller cube with edge r. Therefore 


c= Vre+ret+r2=V3r V3 R56 daa = (R48 ete 2 ze, 
4423 2 


The radius of each ball is (V3 _ 3) m. 


3. (a) We find the line of intersection L as in Example 12.5.7(b). Observe that the point (—1, c, c) lies on both planes. Now since 
L lies in both planes, it is perpendicular to both of the normal vectors n; and ng, and thus parallel to their cross product 
ijk 
nm xXno=/c 1 1 Oe ’+1,-2 1) 


1 -c c¢ 


: 2 ; 1 - - ; 
So symmetric equations of L can be written as — = = = st provided that c £ 0, +1. 


If c = 0, then the two planes are given by y + z = 0 and x = —1, so symmetric equations of L are x = —1, y = —z. 


If c = —1, then the two planes are given by —~t@ + y+ z= —lLandx+y+ z= -—1, and they intersect in the line x = 0, 


y = —z—1.Ifc= 1, then the two planes are given by x + y+ z = land xz — y+ z = 1, and they intersect in the line 


y=0,xr=1-2. 


(t — c)(—2c) 


(b) If we set z = t in the symmetric equations and solve for x and y separately, we get x + 1 = ara 
c 


> 


(t —c)(c? — 1) Bs —2ct+(c?-1) (ce? —1)t +2 


re are] ; Pal . Eliminating c from these equations, we 


y-c= 
have x? + y? = ¢? +1. So the curve traced out by L in the plane z = t is a circle with center at (0, 0, t) and 


radius Vt? + 1. 


145 
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(c) The area of a horizontal cross-section of the solid is A(z) = m(z? +1), 80 V = ie A(z)dz = n[323 + z], =. 


gee Ae ee EES RC ee B34 5 
. = v is > 
3 =PrOjv, V2 | iP af pe Vi 3 a IVI 5) 
: V2-V3 v2 a V1 5 5? 5? 5? 
V4 =Pplr0jy.V3 = wae Vo = = algae Vo = 3232 = (vi : V2) V2 = 32.32 = v2 => |va| — 3232 = |va| = P.3 .3” 
: v3°V4 gz Vi‘ gear V2 / 5 5? 53 
V5 =projy,v4 = wae v3 = ) ies ET (vi- ve) vi saga Me 
2 
5 Be 5.8 54 BP ; aes ee 
|v5| = 54.32 |vi| = 53.32" Similarly, |ve| = 54. 33° |v7| = 55. 34° and in general, |vn| = jn-2, 3n—3 => 3(2) . 
Thus 
= ce n-2 = n 
de Wal =Ival +lvel + Yo 3(g)"" = 2434 D0 366) 
oo ‘i 5 
=e x 3(3)"" =5+ ae [sum of a geometric series] =5+15 = 20 
n= 6 


7. (a) When 6 = 6s, the block is not moving, so the sum of the forces on the block 
must be 0, thus N + F + W = 0. This relationship is illustrated 
geometrically in the figure. Since the vectors form a right triangle, we have 


_ IFI _ pen 
IN| on 


tan(65) = Ug. 


(b) We place the block at the origin and sketch the force vectors acting on the block, including the additional horizontal force 
H, with initial points at the origin. We then rotate this system so that F lies along the positive x-axis and the inclined plane 


is parallel to the x-axis. (See the following figure.) 


|F| is maximal, so |F| = j1,n for 0 > 5. Then the vectors, in terms of components parallel and perpendicular to the 
inclined plane, are 


N=nj F = (y1,n)i 


W = (—mgsin@)i+ (—mgcos 8) j H = (hmin cos 0) i+ (—Amin sin) j 
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Equating components, we have 
L.n—mgsind+hmincos@=0 = hmincosd+u,n=mgsind (1) 
n—mgcos?—hminsind=0 => RAminsin?d+ mgcosé=n (2) 
(c) Since (2) is solved for n, we substitute into (1): 


hmin Cos @ + 14,(Amin Sind + mgcos#)=mgsind => 


hmin CoS 0 + hminft, Sind = mgsin@— mgpu,cos9 => 


sin #0 — pp, cos 0 tan — ps, 
hmin = mg | — 7——_,,_ ] = mg | ——_— 

cos @ + 1, sin? 1+ yp, tand 
tan@ — tan@, 
1+tané@,tand 


From part (a) we know yw, = tan @s, so this becomes Amin = ma( ) and using a trigonometric identity, 


this is mg tan(@ — 0) as desired. 

Note for 0 = 05, hmin = mg tan 0 = 0, which makes sense since the block is at rest for 0;, thus no additional force H 
is necessary to prevent it from moving. As @ increases, the factor tan(@ — 0,), and hence the value of hinin, increases 
slowly for small values of 9 — @, but much more rapidly as 9 — 0; becomes significant. This seems reasonable, as the 
steeper the inclined plane, the less the horizontal components of the various forces affect the movement of the block, so we 
would need a much larger magnitude of horizontal force to keep the block motionless. If we allow @ — 90°, corresponding 
to the inclined plane being placed vertically, the value of hmin is quite large; this is to be expected, as it takes a great 


amount of horizontal force to keep an object from moving vertically. In fact, without friction (so 6; = 0), we would have 


0 — 90° hmin — 00, and it would be impossible to keep the block from slipping. 


(d) Since hmax is the largest value of h that keeps the block from slipping, the force of friction is keeping the block from 
moving up the inclined plane; thus, F is directed down the plane. Our system of forces is similar to that in part (b), then, 


except that we have F = —(,1,7) i. (Note that |F| is again maximal.) Following our procedure in parts (b) and (c), we 
equate components: 


pn — mgsind + hmaxcos9=0 = hmax cos? — un = mgsin# 
n—mgcos@—hmaxsind=0 => Amaxsin?d+mgcosé=n 
Then substituting, 


hmax CoS 0 — j1,(hmax Sind + mgcos@) = mgsind > 


max COS O — hmax[t, Sin? = mg sind + mgp,cosd@ => 
homens siné + pL, cos O\ _ nie tané+ p, 
cos 6 — yw, sind 1— yp, tand 


= ( tan@+ tan 0. 


1—tands na | Magee te) 


We would expect hmax to increase as 0 increases, with similar behavior as we established for hmin, but with hmax values 


always larger than hmin. We can see that this is the case if we graph hmax as a function of 6, as the curve is the graph of 
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Amin translated 20, to the left, so the equation does seem reasonable. Notice that the equation predicts hmax —> 00 as 
6 — (90° — @,). In fact, as hmax increases, the normal force increases as well. When (90° — 6,) < 0 < 90°, the 
horizontal force is completely counteracted by the sum of the normal and frictional forces, so no part of the horizontal 


force contributes to moving the block up the plane no matter how large its magnitude. 
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13. LL] VECTOR FUNCTIONS 


13.1 Vector Functions and Space Curves 


1. The component functions In(t + 1), =a and 2* are all defined whent+1>0 => t>-land9-#?>0 = 


V9 — t? 


—3 <t < 3,so the domain of r is (—1, 3). 


i? 1 1 1 1 
3. lime~** =e° =1, lim —,_ = lim —,- = ——_,- = ——_—_,, = 5 = 1, 
t—=0 t0 sin*t %t—>0 sin?t ._ sin’t sint 1? 
lim lim —— 
t? t>0 ot t0 ¢ 


and lim cos 2t = cos0 = 1. Thus 


to 


2 


2 
lim Ge i+ g j+ cos 2t k) = [Him aul i+ hi 


t—0 sin? t t>0 sin? | J+ [Jim cos 24] k=i+j+k. 


1+. (Af?) +1 O+1 ; 4, ea bee™ y 12~«1 
ee ee ed Oak ee eee ee gee 
; 1+¢ re aa . 
jim G pi’ oy = (-1, 7,0) 


7. The corresponding parametric equations for this curve are x = sint, y = t. 
We can make a table of values, or we can eliminate the parameter: t=y => 
x =siny, with y € R. By comparing different values of t, we find the direction in 


which ¢ increases as indicated in the graph. 


9. The corresponding parametric equations are x = t, y= 2—t, z = 2t, which are 
parametric equations of a line through the point (0, 2, 0) and with direction vector 


(s=1>\, 
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t. Zh 


11. The corresponding parametric equations are x = 3, y=t, z= 2 
Eliminating the parameter in y and z gives z = 2 — y”. Because « = 3, the 


curve is a parabola in the vertical plane 2 = 3 with vertex (3, 0, 2). 


13. The parametric equations are x = t?, y = t*, z = t®. These are positive 
for t £ 0 and 0 when t = 0. So the curve lies entirely in the first octant. 
The projection of the graph onto the zy-plane is y = x”, y > 0, a half parabola. 


The projection onto the xz-plane is z = x*, z > 0, a half cubic, and the projection 


onto the yz-plane is y? = z?. 


15. The projection of the curve onto the xy-plane is given by r(t) = (t,sint,0) [we use 0 for the z-component] whose graph 
is the curve y = sin x, z = 0. Similarly, the projection onto the xz-plane is r(t) = (t, 0,2 cost), whose graph is the cosine 
wave z = 2cosa, y = 0, and the projection onto the yz-plane is r(t) = (0, sint, 2 cost) whose graph is the ellipse 


ytz2=l1e=0. Ae 


ZA 2 


ae 


xy-plane xz-plane yz-plane 


From the projection onto the yz-plane we see that the curve lies on an elliptical 
cylinder with axis the x-axis. The other two projections show that the curve 
oscillates both vertically and horizontally as we move in the x-direction, 


suggesting that the curve is an elliptical helix that spirals along the cylinder. 


17. Taking ro = (2,0,0) and ri = (6, 2, —2), we have from Equation 12.5.4 
r(t) = (1—t)ro + tri = (1— #) (2,0,0) +¢(6,2,-2),0 <t¢<1 or r(t) = (24 4t, 2t, -2t),0O<t<1. 


Parametric equations are 7 = 24 4t, y = 2t, z= —2t, O<t<1. 


19. Taking ro = (0, —1,1) andr; = (3, z, z=), we have 


r(t) = (1—é)ro +tri = (1-4) (0,-1,1) +¢(§, 3, 7),0 <E<1 or r(é) = ($t, -14 3,1- 34),0<t <1. 


Parametric equations are 7 = it, y=—-14+ 4t,z=1 54.0<t<1 
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21.2 =tcost, y=t, z=tsint, t>0. Atany point (2, y, z) on the curve, et+e2=tcos*t+tsin?t =t? = y? so the 


curve lies on the circular cone x” + z* = y” with axis the y-axis. Also notice that y > 0; the graph is II. 


23.2=t, y=1/(1+t?), z=?t?. Atany point on the curve we have z = x”, so the curve lies on a parabolic cylinder parallel 


to the y-axis. Notice that 0 < y < land z > 0. Also the curve passes through (0, 1,0) when ¢ = 0 and y — 0, z > coas 


t — +00, so the graph must be V. 


25. x = cos 8t, y = sin8t, z= eS! t>0. a+ y? = cos? 8t + sin? 8t = 1, so the curve lies on a circular cylinder with 
axis the z-axis. A point (a, y, z) on the curve lies directly above the point (x, y, 0), which moves counterclockwise around the 
unit circle in the xy-plane as t increases. The curve starts at (1,0, 1), when ¢ = 0, and z — co (at an increasing rate) as 


t — oo, so the graph is IV. 


27. Ife =tcost, y =tsint, z =t, then 2” +y? =t?cos*t+#? sin? t=? = 2’, 


so the curve lies on the cone z* = a? + y”. Since z = t, the curve is a spiral on 


this cone. 


29. Here x = 2t, y=e’, z=e".Thent=2/2 => y=e'= e*/?. so the curve lies on the cylinder y = e?/?. Also 


z =e” =e”, so the curve lies on the cylinder z = e”. Since z = e?! = (e)? = y’, the curve also lies on the parabolic 


cylinder z = y”. 


31. Parametric equations for the curve are x = t, y = 0, z = 2¢ — t?. Substituting into the equation of the paraboloid 
gives 2t-—#? =t? => 2t=2t? = +t=0,1. Since r(0) = Oandr(1) =i+k, the points of intersection 


are (0,0,0) and (1,0, 1). 


33. r(t) = (cost sin 2t, sin t sin 2t, cos 2¢). 
We include both a regular plot and a plot 


showing a tube of radius 0.08 around the 


curve. 


0 1 
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35. r(t) = (sin 3t cost, $t, sin 3t sin t) 37. r(t) = (cos 2t, cos 3t, cos 4t) 


1 


39. x = (1+ cos 16t) cost, y = (1 + cos 16t) sint, z = 1+ cos 16¢. At any 
point on the graph, 
a? +y? = (1+ cos 16t)? cos? t + (1 + cos 16t)? sin? t 


(1 + cos 16t)? = z?, so the graph lies on the cone x? + y? = 2”. 


From the graph at left, we see that this curve looks like the projection of a 


leaved two-dimensional curve onto a cone. 


41. Ift = —1, thenz = 1, y= 4, z = 0, so the curve passes through the point (1, 4,0). If t = 3, thenaz = 9, y = —8, z = 28, 


so the curve passes through the point (9, —8, 28). For the point (4, 7, —6) to be on the curve, we requirey=1-—3t=7 => 


t = —2. But then z = 1 + (—2)8 7 6, so (4, 7, —6) is not on the curve. 


43. Both equations are solved for z, so we can substitute to eliminate z: Jar +y? H=slty > v+y=a=l+aty = 
e=-1l+24y > y= 4 (a? — 1). We can form parametric equations for the curve C’ of intersection by choosing a 
parameter x = t, then y = $(t? — 1) andz =1+y=1+4(t? —1) = 4(¢ +1). Thusa vector function representing C 
isr(t) =ti+3(? -—Nj+sPt+yk 


45. The projection of the curve C of intersection onto the xy-plane is the circle x? + y? = 1, z = 0, so we can write x = cost, 


y = sint,0 <t < 27. Since C also lies on the surface z = ge y’, we have z = x” y? = cos? t — sin? t or cos 2t. 


Thus parametric equations for C' are x = cost, y = sint, z = cos 2t, 0 < t < 27, and the corresponding vector function 


is r(t) = costi+sintj+cos2tk,0 <t< 2r. 


The projection of the curve C of intersection onto the 


xy-plane is the circle x” + y? = 4, z = 0. Then we can write 
: tH x =2cost, y= 2sint, 0<t < 2m. Since C also lies on 
: H the surface z = x”, we have z = x? = (2 cost)? = 4 cos’ t. 
2 H oh Then parametric equations for C are x = 2cost, y = 2sint, 
*2, y l 2 7 z=4cos*t, 0O<t< 2n. 
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49. For the particles to collide, we require ri(t) =re(t) © (t?, 7t — 12, ae = (4t — 3, t?, St 6). Equating components 


gives 1? = 4t— 3, 7 — 12 = t?, and t? = 5t — 6. From the first equation, t? — 4t +3 = 0 (¢—3)(t-—1) =Osot=1 
or t = 3. t = 1 does not satisfy the other two equations, but t = 3 does. The particles collide when t = 3, at the 
point (9,9, 9). 

51. (a) We plot the parametric equations for 0 < ¢ < 27 in the first figure. We get a better idea of the shape of the curve if we plot 


it simultaneously with the hyperboloid of one sheet from part (b), as shown in the second figure. 


(b) Here x = zr sin 8t — = sin 18t, y = — oa cos 8t + = cos 18t, z= i sin 5¢. 


7 
For any point on the curve, 
a? +y? = (2% sin 8t — & sin 18)” + (—2% cos8t + & cos 18t)” 
= 20 sin? 8¢ — 2- 278 sin 8¢sin 18t + 4 sin? 184 
fat cos? 8t — 2- as cos 8t cos 18t¢ + od cos? 18¢ 
— _ (sin? 8t + cos? 8t) + a (sin? 18t + cos? 18t) — a (sin 8t sin 18¢ + cos 8t cos 18¢) 


eG 64 72 7» B72 6472 
= 562 + 397 — 7g Cos (18t — 8t) = Soa + a5 Teg Cos 10¢ 


using the trigonometric identities sin? 9 + cos? 9 = 1 and cos (a — y) = cosxcosy + sin siny. Also 


2a Lag” sin” 5t, and the identity sin? 2 = eee gives z? = 1ag? - = [1 — cos(2- 5t)] = jaa - jaa cos 10t. 
Then 
144(x? + y?) — 2527 = 144 (35 + 4 — FB cos 100) — 25 (445 — HE cos 108) 
= 144 ( + rel aay Rea cos 10¢ + oat cos 101) 


= 144 (25 + S — B— Bocosi0t + B cos 10t) = 144 (3%) = 100 


Thus the curve lies on the surface 144(a? + y*) — 252? = 100 or 144%? + 144y? — 252? = 100, a hyperboloid of one 


sheet with axis the z-axis. 
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53. Let u(t) = (ui(t), wa(t), ua(t)) and v(t) = (v1 (t), ve(t), v3(t)). In each part of this problem the basic procedure is to use 
Equation | and then analyze the individual component functions using the limit properties we have already developed for 


real-valued functions. 


(a) lim u(t) + lim v(t) = (iim ur(t), lim ua(t), lim U3 (t)) + (im v1 (é), lim v(t), lim U3 (t)) and the limits of these 


ta 


component functions must each exist since the vector functions both possess limits as t — a. Then adding the two vectors 


and using the addition property of limits for real-valued functions, we have that 


lim u(t) + lim v(t) = (im ui(t) + lim v1 (t), lim ua2(t) + lim ve(t), lim u3(t) + lim U3 (1) 


—a —a 


= (Tim [us (t) + 01 (¢)],, lim [ua(t) + v2(0)], lim [us(t) + va(¢)]) 


ta 


= lim (ui (t) + v1 (€), w(t) + ve(t), u3(t) + v3 (#)) [using (1) backward] 


= lim [u(t) + v(t)] 


ta 


(b) lim cu(t) = lim (cur(t), cua(t), cug(t)) = (iim cur(t), lim cua(t), lim cus(t) ) 


—a 


= (chim u(t), ¢ lim u(t), ¢ lim us(t)) = c (lim u(t), lim u(t), lim us(t)) 


ta ta 


= c lim (ui (t), u2(t), ua(t)) = c lim u(t) 


() lim u(t) - Jim v(t) = (im v(t), Jim uo(t), Tim us(t)) ( lim v1 (), lim vo(t), lim va(t)) 


—a ta ta 


= [Jim on (s)| [Jim v1 ()| +4 [Jim ua(t)| [Jim v2(t)| i [Jim us (o)| [Jim va(t)| 


—a —a —a —a ta 


= lim ur(t)vr(t) + lim u2(t)ve(t) + lim u3(t)vu3(t) 


= lim [ui (t)v1(t) + ue(t)ve(t) + ug (t)v3(6)] = lim [u(t) - v(t)] 


tra —a 


(@) lim u(#) x lim v(t) = (iim v(t), Jim u2(t), Tim ug (1) x ( lim vi(t), lim ve(2), lim va(t)) 


—a ta a 


[tie wo] [Jim C0] — [Jim vs] [Hm vo] 


[e220] [Hen eo] — [Ena] [Jo 000] 


= ( [Jim ua(t)| [Jim va(t)| 3 [Jim us(t)] [jim ve (s)| 


= (im [u2(t)us(t) — us(t)v2(d)] , lim [us (t)v1(t) — ua (t)vs(4)] , 
Tim [ur (t)v2(t) — u2(¢)01(6)]) 
= lim (ua(¢)ua(t) — us(t)va(t), us (t) ord) — ur (tvs (E), ui C)v2(t) — ua(é)or (4) 


= lim [u(¢) x v(t)] 


ta 
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SECTION 13.2 DERIVATIVES AND INTEGRALS OF VECTOR FUNCTIONS 


13.2 Derivatives and Integrals of Vector Functions 


r(4.5) — 
0.5 


direction but with twice the length of the vector r(4.5) — r(4). 


r(4) 


(b) 


= 2[r(4.5) — r(4)], so we draw a vector in the same 


r(4.2) — r(4) 
0.2 


direction but with 5 times the length of the vector r(4.2) — r(4). 


= 5[r(4.2) — r(4)], so we draw a vector in the same 


_ (4) 
Ir'(4)| 


(c) By Definition 1, r’(4) = lim Hes: ) — ng) 


T(4) 


(d) T(4) is a unit vector in the same direction as r’ (4), that is, parallel to the 


tangent line to the curve at r(4) with length 1. 


3. r(t) = (t— 2,07 +1), (a), (c) (b) r’(t) = (1, 2t), 
r(—1) = (-3, 2). r’(—1) = (1, —2) 
Since (x +2)? =#? =y-1 = 
y = (a + 2)? +1, the curve is a 
parabola. 

5. r(t) = e*i+e’j, r(0) =i+j. (a), (c) (b) rv’ (t) = 2e7*i + e*j, 


Since x = e”* = (e*)? = y’, the r’(0) = 2i+j 


curve is part of a parabola. Note 


that here x > 0, y > 0. 
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7. x(t) = 4sinti—2costj, r(30/4) = 4(/2/2) i— 2(—V2/2) j = 2V2i4 V2j. 


2 2 
Here (2/4)? + (y/2)? = sin? t + cos” t = 1, so the curve is the ellipse a + a =1. 


(a), (c) (b) r’(t) = 4costi+ 2sintj, 


r’ (30/4) = -2V2i+ Vj. 


r'(t)= € [Ve=2], £13], 5 [1/#]) = (4(¢-2)-1,0,-24-8) = (ep o-#) 


11. r(t) = t? i+cos (t?) jtsintk = 


r’(t) = 2ti+ [—sin(¢?) - 2t] j + (Qsint- cost) k = 2ti— 2tsin(¢?)j + 2sint costk 


13. r(t) =tsinti+e'costj+sintcostk => 


r’(t) = [t- cost + (sint) - 1]i+ [e*(—sint) + (cos t)e’] j + [(sin t)(— sin t) + (cost) (cost)| k 


= (tcost +sint)i-+ e! (cost — sint)j+ (cos? t—sin? t)k 
15. v(t) =O+b+2tc =b + 2tc by Formulas | and 3 of Theorem 3. 
47. r(t) = (@? — 2t,14 34,50 +507) => r'(t)=(2t-2,3,7 +t) = r'(2) = (2,3,6). 


So |r’ (2)| = 22 + 32 + 6? = V/49 = 7 and T(2) = = 4(2,3,6) = (2, = 8). 


19. r’(t) = —sinti+3j+4cos2tk => r’(0) =3j+4k. Thus 


r’(0) 1 
T(0) = = j+4k) =1(3j+4k) =2j+4k. 
(0) (0) Paste (3j ) = 38j+4k)=3j+3 


21. r(t) = (t,07,t°) = r’(t) = (1, 2t, 3t?). Then r’(1) = (1, 2,3) and |r’(1)| = V1? + 22 + 32 = v14, s0 


/ 
(1) 1 1 2 3 ” 
T(1) |r(1)| oe, va (1,2, 3) ae (Ap a). r (t) > (0, 2, 6t), so 
ij 
2t 3t? 1 3t? 1 2t 
r’(t)xr"(t) =|1 2t 3t?} = i - jt 
2 6t 0 6t 0 2 
0 2 6t 


= (12¢? — 6t?) i — (6t — 0) j + (2— 0) k = (61, —6t, 2) 


23. The vector equation for the curve is r(t) = e +1,4vi, ent): so r’(t) = (2t, 2/V/t, (2t — Her). The point (2, 4, 1) 


corresponds to t = 1, so the tangent vector there is r’(1) = (2,2, 1). Thus, the tangent line goes through the point (2, 4, 1) 


and is parallel to the vector (2, 2, 1). Parametric equations are x = 2+ 2t,y=4+4 2t,z2=1+t. 
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25. The vector equation for the curve is r(t) = (e ‘cost,e ’sint,e Ni so 


r’(t) = (e*(—sin#) + (cost)(—e~*), e~* cost + (sint)(—e™*), (—e™*)) 
= (—e~*(cost + sint),e~*(cost — sint), —e~*) 


The point (1,0, 1) corresponds to t = 0, so the tangent vector there is 


r’(0) = (—e°(cos 0 + sin 0), e°(cos0 — sin 0), e°) = (—1,1,-—1). Thus, the tangent line is parallel to the vector 


(—1, 1, —1) and parametric equations are x = 1+ (-1)t=1-t,y=0+4+1-t=t,z2=1+4+(-lt=1-t. 


27. First we parametrize the curve C of intersection. The projection of C’ onto the xy-plane is contained in the circle 


x? + y? = 25, z = 0, so we can write x = 5cost, y = 5sint. C also lies on the cylinder y? + 2? = 20, and z > 0 


near the point (3, 4, 2), so we can write z = ,/20 — y? = \/20 — 25 sin? t. A vector equation then for C is 


r(t) = (5 cost, 5sint, / 20 — 25 sin? t) => rr(t)= (-5 sin t, 5 cost, $(20 — 25 sin? t)~/2(-50 sin cos!) ). 


The point (3, 4, 2) corresponds to t = cos’! (3) , so the tangent vector there is 


x (cos"()) = (—8(4) 5(8) (20-25 (4)?) "”* (-50(8)(8)) ) = (-4,3,-6). 
The tangent line is parallel to this vector and passes through (3, 4, 2), so a vector equation for the line 


is r(t) = (3 — 4t)i + (4 + 3t)j + (2 — 6t)k. 


29. r(t) = (t,e7*, 2t — t?) r’(t) = (1,—e~*, 2 — 2t). At (0, 1,0), 


t = Oand r’(0) = (1, —1, 2). Thus, parametric equations of the tangent 


line arex =t,y=1-—t, z= 2t. 


31. r(t) = (tcost, t,t sin t) r’(t) = (cost — tsint, 1,tcost +sint). 


At (—7, 7,0), ¢ = mand r’(7) = (—1,1, —7). Thus, parametric equations 


of the tangent line are x = —t7 —t,y=a+t,z=-—ant. 


33. The angle of intersection of the two curves is the angle between the two tangent vectors to the curves at the point of 
intersection. Since r/(t) = (1, 2t, 3t?) and t = 0 at (0, 0,0), ri (0) = (1, 0, 0) is a tangent vector to r; at (0,0, 0). Similarly, 


r9(t) = (cost, 2cos 2t, 1) and since r2(0) = (0,0, 0), r5 (0) = (1, 2, 1) is a tangent vector to r2 at (0,0, 0). If @ is the angle 


between these two tangent vectors, then cos 0 = Five (1,0, 0) - (1,2, 1) = Jg and 6 = cos™* (=) = 66°. 
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35. [° (ti— 125+ 3t°k) dt = (Is tdt) = (Io dt) j+ Ue 3t* dt) k 


= [307]0 i [4e]0 4+ [24°] k 
= $(4—0)i— 4£(16 — 0)j + $(64-0)k = 21-4j + 32k 


CT (ky Rn me ere ee ea ey (AY oot fe em Were py me 7 
Yoo RE BP eA 5 Ed PRL NG Geer 


=[In|t+1]]p it [tan- 4]) 5+ [4n(? +1], k 


= (In2—-In1)i+ (4 —0)j+ $(m2-—In1)k=In2i+ 4j+$lm2k 


39. [ (sec? i+ t(t? + 1)°j +t? Intk) dt = (f sec” tdt) i+ (ft(t? + 1)° dt) j+ (ft? ntdt)k 


=tanti+ p(t? +1)*j+ (Zt lnt— gt°)k+C, 
where C is a vector constant of integration. [For the z-component, integrate by parts with u = Int, dv = ¢? dt.] 
M.r'(t)=2ti1+3?j+vtk = r(t)=Pi+Pjt+ 243/? k+C, where C is a constant vector. 
Buti+j—=r(1) =i+j+2k+C. Thus C = —2kandr(t) = Pi+ 85+ (30? -2)k 


For Exercises 43—46, let u(t) = (w1(t), wa(t), ua (t)) and v(t) = (vi(t), ve(t), v3(t)). In each of these exercises, the procedure is to apply 


Theorem 2 so that the corresponding properties of derivatives of real-valued functions can be used. 


a3. £ (u(t) + v(t)] = © (ur(t) + 01(4), walt) + v2(2), ua(t) + va(t)) 


dt dt 
= (Flats) + (OF lua) + (0), F lus) + e9(0)]) 
= (uh(t) + of), ws(0) + o6(0), whl) + v4(0) 
= (u(t), ub (uh) + (WL), 80), 4) = 0") + VO 
45. 5 [ult) x v(t)] = 5 (ualt)vs(t) — us(t)va(t),ua( tor (6) ~ un (tes(t), us (Oval) — walter (6) 


= (ugus(t) + u2(t)v3(t) — u3(t)ve(t) — us(t)va(t), 
ug (t)v1(t) + us(t)or (t) — ui (t)va(t) — ua (t)v3(4), 
uy (t)v2(t) + ur (t)vd(t) — up (t)vr(t) — ua(t)vi (t)) 
= (up(t)vs(t) — us (t)ve (t) , us (t)vi (t) — wi (t)us(t), ur (t)va(t) — u2(t)v1 (t)) 
+ (ua(t)v3(t) — ua(t)v2(t), us(t)vr (t) — ua (t)ug(t), ua (t)v2(t) — u2(t)vi (t)) 
= u'(t) x v(t) + u(t) x v/(¢) 
Alternate solution: Let r(t) = u(t) x v(t). Then 
r(t-+h) —r(t) = [u(t +h) x v(t + h)] — [u(e) x v(t)] 
[u(t +h) x v(t+h)] — fu(t) x v(t)] + fale +A) x v(e)] — fue +A) x vie) 
u(t +h) x [v(t-+h) — v(é)] + [ut +h) — u()] x v(t) 
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(Be careful of the order of the cross product.) Dividing through by h and taking the limit as h — 0 we have 


r/(t) = lim wee wes vO! + lim Wp hy WOT vO = u(t) x v'(t) + w(t) x v(t) 


by Exercise 13.1.53(a) and Definition 1. 
47. < fu(t) - v(t)] = u’()- v(t) + u(t) - v'(#) [by Formula 4 of Theorem 3] 
= (cost, —sint, 1) - (t, cost, sint) + (sint, cost, t) - (1, — sin t, cost) 


=tcost —cost sint+sint+sint — cost sint + tcost 


= 2tcost + 2sint — 2cost sint 
49. By Formula 4 of Theorem 3, f’(t) = u’(t) - v(t) + u(t) - v(t), and v'(t) = (1, 2t, 37), so 
f'(2) = w'(2) -v(2) +. u(2) - v/(2) = (3,0, 4) - (2, 4,8) + (1,2, -1) - (1,4, 12) =6 +04+324148-12=35. 


51. r(t)=acoswt+bsinwt =>  r’(t) = —awsinwt + bwcoswt by Formulas | and 3 of Theorem 3. Then 


r(t) x r’(t) = (acoswt + bsinwt) x (-awsinwt + bw cos wt) 


= (acoswt + bsinwt) x (-awsinwt) + (acoswt + bsinwt) x (bw coswt) 
[by Property 3 of Theorem 12.4.11] 

=acoswt x (-awsinwt) + bsinwt x (—-awsinwt) + acoswt x bwcoswt + bsinwt x bwcoswt 
[by Property 4] 

= (coswt) (—w sinwt) (a x a) + (sinwt) (—w sinwt) (b x a) + (cos wt) (wcoswt) (a x b) 


+ (sinwt) (wcoswt) (b x b) [by Property 2] 


=04+(w sin? wt) (a x b) + (w cos” wt) (ax b)+0 [by Property | and Example 12.4.2] 


=W (sin? wt + cos? wt) (ax b) =w(ax b) =waxb [by Property 2] 


57. Since u(t) = r(t)- [r’(t) x r(O)], 


u(t) =r'(t): [r’() x v(t] + r(t) - £ [r’(t) x r(0)] 
=0+4+r(t): [r’(t) x v(t) + r'(£) x vr’ (E)] [since r’(t) L r’(t) x r’’(t)] 


=r(t)-[r’(t) x vr’ (#)] [since r’’(t) x r”(t) = 0] 
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13.3. Arc Length and Curvature 


1. r(t) = (t,3cost,3sint) = r’(t) = (1,—-3sint,3cost) => 


‘(t)| = 1? + (-3sint)? + (3cost)? = ./1 + 9(sin? t + cos? t) = 


Then using Formula 3, we have L = fa |r’ (t)| dt = ee V10dt = V10¢| . = 10V10. 


3.r(t)=V2tit+ejt+etk = r(t)=V2it+ej-etk = 
|r’(t)| = (v2) + (et)? + (-e-*)? = 2 +e +e? = /(e? te*)2 =e' +e [sincee’ +e’ > O]. 


Then L = ie |r’ (t)| dt = ole ) dt = [e* e]5 =e-el. 


5. r(t)=i+e?j+ek => r’(t)=2t7+3?k = |r'(t)| = V4? 49H =tV44 9 [since t > 0]. 


1 
Then L = fy |r‘(t)| dt = fo tVEFOF dt = 3, 3(44907)°7] = 2 (13°? — 43/2) — 3 (139/? — 8), 


hr) S GF fe POS Ary Se | = v/(2eP + (822)? + + (4t3)? = V/4t? + 94 + 16¢®, so 
L= fp |r'(t)|dt = fo Va? +9 + 168 dt ~ 18.6833. 


9. r(t) = (cos zt, 2t, sin 27rt) r’(t) = (—msin zt, 2, 27 cos 2rt) |r’(t)| = V7? sin? rt + 4 + 4? cos? 2rt. 


The point (1, 0,0) corresponds to t = 0 and (1, 4,0) corresponds to t = 2, so the length is 


L= fe |r'(t)| dt = [> Vn? sin? nt + 4 + 41? cos? 2nt dt ~ 10.3311, 


11. The projection of the curve C' onto the ay-plane is the curve x? = 2y or y 4a”, z = 0. Then we can choose the parameter 


z=t => y= 3t’. Since C also lies on the surface 3z = zy, we have z = ery = 4(t)(4t7) — at. Then parametric 


equations for C' are x = t, y = 40”, Z= at? and the corresponding vector equation is r(t) = (t, 4t?, at?). The origin 


corresponds to t = 0 and the point (6, 18, 36) corresponds to t = 6, so 


L= fe |r'(®l at = fe | t, £e7)| de = fP f12 +22 4 (42)? at =f /1+e + ita 
= fe (0+ ied = PP eae 


13. (a) r(t) = (5 —t)i+ (4¢— 3)j+3tk r’(t) = —i+4j+3kand & = |r'(t)| = VI +1649 = 26. The point 


P (4, 1,3) corresponds to t = 1, so the arc length function from P is 


oe he |r’(u)| du = fi V26du = V6 ul, = 26 (t — 1). Since s = 26 (t — 1), we have t = +1. 


aD 


Substituting for ¢ in the original equation, the reparametrization of the curve with respect to arc length is 
r(t(s)) = [s- ( 2 +1)| i+ 4 ( i +1) -3| i+3( = +1)k 
V 26 V 26 J V 26 


= (4- a) it (t1)i+ (Fer3)e 
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(b) The point 4 units along the curve from P has position vector 


4\. (4(4) . (3(4) ae 4 16. 12 
r(t(4)) (4 a) i+ (AB +1)i+ (33 +3) k, so the point is (4 Jae’ JI 1 +3), 


15. Here r(t) = (3sint, 4t, 3cost), so r’(t) = (3cost, 4, —3sint) and |r’(t)| = \/9 cos?t + 16 + Osin? t = 25 = 5. 


The point (0, 0,3) corresponds to t = 0, so the arc length function beginning at (0, 0, 3) and measuring in the positive 


direction is given by s( atl |r’(u)| du = So 5du=5t. s(t)=5 5t =5 t = 1, thus your location after 


moving 5 units along the curve is (3 sin 1, 4,3.cos 1). 


17. (a) r(t) = (t,3cost,3sint) > r’/(t)=(1,—-3sint,3cost) > |r’(t)| = V1+9sin?t + 9cos?t = V/10. 


Then T(t) = a) = 


obs = LL _-_3 
rb) a (ls 3sin t, 3 cos t) o r( sin t, $y cost), 


Vio’ 10 


T’(t) Ts (0,-3cost,-3sint) => |T’(t)| = Jig V+ Ycos* t + Ysin* t =Fy- Thus 
T’(t) 1/V10 . : 
N(t) = | 0,—3cost, —3sint) = (0, —cost, —sint). 
= tr@] = 3/vi0 ' ras ) 
/ 
OO |T’(t)| 3/V10 3 


Ir'(t)| VIO 10 
19. (a) r(t) =(V2t,e',e°) => r(th=(V2,e,-e°) = |r’(t)|=V2+e +e %= Mei +e tr =e +e. 


Then 
r’(t) 1 t 1 t 2t Pe e 
T(t) Gl Pes (V2,¢€ ,—e ) rg 2e',e ,—1) after multiplying by i and 
1 t o9/,2t 2" 2t 
BG) ara 2e", 2e 0) — Tara 2e,e ,—1) 
1 at 2t 2t Qt 9,2 
a 2 Qe (/2 is ie oe 2 
cage lle + 1 (VEet, 20%,0) — 26% (Vets e, 1)] = ah (vet (1 =) 20% 20) 
Then 
1 1 
T’(t)|= 2e?#(1 — 2e?t + eft) + det + 4e4* = —_—__ ,/2e€?"(1 + 2e?* + ec 
IT Ol= oe aay 
2t t 
= Gra \/ 2e2 (1 + €2t)? _ v2e( v2et(1+e") _ V2e 
(e7* + 1 (e2# + 1)? e2t +] 
Therefore 
T(t)  e**+1 1 t Qty 9,,2t 95,24 
NW) = Fra = Vae ae V2e-e eer ae") 
= 1 t Qt) 9,2t 5,2\ _ __1 at t t 
=" ema ne ), 2e*", 2e See F Der «We! 


|T’ (t)| J2e 1 J2e J2 e* - J2 


t)= a ee Ng ee 
(Dy (2) |r’ (t)| ett+t1 ebte-t  e3t4+2et+e-t eft + Qe2# 4 1 (e?* + 1)? 
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a.r(t)=Pj+?k > r’(t)=3j4+2tk, r’(t)=6tj+2k, |r’(t)| = 0? + Bt)? + Qt)? = V9 4B, 


— |r’(t) xr" (| 6t? 6t? 


r’(t) x vr’ (t) = —6t7 i, |r’(t) x v’(t)| = 6t?. Then K(t . 
(t) (t) |r’(t) (t)| (t) ror (Vora) (917 4 492)372 


23. r(t) = V6t?i+2tj+2°%k = r’(t) = 2V6ti+2j+6t?k, r’(t) = 2V6i+ 12tk, 
|r’(t)| = 24 + 4+ 3614 = \/4(9t4 + 6t2 + 1) = \/4(3t? + 1)? = 2(30? + 1), 
v(t) x v(t) = 24ti — 12,6 t?j — 4V6k, 
Ir’(t) x vr (t)| = V576E + 86414 + 96 = \/96(9t4 + 6t? + 1) = \/96(30? + 1)? = 46 (3¢? + 1). 


r'(t) xr") 4V8R2 +1) VB 
r@OP 82 +13 — 2B +1)? 


25. r(t) = (t,t?,t°) => r’(t) = (1, 2t,3t7). The point (1,1, 1) corresponds to t = 1, and r’(1) = (1,2,3) => 


jr’(1)| = VT 444-9=V14. rv’(t) = (0,2,6t) => r’(1) = (0,2,6). r’(1) x r”(1) = (6,6, 2), so 


jr’(1) x v’’(1)| = V36 + 36 +4 = V6. Then «(1) = —~~—_<\* = = 
r 


4 ! ” 2 lf’ (x) [1227 | 12x? 
oS ae A a (1 + (f’(a))2]8/2 = [1 + (4x3)2]3/2 ~ (1+ 1626)3/2 


29. f(x) = are”, f'(z) = xe” +e", f(x) = re” + 2€e”, 


w(o)=-—F'@ ide +20*| fa + De® 
E+ ay P? + Ge pepe? + (ae te ye? 


ly" (a) _ e iz e7(1 + €2*)-3/2, 


| 
[1+ (y'(a))2}°/? (+ #9? 


a" 
31. Since y’ = y” = e”, the curvature is K(x) = ; 


To find the maximum curvature, we first find the critical numbers of «(): 


x = 1 +e? — 3e?* 1 — 2e?* 
! _ 232 2x2\—3/2 x 3 2x2\—5/2 2a) e _ 32 
kK (xa) = e*(1 +e) + e7(—3)(1+ e*”) (2e°") =e (1+ e572 e (1 4 #57" 


K/ (x) = 0 when 1 — 2e?* = 0, so e?* = 4 or zx = —4 In2. And since 1 — 2e”* > 0 for x < —4In2 and 1 — 2e”* <0 
for x > —4 In 2, the maximum curvature is attained at the point (-3 In2, e- ay = (-3 In2, s5): 


Since lim e*(1 + e?”)~°/? = 0, «(a) approaches 0 as x — oo. 


Z—Co 


33. (a) C appears to be changing direction more quickly at P than Q, so we would expect the curvature to be greater at P. 


(b) First we sketch approximate osculating circles at P and Q. Using the 


axes scale as a guide, we measure the radius of the osculating circle 


: ‘ 1 
at P to be approximately 0.8 units, thusp = —- => 
K 


—— ~ 1.3. Similarly, we estimate the radius of the 


1 1 
p 0.8 


: : : 1 
osculating circle at Q to be 1.4 units, son = — & id = 0.7. 
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[1+ (-20-3)?7]°7 wt (1+ 40-9)" 
The appearance of the two humps in this graph is perhaps a little surprising, but it is 
explained by the fact that y = 2~° increases asymptotically at the origin from both 


directions, and so its graph has very little bend there. [Note that «(0) is undefined.] 


37. r(t) = (te’,e*, /2t) => r’(t) = (t+ Le’,-e*, V2), v(t) = (t+ 2he’,e 


r’(t) x v(t) = (-V2e, V2(t + 2)e*, 26+ 3), |r'(t) x vr” (d)| = 


ARC LENGTH AND CURVATURE 


rE O): Then 


2e~2t + 2(t + 2)%e7" + (2t 4 3)?, 


/ 
i @)|So/EP De Ee TD, and. «(oO 


xxr"(t)| _ /2e7?! + 2(t + 2)2e7# + (2t + 3)? 


jr’(t) |? 


We plot the space curve and its curvature function for —5 < t < 5 below. 


[(t + 1)2e24 + e-2¢ + 93/2 


5 
z 0 
be 0 
250 
0 ; 
50 160 “ 5 


From the graph of «(t) we see that curvature is maximized for t = 0, so the curve bends most sharply at the point (0, 1, 0). 


<y 


163 


The curve bends more gradually as we move away from this point, becoming almost linear. This is reflected in the curvature 


graph, where «(t) becomes nearly 0 as |t| increases. 


39. Notice that the curve b has two inflection points at which the graph appears almost straight. We would expect the curvature to 


be 0 or nearly 0 at these values, but the curve a isn’t near 0 there. Thus, a must be the graph of y = f(a) rather than the graph 


of curvature, and b is the graph of y = K(x). 


41. Using a CAS, we find (after simplifying) k(t) A 


KG) = 6 V4 cos? t — 12 cost + 13 
(17 — 12 cos t)3/2 


. (To compute cross 


products in Maple, use the VectorCalculus or 


LinearAlgebra package and the CrossProduct (a,b) 


command; in Mathematica, use Cross [a,b].) Curvature is 0 
largest at integer multiples of 27. 
B.2=t? & = 2t €=2, y=? y = 3t? y = 6t. 
iy — ye 2t)(6t) — (3t7)(2 12¢? — 6¢? 2 
Hay Jeg — ye] _ |(2t)(6t) — (3t7)(2)] | | 6t 


Qa 4a 67 «ot 


[a? + y)8/? [(2t)? + (3t?)2]8/2 (4t? + 9t4)3/2 
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45.2=e'cost > «&=e'(cost—sint) # = e'(—sint — cost) + e'(cost — sint) = —2e' sint, 


y=e'sint > y=e'(cost+sint) > gy=e'(—sint+cost) +e'(cost+sint) = 2e' cost. Then 


(t) |zy — ye| |e’ (cos t — sin t)(2e cost) — e*(cost + sin t)(—2e" sin t)| 
A(t) = SS NN 
[a? 8? ([et (cost — sin t)]? + [et(cost + sin t)]?)?/? 
|2e”* (cos? t—sintcost +sintcost + sin? t)| |2e?*(1)| | 


[e2* (cos? t — 2costsint + sin? t + cos? t + 2costsint + sin? t)| are [e2#(1 + 1)?” ~ e8t(2)3/2  /Det 


‘(t) (26 Qt A) (2t, 2t7, 1) 
47. (1,2,1 pial TH HTM EK die Sp Nemes? T(1) = (2.2.2 
( ba) ) corresponds to (t) ir’(t)| 4t? + 4t4 +1 +1 , so T(1) (3,354) 
T’(t) = —4t(2t? + 1)~? (2t, 2t7, 1) + (207 +1)~* (2,4t,0) [by Formula 3 of Theorem 13.2.3] 
= (207 + 1)~? (—8¢? + 4t? + 2, —8¢? + 8t° + 4t, —4t) = 2(2¢? + 1)~? (1 — 2¢?, 2t, —2t) 
N(t) = EG) ala +1)? —_-2(2t? 41)? (1 — 287, 2t,—-2t) SOP Ft: =e (1—2t?,2¢,-2t) (1 — 2t?, 2¢, —2t) 
~ (T'()] 2282 + 1)-2,/(1 — 2) + (2b)? + (— V1—-42 +4 +82 1+ 20 


N(1) = (~3, 33) and B(1) = T(1) x N(I) = (~§ ‘ (—3 +5).5 +5) =(-3. 33): 
49. r(t) = (sin 2t,—cos2t,4t) = r’(t) = (2cos 2t, 2sin 2t, 4). The point (0, 1, 27) corresponds to t = 7/2, and the 


normal plane there has normal vector r’(7/2) = (—2,0,4). An equation for the normal plane is 


2(a — 0) + O(y — 1) + 4(z — 27) =O or —2a 4+ 42 = 87 or x — 2z = —4r. 


/ . 
T(t) = a0) = ISOS ASE) = (2 cos 2t, 2 sin 2t, 4) = an (cos 2t, sin 2t,2) => 
Ir’(t)| — \/4cos? 2+ 4sin? 2t+16 2V5 V5 
T(t) = wn 2sin 2t,2cos2t,0) => |T’()|= eV 4sin? 2t + 4cos? 2t = Fea and 
J 
N(t) = nt = (—sin 2t, cos 2t, 0). Then T(a/2) = zx (=1,0, 2), N(/2) = (0, —1,0), and 


B(7/2) = T(a/2) x N(a/2) = zx (2,0, 1). Since B(7/2) is normal to the osculating plane, so is (2,0, 1), and an 
equation of the plane is 2(a — 0) + O(y — 1) + 1(z — 27) = 0 or 244+ 2 = 2r. 


51. The ellipse is given by the parametric equations x = 2cost, y = 3sint, so using the result from Exercise 42, 


ee leg — 9 = |(—2 sin t)( aon!) (3 cos t)(—2 cos t)| = : 6 ’ 
[&? + y?]8/2 (4sin? t + 9 cos? t)3/2 (Asin? t + 9 cos? t)3/2 
At (2,0), ¢ = 0. Now «(0) = & = 2, so the radius of the osculating circle is 2 
1/«(0) = $ and its center is (-3, 0). Its equation is therefore (x + Bye +y= a ae 
At (0,3),¢ = 5, and K(4 ) = & — 3. So the radius of the osculating circle is $ and 75 2.5 
its center is (0, 3). Hence its equation is x? + (y = ae = 2. 
=) 
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53. Here r(t) = ie 3t, ty and r’(t) = cots 3, 4t?) is normal to the normal plane for any t. The given plane has normal vector 
(6,6, —8), and the planes are parallel when their normal vectors are parallel. Thus we need to find a value for ¢ where 


(3¢?, 3, At? = k (6,6, —8) for some k: # 0. From the y-component we see that k = 4, and 


Cia 3, 4t*) = 4 (6,6, —8) = (3,3, —4) for t = —1. Thus the planes are parallel at the point (—1, —3, 1). 


55. First we parametrize the curve of intersection. We can choose y = t; then « = y? = t? and z = a? = t*, and the curve is 
given by r(t) = (¢?,t, ty. v(t) 426,15 4t?) and the point (1, 1, 1) corresponds to t = 1, so r’(1) = (2,1, 4) is a normal 
vector for the normal plane. Thus an equation of the normal plane is 


(t 1 
2(a@—1)+1(y—1)+4(z-1) =Oor2a+y+4z2=7. T(t)= =a = Toe eae") and 


T’(t) = —$(4t? + 1+ 16¢°)~*/?(8t + 962°) (2¢, 1, 4t?) + (4? + 1+ 16t°)~1/? (2, 0, 12¢?). A normal vector for 


the osculating plane is B(1) = T(1) x N(1), but r’(1) = (2, 1, 4) is parallel to T(1) and 


T’(1) = —3(21)~°/2(104)(2, 1, 4) + (21)~1/?(2, 0, 12) = saat (31, —26, 22) is parallel to N(1) as is (—31, —26, 22), 


so (2,1, 4) x (—31, —26, 22) = (126, —168, —21) is normal to the osculating plane. Thus an equation for the osculating 


plane is 126(a — 1) — 168(y—1)-—21(z-1)=0 or 6x-—8y-—z=-3. 
57. r(t) = (e’ cost,e’sint,e") =  r‘(t) = (e"(cost —sint),e’(cost + sint),e") so 


|r’ (t)| = \/e?4(cost — sin t)? + e2*(cost + sint)? + e2# 


= Neg [2(cos? t + sin? t) — 2costsint + 2costsint + 1] = V3e7# = V3et 


(t 1 1 
and T(t) = a = —— (e'(cost — sint), e’(cost + sint), e") = — (cost — sint, cost + sint, 1). The vector 


Ir'@®|  vBet v3 
k = (0,0, 1) is parallel to the z-axis, so for any ¢, the angle a between T(t) and the z-axis is given by 


T(t)-k (cost — sint, cost + sint, 1) - (0,0, 1) 


1 
|T(t)] [kl wv (cost — sint)? + (cost +sint)? +1 V1 ~ \/2(cos? t + sin? t) +1 


is constant; specifically, a = cos~1(1//3) = 54.7°. 


cosa = Thus the angle 


bs 
77 


N(t) = T’(t) E (1/3) (—sint — cost,—sint+cost,0) 1 


ra (1/V3),/2 (sin? t + cos?) v2 


(—sint — cost, —sint + cost, 0), and the angle 3 


N(t)-k 


made with the z-axis is given by cos 8 = —~~—— =0,s0 8 = 90°. 
IN(t)| |k| 
B(t) = T(t) x N(t) = Fi (sint — cost, — sint — cost, 2) and the angle 7 made with the z-axis is given by 
1 : é 
B(t)-k Te (sint — cost, — sint — cost, 2) - (0,0, 1) 2 


cosy = = or equivalently Mg Again the angle is 


|B(t)| |k| Fv (sint — cost)? + (—sint — cost)? +4V1 = V6 


constant; specifically, y = cos~*(2/./6)  35.3°. 
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dT | av 
_|aT | |aT/dt| |e /at aT /dt lala — av/at av . 
59. & ds a ds /dt and N aT aay’ °° KN dT lds de] dl A by the Chain Rule. 
dt | di 
dB dB 
61. (a) |B) =1 B-B=1 «(B-B)=0 2 .B=0 1B 
)B=TxN = 
dBod d haa 1 1 
—— = — (Tx N) = —(Tx N) —~— = — (Tx N) —— = |(Tl’x N TxN 
ie a ON) age Oe ee ae ON OL ee ee 
T 1 TxN’ dB 
oss , ee. 1 = bound 
= [(@ * ay) +N) rol re as 


()B=TXxN => TLN,BLTandB LN. SoB, T and N form an orthogonal set of vectors in the three- 
dimensional space R®. From parts (a) and (b), dB /ds is perpendicular to both B and T, so dB/ds is parallel to N 
Therefore, dB/ds = —r(s)N, where 7(s) is a scalar. 

(d) Since B = T x N, T 1 N and both T and N are unit vectors, B is a unit vector mutually perpendicular to both T and 


N. Fora plane curve, T and N always lie in the plane of the curve, so that B is a constant unit vector always 


perpendicular to the plane. Thus dB/ds = 0, but dB/ds = —r(s)N and N £ 0, so r(s) = 0. 


Ba@ar=s'T S&S vr =s"TH+8'T=8"T+8' as = s"T +4(s’)? N by the first Serret-Frenet formula. 


(b) Using part (a), we have 
r xr’ =(s'T) x [8 T+ x(s')? N] 
= [(s' T) x (s” T)] + [(s'T) x (K(s')? N)] 
= (s's")(T x T) + «(s')?(T x N) = 04+ «(s’)? B = k(s')?B 


[by Property 3 of Theorem 12.4.11 ] 


(c) Using part (a), we have 


yr” = [s’ T+ K(8')? N]’ = gs" T+ 5" T’ + k/(s')? N + 2Ks's"” N+ K(s')? N’ 


rs ae os ie K/(s')2 N+ 2ns's"” N+ 4(s')? = 3! 
=s"T+5"s'KN+4/(s')? N 4 2K8's"N 4+ «(s')?(-—K T +7B) [by the second formula] 


= [s!” — «?(s')3] T + [3x8'8” +4! (s’)?] N+ 47(s')? B 


(d) Using parts (b) and (c) and the facts that B- T = 0,B-N=0,andB- B =1, we get 
ao + «/(s')?] N+ KT(s’)3 B} = K(s')?«7(s')3 _ 


(x! NG r’) ; rv” = K(s')? B. {[s!” _ k?(s')?] T as [3Ks s 
jr? x 2"? |«(s")3 BI? [x(s")3]? 
bie Sat at a She er Sh or = 00,2) Sa Xe 
el xr)” 2, 24,1) + (0,0,2) 2 
jr’ x rv”? t44 442 +1 t44 4t2 +1 
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67. For one helix, the vector equation is r(t) = (10 cos t, 10 sin t, 34¢/(27)) (measuring in angstroms), because the radius of each 


helix is 10 angstroms, and z increases by 34 angstroms for each increase of 27 in t. Using the arc length formula, letting t go 


from 0 to 2.9 x 10° x 27, we find the approximate length of each helix to be 


2.9x108 x27 


[= fo 08%" el ey] dt = f29%10%2" | /(_10 sint)? + (10 cosz)? + ($4) dé = y/100+ (4) j 


0 


= 2.9 x 108 x 2m \/100 + (24)” ~ 2.07 x 10'° A — more than two meters! 


13.4 Motion in Space: Velocity and Acceleration 


1. (a) Ifr(t) = x(t)i+ y(t) j + z(£) k is the position vector of the particle at time ¢, then the average velocity over the time 
interval [0, 1] is 


a sees _ (4.5i1+6.0j +3.0k) = (2.71498j4+3.7K) 15: 38: o7k 


Similarly, over the other intervals we have 


r(1)—r(0.5) _ (4.51+6.0j+3.0k) — (3.51+ 7.25 + 3.3k) 


(0.5, 1]: Vave = 1205 — 05 = 2.0i—2.4j-—0.6k 
ae Seat: @)— #0) _ (7314785 +2.7k) = (4516054308) 5414 rayne 
nee eee tee _ (EE ES 2 el A BL) pier on ee gue 


(b) We can estimate the velocity at = 1 by averaging the average velocities over the time intervals [0.5, 1] and [1, 1.5): 


v(1) © $[(2i—2.4j — 0.6k) + (2.81+0.8j — 0.4k)] = 2.4i — 0.8j — 0.5k. Then the speed is 


|v(1)| © \/ (2.4)? + (—0.8)2 + (—0.5)? © 2.58. 


v2) 
3. r(t) = (-3t?,t) => Att = 2: (2,2) 
v(t) =r"(t) = (-t,1) v(2) = (-2,1) ny 
7 0x 
a(t) = r"(t) = (~1,0) a(2) = (-1,0) 
|v(t)| = Vt? +1 
Notice that 2 = — Ys so the path is a parabola. 
5. r(t) =3costi+2sint] => Att = 1/3: 
v(t) = —3sinti+2costj v(z) =—-*8i4+j 
a(t) = —3costi-—2sintj a(Z) =—-3i- v3j 


|v(t)| = V/9sin? t + 4cos?t = V/5sin? t + 4sin? t + 4 cos? t 


= 4+ 5sin?t 


Notice that x” /9 + y?/4 = sin? t + cos” t = 1, so the path is an ellipse. 
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7. r(t) =ti+?j+2k Att=1: 
v(t) =i+ 2tj v(1) =i4+2j 
a(t) = 2j a(1) = 2j 
|v(t)| = V1 + 4t? 
Here x = t, y = t? y = x* and z = 2, so the path of the particle is a 


parabola in the plane z = 2. 


9. r(t) = (t? + t,t? - t,t?) v(t) =r'(t) = (2¢ +1, 2¢- 1,327), a(t) = v'(t) = (2,2, 62), 


|v(t)| = /Qt+ 1? + @t— 1)? + BE)? = V9 + BF +2. 


"1. r(t) = /2tit+e’jte'k v(t) =r (t) = V2i+ej—e'k, a(t) =v (t)=e'jt+e'k, 
|v(t)| = V2 +e Fe-% = Jee Fe? = eb +e*. 


13. r(t) = e’(cost,sint,t) => 
v(t) =r'(t) =e! (cost, sint, t) + e* (—sint, cost, 1) = e* (cost — sint, sint + cost, t + 1) 
a(t) = v'(t) = e’(cost — sint — sint — cost, sint + cost + cost — sint,t +1+1) 


= e'(—2sint, 2cost,t + 2) 


|v(t)| = e'\/cos? t + sin? t — 2costsint + sin? t + cos? ¢ + 2sintcost + 12 + 2¢+1 
=e'/t? +2643 


15. a(t) = 2i+ 2tk v(t) = f a(t) dt = {(2i+ 2tk) dt = 2ti+t?k-+C. Then v(0) = C but we were given that 


v(0) = 3i—j, soC = 3i—jand v(t) = 241+ ?k+ 3i-j = (2t+3)i-j+k 
r(t) = f v(t) dt = f [(2¢+3)i—j+t?k] dt = (#? + 3t)i—-tj+ $t?k + D. Here r(0) = D and we were given that 
r(0) =j+k,soD =j+kandr(t) = (¢? + 3t)i+(1-#)j+(404+1)k 

17. (a) a(t) = 2ti+sintj+cos2tk > (b) 


v(t) = f (2ti+sintj+cos2tk) dt = t?i-costj+4sin2tk+C 


andi = v (0) = —j+ C,soC =i+j 


0.6 
and v(t) = (#? + 1)i+ (1 —cost)j+ 4sin2tk. ae 
0 
r(t) = f[(#? +1) i+ (1 —cost)j+ 4 sin 2tk]dt : ny 
200 
0 y 
= (40° +t) i+ (t—sint)j—4cos2tk+D a sage 10 


But j =r (0) =—4k+D,soD=j+ 4kandr(t) = (40° + t) i+ (t—sint + 1)j+ (4 — 4.cos2t)k. 


19. r(t) = (2, 5t, t? — 162) v(t) = (2t, 5, 2t — 16), |v(t)| = V4? + 25 + 40 — 64t + 256 = /8t? — 64t + 281 


and. < |v(t)| = 4(8¢? — 64¢ + 281)~!/?(16¢ — 64). This is zero if and only if the numerator is zero, that is, 
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16¢t — 64 = Oort = 4. Since £ |v(t)| < 0 fort < 4 and < |v(t)| > 0 for t > 4, the minimum speed of \/153 is attained 
at t = 4 units of time. 
21. |F(¢)| = 20 N in the direction of the positive z-axis, so F(t) = 20k. Also m = 4kg, r(0) = Oand v(0) =i—j. 
Since 20k = F(t) = 4 a(t), a(t) = 5k. Then v(t) = 5tk + ci where c; = i—jso v(t) =i—j-+ 5tk and the 
speed is |v(t)| = /1 + 1+ 25t? = V/25t? +2. Also r(t) = ti—tjt+ 3t? k + cz and 0 = r(0), soc2 = 0 
and r(t) =ti-tj+ 3t?k. 
23. |v(0)| = 200 m/s and, since the angle of elevation is 60°, a unit vector in the direction of the velocity is 
(cos 60°)i + (sin 60°)j = 41+ ai: Thus v(0) = 200 ($i + Gj) = 100i + 100 V3 and if we set up the axes so that the 
projectile starts at the origin, then r(0) = O. Ignoring air resistance, the only force is that due to gravity, so 
F(t) = ma(t) = —mgj where g © 9.8 m/s”. Thus a(t) = —9.8j and, integrating, we have v(t) = —9.8tj + C. But 
100i + 100 ./3j = v(0) = C, so v(t) = 100i+ (100 V3 - 9.8¢) j and then (integrating again) 
r(t) = 100ti+ (100 /3t — 4.9¢7) j + D where 0 = r(0) = D. Thus the position function of the projectile is 
r(t) = 100ti+ (100 V3t — 4.927) j. 


(a) Parametric equations for the projectile are x(t) = 100, y(t) = 100 /3t — 4.9t7. The projectile reaches the ground when 


y(t) =O(andt>0) = 100V3t— 4.91? = t(100 V3 — 4.9t) =0 t 1008 ~~ 35.3 s. So the range is 


v(x ye 100 (29x48 ) = 3535 m. 


(b) The maximum height is reached when y(t) has a critical number (or equivalently, when the vertical component 


of velocity is 0): y/(t) =0 => 100V/3—9.8t=0 t 1903 ~~ 17.7 s. Thus the maximum height is 


y (ex) = = 100 v3 (292) 4.9(100¥8) ~ 1531 m. 


100Vv3 


(c) From part (a), impact occurs at t = s. Thus, the velocity at impact is 


v(4¥8) = 100i+ [100 v3 9.8(40¢¥2)] j = 1004 — 100 V3j and the speed is 
|v (22) | = v10000 + 30,000 = 200 m/s. 


25. As in Example 5, r(t) = (vo cos 45° )ti + [(vo sin 45°)t — ggt?| j = $[vov2tit+ (voV2t - gt”) j]. The ball lands when 


vow 2 : : 1 V2 vo V2 
g g 


y=O(andt>0) => t= s. Now since it lands 90 m away, 90 = x = 5vo0 or ve = 90g and the initial 
velocity is vp = /90g © 30 m/s. 


27. As in Example 5, r(t) = (vo cos 36°)ti + [(vo sin 36°)t — $gt?] j and then 


v(t) =r'(t) = (vo cos 36°) i + [(vo sin 36°) — gt] j. The shell reaches its maximum height when the vertical component 
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29. 


31. 
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of velocity is zero, so (vo sin 36°) — gt = 0 po ub . The vertical height of the shell at that time is 1600 ft, so 
: ° : ° ye?) ° 

(vo sin 36”) — ) =tig oe ) Saag os (it 36° \- 3(= 36 ) alehae, 2s 
g g 2 g 

Peas ° 
1 2 2 \/3200(32) 32 
Losin Se" S600. = pee as : MENG?) ins 
2g sin’ 36 sin? 36 sin 36 


Place the catapult at the origin and assume the catapult is 100 meters from the city, so the city lies between (100, 0) 
and (600, 0). The initial speed is vo = 80 m/s and let 6 be the angle the catapult is set at. As in Example 5, the trajectory of 


the catapulted rock is given by r (t) = (80 cos 0)t i+ [(80 sin 0)t — 4.9¢7] j. The top of the near city wall is at (100, 15), 


which the rock will hit when (80cos#)t =100 => t= — and (80sin@)t — 4.917 =15 => 


2 
- 19(5 2 5) =15 => 100tan0@ — 7.65625 sec? 0 = 15. Replacing sec? 0 with tan? 0 + 1 gives 
cos 


5 
4cos 6 
7.65625 tan” 6 — 100 tan @ + 22.65625 = 0. Using the quadratic formula, we have tan 0 = 0.230635, 12.8306 => 
0 = 13.0°, 85.5°. So for 13.0° < @ < 85.5°, the rock will land beyond the near city wall. The base of the far wall is 


15 


located at (600, 0) which the rock hits if (80 cos 6)t = 600 t= Toso and (80sin@)t — 4.917 =0 = 
. 15 15--\? 2 
80 sin 0 - 4.9 =0 600 tan 6 — 275.625sec*9=0 => 
2cos 0 2cos 0 


275.625 tan? 6 — 600 tan 6 + 275.625 = 0. Solutions are tan 0 + 0.658678, 1.51819 = 6% 33.4°, 56.6°. Thus the 
rock lands beyond the enclosed city ground for 33.4° < 6 < 56.6°, and the angles that allow the rock to land on city ground 
are 13.0° < 6 < 33.4°, 56.6° < 0 < 85.5°. If you consider that the rock can hit the far wall and bounce back into the city, we 


calculate the angles that cause the rock to hit the top of the wall at (600, 15): (80 cos 0)t = 600 = 5 = 7 and 


(80sin0)t — 4.917 =15 = 600tan@ — 275.625sec?9=15 = 275.625 tan? 6 — 600 tan + 290.625 = 0. 
Solutions are tan 0 © 0.727506, 1.44936 = 0 36.0°, 55.4°, so the catapult should be set with angle 6 where 


13.0° < 0 < 36.0°, 55.4° < 6 < 85.5°. 


Here a(t) = —4j — 32k so v(t) = —4tj — 32tk + vo = —4tj — 32tk + 501+ 80k = 50i — 4tj + (80 — 32t) k and 


r(t) = 50¢i — 2t? j + (80¢ — 16¢7) k (note that ro = 0). The ball lands when the z-component of r(t) is zero 


and t > 0: 80¢ — 16t? = 16¢(5 — t) = 0 t = 5. The position of the ball then is 


r(5) = 50(5)i — 2(5)? j + [80(5) — 16(5)?] k = 250i — 50] or equivalently the point (250, —50, 0). This is a distance of 


1/250? + (—50)? + 0? = 65,000 ~ 255 ft from the origin at an angle of tan~* (3) ~ 11.3° from the eastern direction 


toward the south. The speed of the ball is |v(5)| = |50i — 20 j — 80k| = ,/50? + (—20)? + (—80)? = V9300 ~ 96.4 fis. 
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33. (a) After t seconds, the boat will be 5¢ meters west of point A. The velocity 20 


of the water at that location is =, (5t)(40 — 5t) j. The velocity of the 


boat in still water is 5i, so the resultant velocity of the boat is 


v(t) = 5i+ 73,(5t)(40 — 5t) j = 5i+ (3t — 40°) j. Integrating, we obtain 0 40 
r(t) = 5ti+ (30 — at) + C. If we place the origin at A (and consider j —4 
to coincide with the northern direction) then r(0) =0 = C= Oand we have r(t) = 5¢i+ (30? - it’) j. The boat 


reaches the east bank after 8 s, and it is located at r(8) = 5(8)i+ ( (8)? — 4(8)°) j = 40i+ 16j. Thus the boat is 16 m 


Aloo 


downstream. 
(b) Let a be the angle north of east that the boat heads. Then the velocity of the boat in still water is given by 


5(cos a) i+ 5(sin a) j. At t seconds, the boat is 5(cos a)t meters from the west bank, at which point the velocity 


of the water is 33, [5(cos a)t][40 — 5(cos a)t] j. The resultant velocity of the boat is given by 


v(t) = 5(cosa)i+ [5sina + 75 (5tcos a)(40 — 5tcosa)] j = (Scosa)i+ (5sina + 3t cosa — Xt? cos” a) j. 


Integrating, r(t) = (5t cosa) i+ (5t sina + 34? cos @ — it cos* ) j (where we have again placed 


40 8 


5cosa cosa’ 


the origin at A). The boat will reach the east bank when 5t cos a = 40 t 


In order to land at point B(40, 0) we need 5¢ sin a + 3y? cos @ — at co’? a=0 > 


2 3 
1 
5( 2 ) sina + 3( s ) cosa (2) co?a=0 => 
COS @ cos a@ cos @ cos @ 


40sina+16=0 => sina= —2, Thus a = sin7! (-2) = —23.6°, so the boat should head 23.6° south of 


(40 sin a + 48 — 32) =0 


5 
east (upstream). The path does seem realistic. The boat initially heads 12 
upstream to counteract the effect of the current. Near the center of the river, 
the current is stronger and the boat is pushed downstream. When the boat 0 40 
nears the eastern bank, the current is slower and the boat is able to progress 
upstream to arrive at point B. -12 


35. Ifr’(t) = x r(t) then r’(t) is perpendicular to both c and r(t). Remember that r’(t) points in the direction of motion, so if 
r’ (t) is always perpendicular to c, the path of the particle must lie in a plane perpendicular to c. But r’(£) is also perpendicular 
to the position vector r(t) which confines the path to a sphere centered at the origin. Considering both restrictions, the path 
must be contained in a circle that lies in a plane perpendicular to c, and the circle is centered on a line through the origin in the 


direction of c. 
37. r(t) =(P+1)i+ej = r’(t) = 214+ 30j, 


|r’ (t)| = /(2t)? + (3#?)2 = V/4t? + 9H =t/44 92? [sincet > 0], rv’ (t)=2i+6tj, r’(t) x r’(t) = 6t?k. 


[continued] 
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39. 


4. 


43. 


45. 


CHAPTER 13. VECTOR FUNCTIONS 


, Lp! 2 3 2 
Then Rue BRS (t)-r"'(t) _ (2t)(2) + (3t*)(6t) _ 4t + 18% 4 + 18t 


|r’ (t)| t/4 + 92 ~ H/aP 9 VEL OR 


1/2 


or by Equation 8, ar =v! = £ [tVo+ 9] =t- 4 (44.94?) ~/? (18t) + (44.917)? -1 


= (44927)? (94? +44 94?) = (4 + 1827) /V44 98 


Ir’(t)x r"(t)| 6H? sé 
|r'(t)| tW4+97 = Jf44 90? 


and Equation 10 gives an = 


r(t) =costi+sintj+tk r’(t) = —sinti+costj+k, |r’(¢)| = Vsin?t + cos?t+1= V2, 


r’(t) =—costi—sintj, r’(t) x r’(t) =sinti—costj+k. 


r’(t)-r’(t) — sint cost — sint cost jr’(t) x v"(t)|  Vsin?t+cos?t+1 V2 
Then ar = — = 0 and ayn = = —— =1 
a0) v2 ‘3 Ol v2 v2 
r(t) =Inti+ (#? + 3t)j + 4/tk r(t) = (1/t)i + (2¢4+-3)j + (2/Vi)k = 


v(t) = (—1/t?)i + 2j — (1/t9/2)k. The point (0, 4, 4) corresponds to t = 1, where 


r’(1)=i+5j+2k, r’(1)=-i+2j—k, and r’(1)xr"(1)=—9i—j+7k. Thusat the point (0,4, 4), 


ace r(1)-r“(1)  -14+10-2 7 ere Ir’(1) x r"(1)| — V81 +1449 | (= 
. [r’(1)| Vito 4 30 ~ Ir’(1)| V30 30” 


The tangential component of a is the length of the projection of a onto T, so we sketch 
the scalar projection of a in the tangential direction to the curve and estimate its length to 
be 4.5 (using the fact that a has length 10 as a guide). Similarly, the normal component of 


a is the length of the projection of a onto N, so we sketch the scalar projection of a in the 


normal direction to the curve and estimate its length to be 9.0. Thus ar = 4.5 cm/s? and 


ay & 9.0 cm/s”. 


If the engines are turned off at time t, then the spacecraft will continue to travel in the direction of v(t), so we need a t such 


8t 


that for some scalar s > 0, r(t) + s v(t) = (6,4,9). v(t) =r'(t) =i+ 34 @+ip * 
r(t) + sv(t)=(34+t+s 24 ing é + es => 384+t+s=6 => s=3-t 
a , tt’? #241 (t2+4+1)? 7 — , 
4 8(3 —t)t 24t — 12t? — 4 4 - 
fs ee —.————_ = 2 t t“ — 12¢ = 0. 
so 7 Pri’ @+? 9 <= (+1 e +8 +3=0 


i ; 3 ; : -—1 d ; 3 
It is easily seen that t = 1 is a root of this polynomial. Also 2 + In1 + s+ = 4, so t = 1 is the desired solution. 
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13 Review 
TRUE-FALSE QUIZ 


1. True. If we reparametrize the curve by replacing u = t?, we have r(u) = ui + 2uj + 3uk, which is a line through the origin 


with direction vector i+ 2j+3k. 


3. False. The vector function represents a line, but the line does not pass through the origin; the x-component is 0 only for t = 0 


which corresponds to the point (0, 3, 0) not (0, 0, 0). 


5. False. By Formula 5 of Theorem 13.2.3, < [u(t) x v(t)] = u’(t) x v(t) + u(t) x v(t). 


7. False. « is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with respect to t. 
9. True. At an inflection point where f is twice continuously differentiable we must have f” (a) = 0, and by Equation 13.3.11, 
the curvature is 0 there. 


11. False. If r(t) is the position of a moving particle at time ¢ and |r(¢)| = 1 then the particle lies on the unit circle or the unit 


sphere, but this does not mean that the speed |r’(t)| must be constant. As a counterexample, let r(t) = (t, /1 — #?), then 


r’(t) = (1, -t/V1— 7) and |r(t)| = Vt? 41 — @ = 1 but [r’(t)| = /1 + /(1 — #) = 1/V1— ? which is not 


constant. 


13. True. See the discussion preceding Example 7 in Section 13.3. 


EXERCISES 


1. (a) The corresponding parametric equations for the curve are x = t, 


y = cos mt, z = sin nt. Since y* + z” = 1, the curve is contained ina 


circular cylinder with axis the x-axis. Since x = t, the curve is a helix. 


(b) r(t) =ti+cos atj+sinzatk = 


r’(t) =i-—zsin mtj+7cos mtk 


r’(t) = —n’ cos mtj — 1? sin atk 


3. The projection of the curve C of intersection onto the zy-plane is the circle 2? + y? = 16, z = 0. So we can write 
x =Acost, y=A4sint, 0 < t < 27. From the equation of the plane, we have z = 5 — x = 5 — 4cost, so parametric 
equations for C are x = 4cost, y= 4sint, z = 5 — 4cost, 0 < t < 2m, and the corresponding vector function is 
r(t) = 4costi+4sintj+ (5 —4cost)k,0 <t < 27. 
8, fj (li+ toos mtj +sin mk) dt = (fj t? dt) i+ (J tos mtdt) j + (fj sin mtdt) k 
= [449], i+ (sin mt], = ie 4 sin mt dt) j + [—+ cos ntl) k 
=4i+ [cos mt] j+2k=4i-3j+2k 


where we integrated by parts in the y-component. 
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7. r(t) = (07,0°,t*) => r’(t) = (2t, 307,409) => |r'(t)| = V4? + 90 + 160° and 
L= ie |r’(t)| dt = i /4t? + 9t* + 1605 dt. Using Simpson’s Rule with f(t) = 4? + 9¢4 + 16¢6 and n = 6 we 
have At = 3-0 = 4 and 
Lr SH [f() +4f(5) + 2f(1) + 4F(§) + 2F(2) + 4F(3) + £)] 
JOFOFO +4: 4/4(2) +.9(4)* + 16(2)° +.2- MAG) + 9G + IO) 
+4. ay + 9G) +168) +2- TOP T9IGP + OOF 


+4-4/4(8) + 9(8)* + 16(8)° + VAG) + 9B) + 168) 


= 86.631 


9. The angle of intersection of the two curves, 6, is the angle between their respective tangents at the point of intersection. 
For both curves the point (1, 0,0) occurs when t = 0. 
ri(t) =—sinti+costj+k => rj(0)=j+kandr3(t) = i+ 2tj4+3°k => r5(0)=i. 
r (0) -r(0) = (j+k)-i=0. Therefore, the curves intersect in a right angle, that is, 9 = 90°. 


11. (a) r(t) = (sin? t, cos® t, sin” iS HOS 3 sin? t cost, —3cos” t sin t, 2 sin t cos ty 


|r’ (t)| = V9sin* t cos? t + 9 cos tsin? t + 4 sin? t cos? t 


sin? t cos? t (9sin? t + 9cos?¢ + 4) = 13 sintcost [sinceeO<t<7/2 = _ sint,cost > 0] 


r’(t) 1 3 ‘ 
Then T(t) = = 3sin? tcost, —3cos” tsint, 2sintcost) = —-& (3sint, —3 cost, 2). 
©) Ir’(t)| /13 sint cost ( ) 7a ( ) 
(b) T’(t) = Fq (3cost, 3sint, 0), |T’(t)| = Fa V9 cos? t + 9 sin? t+0= a ua 
T(t) 
N(t) = = } (3cost, 3sint,0) = (cost, sint, 0). 
|T(t)| 8 


(3sint, —3cost, 2) x (cost, sint,0) = vk 2 sin t, 2 cos t, 3) 


sb 
i) 


T(t V1 
(d) K(t) = ITO! = __ 3/vi3 — a or 3 sectcsct 
lr’(t)| /13sintcost 18 sintcost 


” 2 
oe. 3 mW 2 _ ly | = | 12a | _ 12 
13. y’ = 4a", y” = 122° and K(x) TESCO auE (T+ 1628)372° 8° K(1) = 17372 
15. r(t) = (sin 2t,t,cos2t) = r’(t) = (2cos2t,1,—-2sin2t) => T(t) = B (2.cos 2t,1,-2sin2t) => 
T’(t) = zx (—4sin 2t,0,—4cos2t) = N(t) = (—sin 2t,0,—cos2t). SoN = N(z) = (0,0,—1) and 


B=TxN= zx (—1, 2,0). So a normal to the osculating plane is (—1, 2,0) and an equation is 
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19. 


21. 


23. 
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r(t) =tinti+tjt+e‘k, v(t)=r'(t) =(1+Int)i+j—e‘k, 


(1+ Int)? + 1? + (—e*)? = \/2+ 2Int + (Int)? +e", a(t) =v/(t) = ¢it+e’*k 


v(t) = f a(t) dt = f(6ti+ 12¢? j — 6tk) dt = 3t7 i+ 4¢? j — 3t?k+C, buti-j+3k=v(0)=0+C, 

soC =i—j+3kand v(t) = (3t? + 1)i+ (408 — 1)j+ (3 — 3¢?)k. 

r(t) = f v(t) dt = (#8 + t)i+ (4 -—t)j+(3t-#)k+D. 

But r(0) = 0, so D = Oand r(t) = (¢? + t)i+ (4 — t)j + (3t— t?)k. 

Example 13.4.5 showed that the maximum horizontal range is achieved with an angle of elevation of 45°. In this case, 


however, the projectile would hit the top of the tunnel using that angle. The horizontal range will be maximized with the 


largest angle of elevation that keeps the projectile within a height of 30 m. From Example 13.4.5 we know that the position 
function of the projectile is r(t) = (vo cosa)t i+ [(vo sina)t — sgt? | j and the velocity is 
v(t) =r'(t) = (vo cosa)i+t [(vo sina) — gt] j. The projectile achieves its maximum height when the vertical component of 


vo sin @ 


velocity is zero, so (vo sina) — gt = 0 t= . We want the vertical height of the projectile at that time to be 


; . 2 
30 m: (vosina) (PEP) — py (EBA) =30 => 


g g 
22 22 2:2 
vosinta\ 1 /vosinta\) _ pe ips MOR ee le a 30(29) = 60(9.8) — 0.3675 => 
g 2 g 29 U6 40? 


sin a = 0.3675. Thus the desired angle of elevation is a = sin~! /0.3675 = 37.3°. 


vgsin2a _ 40° sin(74.6°) 


= 157.4 m. 
98 57.4m 


From the same example, the horizontal distance traveled is d = 


(a) Instead of proceeding directly, we use Formula 3 of Theorem 13.2.3: r(t) =tR(t) > 
ver (t)=R(t)+tR'(t) =coswti+sinwtj+tva. 

(b) Using the same method as in part (a) and starting with v = R(t) +¢R’(t), we have 
a=v' =R’(t)+R'(t)+tR’(t) =2R(t) +tR"(t) =2vat tag. 

(c) Here we have r(t) = e~' coswti+ e~‘sinwtj = e~* R(t). So, as in parts (a) and (b), 
ver(t)=e'R(t)-e'R) =e '[R'()-RW)] = 
a=v' =e "[R’(t) -—R’(t)] —e '[R'(t) —R(@)] =e '[R’(t) —2R'(t) + R(t) 

=e 'ag—2e'vate'R 


Thus, the Coriolis acceleration (the sum of the “extra” terms not involving ag) is —2e~* va + e * R. 
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L] PROBLEMS PLUS 


1. (a) r(t) = Reoswti+ Rsinwtj v=r'(t) = —wRsinwtit+ wRceoswtj, sor = R(coswti+ sinwtj) and 
v =wR(—sinwti+coswtj). v-r =wR?(—coswt sinwt + sinwtcoswt) = 0, so v | r. Since r points along a 


radius of the circle, and v | r, v is tangent to the circle. Because it is a velocity vector, v points in the direction of motion. 


(b) In (a), we wrote v in the form w u, where u is the unit vector — sin wt i+ coswtj. Clearly |v| =wR|u| = wR. At 


: : F ee 2 2 
speed wR, the particle completes one revolution, a distance 27 R, in time T’ = at == 
7) w 
(c)a= = = —w* Reoswti- w* Rsinwt j = —w* R(coswti-+ sinwtj), soa = —w°r. This shows that a is proportional 


to r and points in the opposite direction (toward the origin). Also, |a| = w? |r| = w? R. 


2 2 
(d) By Newton’s Second Law (see Section 13.4), F = ma, so |F| = m|a| = mRw? my a mv 
3. (a) The projectile reaches maximum height when 0 = ape a [(vo sin a)t — 5gt"] = vo sina — gt; that is, when 


A . : 2 2:2 

1 ae : ‘ . 

t= Vos and y = (vo sina) (“ casas 2) 59 ( a *) =o > © This is the maximum height attained when 
g g g g 


the projectile is fired with an angle of elevation a. This maximum height is largest when a = 90°. In that case, sina = 1 


2 
and the maximum height is ae 
g 


: : : 1 
(b) Let R= v / g. We are asked to consider the parabola «? + 2Ry — R? = 0 which can be rewritten as y = ——~ x? + a 


2R 2 
: ates : : -1, R eentess 
The points on or inside this parabola are those for which —-R < x < RandO<y< IR a+ z When the projectile is 
fired at angle of elevation a, the points (a, y) along its path satisfy the relations x = (vp cos a) t and 


y = (vosina)t — $gt?, where 0 < t < (2vo sina)/g (as in Example 13.4.5). Thus 


2vo sin a 
Vo COS @ {| ————— 
g 


Own si 
For ¢ in the specified range, we also have y = t(vo sin a — sgt) = a - t) > 0 and 
g 


v9 


2 
|z| < =o. 


sin 2a| < 


= |R|. This shows that -—R<a< R. 


2 
. x g x g 2 1 2 
= ee BE 2 PS t Th 
y= Kons) vocosa 2 (= =) tenes 2u2 costa 2Rcos*a sane a ets 
sles ke = oe ee ee 
= t. =f 
4 G t r) 2R cos? a 2R° 7 noe 
2 2 2 2 
x 1 R_ «(1—-sec*a)+2R(tana)x«¢—R 
sal aia) iano e 2 2R 
_ —(tan? a) 2? +2R(tana)z—R?  —|(tana)« — RI? 2% 
2R 7 2R = 


177 
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We have shown that every target that can be hit by the projectile lies on or inside the parabola y = — - x? + a 
1 
2k 
We seek an angle a such that (a, b) lies in the path of the projectile; that is, we wish to find an angle a such that 


= 1 
2R cos? a 


Now let (a, b) be any point on or inside the parabola y x? + z., Then—-R<a< RandO<bd< - sp a? + =. 


-l 
a” + (tana) a or equivalently b = — (tan” a + 1)a” + (tana) a. Rearranging this equation we get 


b= 
2R 


2 2 
oR tan? a — atana + & + ) = 0ora?(tana)? — 2aR(tana) + (a? + 2bR) = 0 (x). This quadratic equation 
for tan a has real solutions exactly when the discriminant is nonnegative. Now B? —4AC >0 © 


(—2aR)? — 4a?(a? + 2bR)>0 © 40°(R?—a?—2bR)>0 & -a?-20R+R?>0 6 


1 -1 : ae . . ‘ ae 
b< oR (R? — a?) b< oR a? + =. This condition is satisfied since (a, b) is on or inside the parabola 
oe eee ae delays . : 
y= oR x + >" It follows that (a, b) lies in the path of the projectile when tan a satisfies (x), that is, when 
2aR + \/4a?(R? — a? — 2bR) RtvVR? — 2bR-—- a? 
tan @ = AS 
2a? a 
(c) If the gun is pointed at a target with height h at a distance D downrange, then 
tana = h/D. When the projectile reaches a distance D downrange (remember 
h 
we are assuming that it doesn’t hit the ground first), we have D = x = (vo cosa)t, 
D D? 
F 142 g 
sot= ee and y = (vo sina)t — sgt” = Dtana — Su costa 
Meanwhile, the target, whose x-coordinate is also D, has fallen from height h to height 
142 gD” 
h— sgt = Dtana— Decora Thus the projectile hits the target. 
5. (a)a=—gj v=vo—gtj = 2i-gtj s=so + 2ti- 4g? f =3.5j+2ti-dgt?j = 


s= 2ti+ (3.5 = sgt”) j. Therefore y = 0 when t = ,/7/g seconds. At that instant, the ball is 2 ,\/7/g = 0.94 ft to the 
right of the table top. Its coordinates (relative to an origin on the floor directly under the table’s edge) are (0.94,0). At 


impact, the velocity is v = 2i— ,/7gj, so the speed is |v| = /4+ 7g = 15 ft/s. 


dy _ dy/dt _-gt _-9V7/9 _-V79 whe cota = VI 
dx da /dt 2 2 Dg 


(b) The slope of the curve when t = i is 5 


and 6 = 7.6°. 


(c) From (a), |v| = ./4-+4 7g. So the ball rebounds with speed 0.8 .,/4-+ 7g ~ 12.08 ft/s at angle of inclination 


2* 
90° — 6 & 82.3886°. By Example 13.4.5, the horizontal distance traveled between bounces is d = eae where 


vo & 12.08 ft/s and a & 82.3886°. Therefore, d + 1.197 ft. So the ball strikes the floor at about 


2,/7/g + 1.197 = 2.13 ft to the right of the table’s edge. 
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7. The trajectory of the projectile is given by r(t) = (ucosa)ti+ [(v sina)t — 3 gt?| j, so 


v(t) =r'(t) = vcosai+ (vsina — gt) j and 


2 2 
|v(t)| = /(v cosa)? + (vsina — gt)? = \/v? — (Qugsina)t + gt? = 4/9? G — a (sina) t+ =) 


— 2v 
g 


(2v/g) sin w (2v/g) sina e 2 v? 
La) = [ Ive] at = f gy|(t-Zsine) +S eostadt 
) 0 g g 


: 2 2 
=g9 Pou sine t— “sina + ” cosa 
2 g g 


[(v/g) cos a]? ee v. \. fv 2 
4+_ 3 ——_ln eee: ee + Fae 


sin a, so the distance traveled by the projectile is 


(2v/g) sina 
2 


{using Formula 21 in the Table of Integrals] 


==> })— sina —sina) +{-—cosa] + {-—cosa] In| -—sina+ —sina] + |-—cosa 
2/9 g g g g g g 
2 2 2 2 2 
U5 Uv. Vv U oy US 0) 
+ -—sina (Zsina) + (2 cosa) = (2 cosa) In| —- sina + (2 sina) + (: cosa) 
g g g g g g g 


giv. Vv uv 2 Wo Vv Vv. Vv v2 2 Vv, Vv 
sinq@:-—-+ 7 COS aln sina + t sina: y COS aln| —— sina + — 
219 g9 9g g g g g9 9g g g 


v v ( (v/g) sina +v/g ) _v v? (Z=s) 


; ; 2 
a. ] — ] 
= sina +> cos* a ln =Wyanacoe ee ia ain = sina 


We want to maximize L(a) for0 <a < 7/2. 


F v v 2 1—sina 2cos a : 1+sina 
L'(a) = — cosa+ — |cos*a- —- ——; — 2cosa sina In{ ——_— 
g 1+sina (1 — sina) 1—sina 


— 2cosa sina n(-+S2*)) 


2g COs a 1—sina 
v v : 1+sina v : 1+sina 
= — cosa + — cosa |1 — sina Inj ———— ]] = — cosa |2— sina Inf ———— 
g g 1—sina g 1—sina 
= : F : 1+ sina : 
L(q) has critical points for0 <a < 7/2when L'(a)=0 => 2 -sinaln Tenau) 0 [since cosa ¥ 0]. 


Solving by graphing (or using a CAS) gives a © 0.9855. Compare values at the critical point and the endpoints: 


L(0) = 0, L(x/2) = v?/g, and L(0.9855) = 1.20v?/g. Thus the distance traveled by the projectile is maximized 
for a % 0.9855 or & 56°. 
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9. We can write the vector equation as r(t) = at? + bt + ¢ where a = (a1, a2, a3), b = (b1, bz, b3), and ¢ = (c1, c2, ¢3). 
Then r’(t) = 2ta + b which says that each tangent vector is the sum of a scalar multiple of a and the vector b. Thus the 
tangent vectors are all parallel to the plane determined by a and b so the curve must be parallel to this plane. [Here we assume 
that a and b are nonparallel. Otherwise the tangent vectors are all parallel and the curve lies along a single line.] A normal 
vector for the plane is a x b = (a2b3 — azb2,a3b1 — aib3,a1b2 — a2bi). The point (c1, c2, c3) lies on the plane (when 
t = 0), so an equation of the plane is 


(a2b3 _ agzb2)(x _ C1) + (a3b1 _ a1b3)(y _ C2) + (aib2 = azb1)(z _ c3) =0 


or 


(a2b3 — agb2)x + (a3b1 — aibs)y + (a1b2 — a2b1)z = azb3c1 — agbecr + a3bice — aib3c2 + aibecs — a2bics 
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14 [LL] PARTIAL DERIVATIVES 


14.1 Functions of Several Variables 


1. (a) From Table 1, f(—15, 40) = —27, which means that if the temperature is —15°C and the wind speed is 40 km/h, then the 
air would feel equivalent to approximately —27°C without wind. 


(b) The question is asking: when the temperature is —20°C, what wind speed gives a wind-chill index of —30°C? From 


Table 1, the speed is 20 km/h. 


(c) The question is asking: when the wind speed is 20 km/h, what temperature gives a wind-chill index of —49°C? From 


Table 1, the temperature is —35°C. 


(d) The function W = f(—5,v) means that we fix T’ at —5 and allow v to vary, resulting in a function of one variable. In 
other words, the function gives wind-chill index values for different wind speeds when the temperature is —5°C. From 
Table 1 (look at the row corresponding to 7’ = —5), the function decreases and appears to approach a constant value as v 
increases. 

(e) The function W = f(T, 50) means that we fix v at 50 and allow T to vary, again giving a function of one variable. In 
other words, the function gives wind-chill index values for different temperatures when the wind speed is 50 km/h. From 


Table 1 (look at the column corresponding to v = 50), the function increases almost linearly as T increases. 


3. P(120, 20) = 1.47(120)° °° (20)°?° ~ 94.2, so when the manufacturer invests $20 million in capital and 120,000 hours of 
labor are completed yearly, the monetary value of the production is about $94.2 million. 
5. (a) f (160, 70) = 0.1091(160)°-47°(70)°:7?° = 20.5, which means that the surface area of a person 70 inches (5 feet 10 
inches) tall who weighs 160 pounds is approximately 20.5 square feet. 
(b) Answers will vary depending on the height and weight of the reader. 
7. (a) According to Table 4, f(40, 15) = 25, which means that if a 40-knot wind has been blowing in the open sea for 15 hours, 
it will create waves with estimated heights of 25 feet. 


(b) h = f(30, ¢) means we fix v at 30 and allow ¢ to vary, resulting in a function of one variable. Thus here, h = f (30, t) 
gives the wave heights produced by 30-knot winds blowing for ¢ hours. From the table (look at the row corresponding to 
v = 30), the function increases but at a declining rate as ¢ increases. In fact, the function values appear to be approaching a 


limiting value of approximately 19, which suggests that 30-knot winds cannot produce waves higher than about 19 feet. 
(c) h = f(v, 30) means we fix t¢ at 30, again giving a function of one variable. So, h = f(v, 30) gives the wave heights 


produced by winds of speed v blowing for 30 hours. From the table (look at the column corresponding to t = 30), the 
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function appears to increase at an increasing rate, with no apparent limiting value. This suggests that faster winds (lasting 


30 hours) always create higher waves. 


9. (a) g(2, -1) = cos(2 + 2(—1)) = cos(0) = 1 


(b) x + 2y is defined for all choices of values for x and y and the cosine function is defined for all input values, so the domain 


of g is R®. 


(c) The range of the cosine function is [—1, 1] and x + 2y generates all possible input values for the cosine function, so the 


range of cos(x + 2y) is [—1, 1]. 


11. (a) f(1,1,1) = V1+ V1+V1+n4- 1? - 1? - 1?) =34+m1=3 


(b) V2, VUs /z are defined only when x > 0, y > 0, z > 0, and In(4 — ge? — y’ _ 3?) is defined when 
4— x? -y? -2>0 6 2# +y? +2? < 4, thus the domain is 
{(2, y,z) | x? + y +2< 4,x4>0,y>0,z25 O}, the portion of the interior of a sphere of radius 2, centered at the 


origin, that is in the first octant. 


13. \/x — 2 is defined only when x — 2 > 0, or x > 2, and \/y — I is defined y 


only when y — 1 > 0, or y > 1. So the domain of f is 


{(x,y) | 22, y 2 1}. 


0| i) x 
15. In(9 — 2? — 9y?) is defined only when 17. gisnot defined ifa+y=0 & y=-—za (and 
9 — x? — 9y? > 0, or $2” +y? <1. So the domain of f is defined otherwise). Thus the domain of g is 


is {(x,y) 1,2 tyr< 1}, the interior of an ellipse. {(a,y) | y 4 —a}, the set of all points in R? that are not 


on the line y = —a. 
y 
By yA 
1 ‘\ 
=x? + y? — mK. 
eo -- Sy 
“in| aS ~ == SS 

iC 2, 5 yy x ‘ 
0 Bm x —eEeEeEeEeE——EE—— 


ae eee || ee 
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19. \/y — x? is defined only when y — x? > 0, or y > 2”. 21. f is defined only when4d—2?>0 —& -2<a2<2 
2 2 
In addition, f is not defined if1—22=0 © and 9—y° 20 @ —3Sy<3 and 1l—2°20 
<= -1< 2< 1. Thus the domain of f is 
{(z,y,z)| -2<a"<2,-3<y<3, -1<z< 1}, 


x = +1. Thus the domain of f is 


{(v,y) |y>2?, «© # +1}. 


a solid rectangular box with vertices (+2, +3, +1) 


(all combinations). 


23. The graph of f has equation z = y, a plane which 25. z = 10 — 4a — 5y or 4a + 5y + z = 10, a plane with 
intersects the yz-plane in the line z = y, x = 0. The intercepts 2.5, 2, and 10. 


portion of this plane in the first octant is shown. 
Z: 
y 4 
x y: 


27. z = sin a, a cylinder. 29. z = «7 + 4y? + 1, an elliptic paraboloid opening upward 


with vertex at (0,0, 1). 


Z 
ZA 
y 
x 
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2 2 
31.2 = \/4— 4a? —y? so 4a? +y? + 2? =4 or e+ eyo a1 


and z > 0, the top half of an ellipsoid. 


DY (0, 2. 0) 


33. The point (—3, 3) lies between the level curves with z-values 50 and 60. Since the point is a little closer to the level curve with 
z = 60, we estimate that f(—3,3) ~ 56. The point (3, —2) appears to be just about halfway between the level curves with 
z-values 30 and 40, so we estimate f (3, —2) = 35. The graph rises as we approach the origin, gradually from above, steeply 


from below. 


35. The point (160, 10), corresponding to day 160 and a depth of 10 m, lies between the isothermals with temperature values 
of 8 and 12°C. Since the point appears to be located about three-fourths the distance from the 8°C isothermal to the 12°C 
isothermal, we estimate the temperature at that point to be approximately 11°C. The point (180, 5) lies between the 16 and 


20°C isothermals, very close to the 20°C level curve, so we estimate the temperature there to be about 19.5°C. 


37. Near A, the level curves are very close together, indicating that the terrain is quite steep. At B, the level curves are much 


farther apart, so we would expect the terrain to be much less steep than near A, perhaps almost flat. 


39. The level curves of B(m, h) = 3 are - =k m = kh? or a 
k=18.5 

1 k=25 
equivalently h = \/m/k = wee since m > 0, h > 0. We draw the ae 
level curves for k = 18.5, 25, 30, and 40. 

The shaded region corresponds to BMI values between 18.5 and 25, 
those considered optimal. For a mass of 62 kg and a height of 152 cm 20 40 60 80 100 120 140 m 
: 62 ee ; : 

(1.52 m), the BMI is B(62, 1.52) = ism ™ 26.8, which is outside the optimal range. 


41. 43. 
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45. The level curves are x? — y* = k. When k = 0 the level 47. The level curves are. fx +y =kory=—/a+k,a 
curve is the pair of lines y = +a, and when k 4 0 the family of vertical translations of the graph of the root 
level curves are a family of hyperbolas (oriented function y = —,/z. 
differently for k > 0 than for k < 0). y 


0 
=1 
—2 
49. The level curves are ye” = k or y= ke *, a family of 51. The level curves are 8/x? + y2 =k or a? +y? =k? 
exponential curves. (k > 0), a family of circles centered at the origin with 


radius k?/?, 


53. The contour map consists of the level curves k = x? + Qy?, a family of 
ellipses with major axis the x-axis. (Or, if k = 0, the origin.) 


The graph of f(a, y) is the surface z = x” + 9y”, an elliptic paraboloid. 


yA 


If we visualize lifting each ellipse k = x? + 9y? of the contour map to the plane 


z = k, we have horizontal traces that indicate the shape of the graph of f. 
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55. The isothermals are given by k = 100/(1 + 2? + 2y”) or yf 
x? + 2y* = (100 —k)/k [0 < k < 100], a family of ellipses. 


87. f(z,y) = ay? — 2° 


z0 


yy) 


-2 0 72 0. -2 


The traces parallel to the yz-plane (such as the left-front trace in the graph above) are parabolas; those parallel to the xz-plane 
(such as the right-front trace) are cubic curves. The surface is called a monkey saddle because a monkey sitting on the surface 


near the origin has places for both legs and tail to rest. 


59. f(x,y) = e @+07)/8 (sin(x”) + cos(y’)) 


UNV AAY: 
NY 


Are 
ee | 
C> oa = O 


61. z = sin(zy) (a) C (b) II 
Reasons: This function is periodic in both x and y, and the function is the same when z is interchanged with y, so its graph is 
symmetric about the plane y = zx. In addition, the function is 0 along the x- and y-axes. These conditions are satisfied only by 
C and II. 

63. z = sin(x — y) (a) F (b) I 
Reasons: This function is periodic in both x and y but is constant along the lines y = x + k, a condition satisfied only 


by F and I. 


65. 2=—(1—27)(1-y*) (@B_ (b)VI 


Reasons: This function is 0 along the lines ¢ = +1 and y = +1. The only contour map in which this could occur is VI. Also 
note that the trace in the xz-plane is the parabola z = 1 — x? and the trace in the yz-plane is the parabola z = 1 — y?, so the 


graph is B. 
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67. k = x + 3y + 5z is a family of parallel planes with normal vector (1,3, 5). 

69. Equations for the level surfaces are k = y? + 2”. For k > 0, we have a family of circular cylinders with axis the a-axis and 
radius /k. When k = 0 the level surface is the x-axis. (There are no level surfaces for k < 0.) 

71. (a) The graph of g is the graph of f shifted upward 2 units. 
(b) The graph of g is the graph of f stretched vertically by a factor of 2. 
(c) The graph of g is the graph of f reflected about the xy-plane. 


(d) The graph of g(x, y) = —f (x, y) + 2 is the graph of f reflected about the xy-plane and then shifted upward 2 units. 


73. f(x,y) = 3a — a2 — 4y? — 10ry 


\\ \ 
\ \\ i) 
( \\ \\ 
yah Nth 
i l HN 
0 fe) 
) y 
Three-dimensional view Front view 


It does appear that the function has a maximum value, at the higher of the two “hilltops.” From the front view graph, the 
maximum value appears to be approximately 15. Both hilltops could be considered local maximum points, as the values of f 
there are larger than at the neighboring points. There does not appear to be any local minimum point; although the valley shape 


between the two peaks looks like a minimum of some kind, some neighboring points have lower function values. 


75. 


f(x,y) = = — a . As both x and y become large, the function values 


appear to approach 0, regardless of which direction is considered. As 
(x, y) approaches the origin, the graph exhibits asymptotic behavior. 
From some directions, f(x, y) — oo, while in others f(x, y) — —oo. 
(These are the vertical spikes visible in the graph.) If the graph is 


examined carefully, however, one can see that f(x, y) approaches 0 


along the line y = —a. 


77. f(z,y) = eon ty" First, if c = 0, the graph is the cylindrical surface 


2 . . 
z =e" (whose level curves are parallel lines). When c > 0, the vertical 
trace above the y-axis remains fixed while the sides of the surface in the 


x-direction “curl” upward, giving the graph a shape resembling an 


elliptic paraboloid. The level curves of the surface are ellipses centered at 


the origin. 


[continued] 
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For 0 < c < 1, the ellipses have major axis the x-axis and the eccentricity increases as c — 0. 


c = 0.5 (level curves in increments of 1) 


For c = 1 the level curves are circles centered at the origin. 


c = 1 (level curves in increments of 1) 


When c > 1, the level curves are ellipses with major axis the y-axis, and the eccentricity increases as c increases. 


c = 2 (level curves in increments of 4) 


For values of c < 0, the sides of the surface in the x-direction curl downward and approach the xy-plane (while the vertical 
trace x = 0 remains fixed), giving a saddle-shaped appearance to the graph near the point (0,0, 1). The level curves consist of 


a family of hyperbolas. As c decreases, the surface becomes flatter in the x-direction and the surface’s approach to the curve in 
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the trace x = 0 becomes steeper, as the graphs demonstrate. 


c = —2 (level curves in increments of 0.25) 


79. 2 =a? +y? + cary. When c < —2, the surface intersects the plane z = k 4 0 ina hyperbola. (See the following graph.) 
It intersects the plane x = y in the parabola z = (2 + c)x”, and the plane « = —y in the parabola z = (2 — c)x?. These 
parabolas open in opposite directions, so the surface is a hyperbolic paraboloid. 
When c = —2 the surface is z = x? + y? — 2ay = (x — y). So the surface is constant along each line x — y = k. That 
is, the surface is a cylinder with axis x — y = 0, z = 0. The shape of the cylinder is determined by its intersection with the 


plane x + y = 0, where z = 4a”, and hence the cylinder is parabolic with minima of 0 on the line y = . 


c=-5,z=2 


When —2 <c < 0, z > 0 for all x and y. If x and y have the same sign, then 


ety tery >a? +y? — wy = («#— y)° > 0. If they have opposite signs, then cvy > 0. The intersection with the 
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surface and the plane z = k > 0 is an ellipse (see graph below). The intersection with the surface and the planes x = 0 and 
y = Oare parabolas z = y” and z = x? respectively, so the surface is an elliptic paraboloid. 


When c > 0 the graphs have the same shape, but are reflected in the plane x = 0, because 
x? +y? + cay = (—a)? + y? + (—c)(—«)y. That is, the value of z is the same for c at (a, y) as it is for —c at (—2, y). 


2 


=2: 


c=-l1,z=2 


So the surface is an elliptic paraboloid for 0 < c < 2, a parabolic cylinder for c = 2, and a hyperbolic paraboloid for c > 2. 


P P L\° P L\* 
81. P=bL°K-° —= = bL°k — i — 
, 2 ae i ae eane 


P L 
Ing Inb4 an( Z) 


(b) We list the values for In(L/K) and In(P/K) for the years 1899-1922. (Historically, these values were rounded to 


2 decimal places.) 


| Year | « =In(L/K) | y =1n(P/K) | Year | « =In(L/K) | y=In(P/K) 
1899 0 0 1911 —0.38 —0.34 
1900 —0.02 —0.06 1912 —0.38 —0.24 
1901 —0.04 —0.02 1913 —0.41 —0.25 
1902 —0.04 0 1914 —0.47 —0.37 
1903 —0.07 —0.05 1915 —0.53 —0.34 
1904 —0.13 —0.12 1916 —0.49 —0.28 
1905 —0.18 —0.04 1917 —0.53 —0.39 
1906 —0.20 —0.07 1918 —0.60 —0.50 
1907 —0.23 —0.15 1919 —0.68 —0.57 
1908 —0.41 —0.38 1920 —0.74 —0.57 
1909 —0.33 —0.24 1921 —1.05 —0.85 
1910 —0.35 —0.27 1922 —0.98 —0.59 


After entering the (x, y) pairs into a calculator or CAS, the resulting least squares regression line through the points is 
approximately y = 0.75136z + 0.01053, which we round to y = 0.75a + 0.01. 

(c) Comparing the regression line from part (b) to the equation y = Inb + ax with x = In(L/K) and y = In(P/K), we have 
a =0.75andInb=0.01 => 6 =e°°! = 1.01. Thus, the Cobb-Douglas production function is 


P= bL* K1-2 = 1.01L°° K-25, 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 14.2 LIMITS AND CONTINUITY 191 


14.2 Limits and Continuity 


1. In general, we can’t say anything about f(3, 1)! ne 5 f(x, y) = 6 means that the values of f(x, y) approach 6 as 
ry) (3, 


(a, y) approaches, but is not equal to, (3, 1). If f is continuous, we know that ; ine e f(x,y) = f(a, 6), so 
x,y)>(a, 


lim x,y) = f(8,1) =6. 
eat ee -18) 


3. We make a table of values of 


ay? + ay? — 5 
2— xy 


for a set 


f(x,y) = 


of (x, y) points near the origin. 


As the table shows, the values of f(x, y) seem to approach —2.5 as (a, y) approaches the origin from a variety of different 


directions. This suggests that ; in f(x,y) = —2.5. Since f is a rational function, it is continuous on its domain. f is 
x,y)—(0,0 
; sath ; 070° + 0°07? — 5 aoe 
defined at (0, 0), so we can use direct substitution to establish that lim — f(z,y) = = — x, verifying 
(x,y) (0,0) 2—0-0 2 
our guess. 


5. f(x,y) = xy? — 4y” is a polynomial, and hence continuous, so we can find the limit by direct substitution: 


ae F(a, y) = £(8,2) = (3)7(2)° — 4(2)? = 56. 


7. x — y is a polynomial and therefore continuous. Since sin t is a continuous function, the composition sin(x — y) is also 


continuous. The function y is a polynomial, and hence continuous, and the product of continuous functions is continuous, so 


f(x,y) = ysin(x — y) is a continuous function. Then ou ; fF, y) F(%; a) 5 sin (x +) =Zsing = 
x,y) (7,7 /2 


9. f(a, y) = (a* — 4y?)/(a? + 2y?). First approach (0, 0) along the a-axis. Then f(x,0) = x*/x? = a? for x 4 0, so 
f(a, y) > 0. Now approach (0, 0) along the y-axis. For y 4 0, f(0, y) = —4y/2y” = —2, so f(a, y) > —2. Since f has 


two different limits along two different lines, the limit does not exist. 


11. f(x,y) = (y* sin? z)/(a* + y*). On the x-axis, f(a, 0) = 0 for x 4 0, s0 f(x,y) — Oas (a, y) — (0,0) along the 


2282 +2 : 2 
1 
x-axis. Approaching (0, 0) along the line y = x, f(x, 2) = ot = i =o (==) for « £ 0 and 


= 1,s0 f(z,y) > 3. Since f has two different limits along two different lines, the limit does not exist. 
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13. f(x,y) = = We can sce that the limit along any line through (0, 0) is 0, as well as along other paths through 


(0,0) such as x = y? and y = x. So we suspect that the limit exists and equals 0; we use the Squeeze Theorem to prove our 


vy 


assertion. Since |y| < \/a? + y?, we have we < 1landso0< < |x|. Now |x| — Oas (x, y) — (0,0), 


x? + y? 


Ly 


so —Oandhence lim f(x,y) =0. 


(x,y) (0,0) 


xy? cosy 


15. Let f(x,y) = m4 yt 


. Then f(x, 0) = 0 for x 4 0, so f(x, y) — Oas (2, y) > (0,0) along the x-axis. Approaching 


2,2 4 
_ yy cosy _y cosy _ cosy eee 


(0,0) along the y-axis or the line y = x also gives a limit of 0. But he ae y) (PP + yt Dyfi 5 


so f(x,y) > 4 cos0 = 4 as (x,y) — (0,0) along the parabola x = y”. Thus the limit doesn’t exist. 


a ty? ety? e+yt+iltil 


lim lim : 
(%,y)>(0,0) \/n2? +y2 +1—1  § (%y)>(0,0) \/a? + y?2? 41-1 w+y2+1+1 


(2? +9?) (Ve +y24+14+ 1) 
= lim = lim (var FT +1) =2 


~ (wy) (0,0) x? + y? ~ (#,y)=(0,0 


17. 


19. e” is acomposition of continuous functions and hence continuous. xz is a continuous function and tan ¢ is continuous for 


t # = + nz (nan integer), so the composition tan(xz) is continuous for 2z # 5 + na. Thus the product 


2 . . . 
f(x,y, 2) =e" tan(zxz) is a continuous function for xz #4 % +-n7. If x = mand z = 4 thenxz A ¥ +nz, so 


lim f(x,y, 2) = f (m,0,1/3) =e” tan(m - 1/3) =1- tan(/3) = V3. 
(x,y,z) (7,0,1/3) 


2h 22 
21. f(z,y,2z) = a Then f(x, 0,0) = 0/x? = 0 for x 4 0, so as (x,y, z) > (0,0, 0) along the x-axis, 


f(x,y, z) — 0. But f(x, 2,0) = x? /(2x?) = 4 for x £0, so as (x,y, z) — (0,0, 0) along the line y = x, z = 0, 


f (x,y,z) — 4. Thus the limit doesn’t exist. 


23. From the ridges on the graph, we see that as (x, y) — (0, 0) along the 
th lines under the two ridges, f(x, y) approaches different values. So the 
q+ HTH TT a 
THT limit does not exist. 
Z 
-_ Ox 
0 
y 


25. h(a, y) = g(f(x,y)) = (2a + 8y — 6)? + \/2a + By — ©. Since f is a polynomial, it is continuous on R? and g is 
continuous on its domain {t | t > 0}. Thus A is continuous on its domain 


{(x,y) | 2c + 3y-6>0}= ees y)|y= —ia + 2}, which consists of all points on or above the line y = 2a +2. 
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From the graph, it appears that f is discontinuous along the line y = x. 

If we consider f(x,y) = e’/‘*~”) as a composition of functions, 

g(x, y) = 1/(x — y) is a rational function and therefore continuous except 
wherex —y=0 < y=za. Since the function h(t) = e’ is continuous 


everywhere, the composition h(g(a, y)) = e!/@- = f(a, y) is 


continuous except along the line y = x, as we suspected. 


vy 


ina is continuous 
— 


29. The functions xy and 1 + e”¥ are continuous everywhere, and 1 + e” is never zero, so F(x, y) = 


on its domain R?. 


1+2? ty 


T a is a rational function and thus is continuous on its domain 
Ae 


31. F(z, y) = 


{(x,y) | 1-27 —y? £0} = {(@,y) | 2? +y° AJ}. 
33. ,/z is continuous on its domain {(x, y) | 2 > 0} and \/1 — x? — y? is continuous on its domain 
{(x,y)|1—a*—y? > 0} = {(a,y) | «7 +y? < 1}, so the sum G(x, y) = e+ \/1 — a? — y? is continuous for x > 0 
and a? + y” < 1, that is, {(%, y)|et+y<1,c¢> O}. This is the right half of the unit disk. 
35. f(x,y, 2) = h(g(a, y, z)) where g(a, y,z) = 2? + y” + 2”, a polynomial that is continuous 
everywhere, and h(t) = arcsint, continuous on [—1, 1]. Thus f is continuous on its domain 


{(x,y,z)|-l<a?+y4+2 <1} = {(a,y,2) | 2? +y? +27 <1},s0 f is continuous on the unit ball. 


3 
uy ; 
——_ if (2, 0,0 
37. f(x,y) = ¢ 2a? +4? (2,9) # (0,0) The first piece of f is a rational function defined everywhere except at the 


1 if (x,y) = (0,0) 


origin, so f is continuous on R? except possibly at the origin. Since x” < 2a? + y?, we have lavy?/Qa" + y?)| < ly? |. 


; a ye 
We know that |y?| — 0 as (x, y) > (0,0). So, by the Squeeze Theorem, lim x, lim > = 0. 
Iy"| (ey) 10,0) - @ ee oar y) = (x,y) (0,0) 2a? + y? 


But f(0,0) = 1, so f is discontinuous at (0,0). Therefore, f is continuous on the set {(x, y) | (x, y) 4 (0, 0)}. 


348 3 + 93 
Si ies = ge SE i enero =O 
(x,y) (0,0) * + y r3>0t r r—0t 
2 2 2 2 
: e* ¥ —] . e”° -1 .  e ” (—2r) 2 Ae ee 
41. oes, ae im, iss Patt —— 2 [using |’Hospital’s Rule] 
= lim -e7” =—e° =-1 
r—0T 


se)” es 0,0 
ajeyel a fenF4O0 


1 if (x,y) = (0,0) 


From the graph, it appears that f is continuous everywhere. We know 


My 
xy is continuous on R? and sin t is continuous everywhere, so a ep 


: : . sin(zy) . : 
sin(ay) is continuous on R? and seu) is continuous on R? 
vy 
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45. 
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except possibly where xy = 0. To show that f is continuous at those points, consider any point (a, b) in R? where ab = 0. 


Because xy is continuous, ry — ab = Oas (x,y) — (a,b). If we let ¢ = xy, then t > Oas (x,y) — (a,b) and 


sin(ry) . sin(t) : : : : 
—_—— = lim —— = 1 by Equation 2.4.2 [ET 3.3.2]. Thus lim x,y) = f(a, 6) and f is continuous 
(x,y)>(a,b) XY to 6¢ sa ! (x,y) (a,b) a f 


on R?. 


Since |x — al? = |x|? + Jal? — 2|x||a|cos@ > |x|? + lal? — 2|x| Jal = (|x| — |al)?, we have ||| - lal| < |x — al. Let 
€ > 0 be given and set 6 = e. Then if 0 < |x — al < 6, ||x| —|al| < |x —a| <6 =e. Hence limx—a |x| = |a| and 


f (x) = |x| is continuous on R”. 


14.3 Partial Derivatives 


1. 


3. 


(a) OT /Ox represents the rate of change of T’ when we fix y and t and consider T' as a function of the single variable x, which 
describes how quickly the temperature changes when longitude changes but latitude and time are constant. OT’ /Oy 
represents the rate of change of J’ when we fix x and t and consider T as a function of y, which describes how quickly the 
temperature changes when latitude changes but longitude and time are constant. OT’ /Ot represents the rate of change of T 
when we fix x and y and consider 7’ as a function of t, which describes how quickly the temperature changes over time for 


a constant longitude and latitude. 


(b) f,(158, 21, 9) represents the rate of change of temperature at longitude 158° W, latitude 21°N at 9:00 am when only 
longitude varies. Since the air is warmer to the west than to the east, increasing longitude results in an increased air 
temperature, so we would expect f,,(158, 21,9) to be positive. f,,(158, 21, 9) represents the rate of change of temperature 
at the same time and location when only latitude varies. Since the air is warmer to the south and cooler to the north, 
increasing latitude results in a decreased air temperature, so we would expect fy (158, 21, 9) to be negative. f;(158, 21,9) 
represents the rate of change of temperature at the same time and location when only time varies. Since typically air 
temperature increases from the morning to the afternoon as the sun warms it, we would expect f¢(158, 21, 9) to be 


positive. 


—15 + h, 30) — f(=15, 30) 
h 


(a) By Definition 4, fr(—15, 30) = jim A , which we can approximate by considering h = 5 


and h = —5 and using the values given in the table: 


f(—10, 30) — f(=15,30) _ —20-(-26)_6_,, 
5 5 is 


ey) = f(Ht 880 es 
fr(—15, 30) = P70, 90) F639) = 3B *) = + = 1.4. Averaging these values, we estimate 


fir(—15, 30) © 


fr(—15, 30) to be approximately 1.3. Thus, when the actual temperature is —15°C and the wind speed is 30 km/h, the 


apparent temperature rises by about 1.3°C for every degree that the actual temperature rises. 
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f(—15, 30 + h) — f(—15, 30) 


A which we can approximate by considering h = 10 


Similarly, f,,(—15, 30) = lim 


ere _, f(-15, 40) — f(—15,30) _ -27-(-26)  -1 
and h = —10: fy(—15, 30) © 7 0 Te 


—15, 20) — f(-1 —24 — (-2 2 . ; 
fv(—15, 30) & HTS; oi ere) — oy 2 =i —0.2. Averaging these values, we estimate 


fv(—15, 30) to be approximately —0.15. Thus, when the actual temperature is —15°C and the wind speed is 30 km/h, the 
apparent temperature decreases by about 0.15°C for every km/h that the wind speed increases. 


(b) For a fixed wind speed v, the values of the wind-chill index W increase as temperature T’ increases (look at a column of 


Ow . Kes : ; 
the table), so OT is positive. For a fixed temperature T’, the values of W decrease (or remain constant) as v increases 


(look at a row of the table), so ov is negative (or perhaps 0). 


Ov 
(c) For fixed values of T’, the function values f(T, v) appear to become constant (or nearly constant) as v increases, so the 


corresponding rate of change is 0 or near 0 as v increases. This suggests that lim (OW/dv) = 0. 


5. (a) If we start at (1,2) and move in the positive x-direction, the graph of f increases. Thus fz (1, 2) is positive. 


(b) If we start at (1,2) and move in the positive y-direction, the graph of f decreases. Thus f,(1, 2) is negative. 


7. (a) fro = Zz (fx), 80 fx is the rate of change of fz in the x-direction. fz is negative at (—1, 2) and if we move in the 
positive x-direction, the surface becomes less steep. Thus the values of fz are increasing and fr2(—1, 2) is positive. 


(b) fyy is the rate of change of f, in the y-direction. fy is negative at (—1, 2) and if we move in the positive y-direction, the 


surface becomes steeper. Thus the values of f, are decreasing, and f,,(—1, 2) is negative. 


9. First of all, if we start at the point (3, —3) and move in the positive y-direction, we see that both b and c decrease, while a 
increases. Both b and c have a low point at about (3, —1.5), while a is 0 at this point. So a is definitely the graph of fy, and 
one of b and cis the graph of f. To see which is which, we start at the point (—3, —1.5) and move in the positive x-direction. 
b traces out a line with negative slope, while c traces out a parabola opening downward. This tells us that b is the x-derivative 


of c. So cis the graph of f, bis the graph of f,, and a is the graph of fy. 


11. f(x,y) = 16 — 42? —y? fe (x,y) = —8x and fy(z,y) =—2y => fx (1,2) = —8 and f,(1,2) = —4. The graph 
of f is the paraboloid z = 16 — 4x” — y? and the vertical plane y = 2 intersects it in the parabola z = 12 — 4x”, y = 2 
(the curve C' in the first figure). The slope of the tangent line 
to this parabola at (1, 2,8) is f2(1,2) = —8. Similarly the 
plane x = 1 intersects the paraboloid in the parabola 
z= 12-7, a = 1 (the curve C2 in the second figure) and 


the slope of the tangent line at (1, 2, 8) is fy (1,2) = —4. 
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1. fig) Say? fp S2ey: jy Say 


Note that traces of f in planes parallel to the xz-plane are parabolas which open downward for y < 0 and upward for y > 0, 
and the traces of f, in these planes are straight lines, which have negative slopes for y < 0 and positive slopes for y > 0. The 


traces of f in planes parallel to the yz-plane are cubic curves, and the traces of f, in these planes are parabolas. 
15. f(v,y) =at +5ay? =  fe(x,y) = 40? + 5y?, fy (x,y) = 0+ 5a - 3y? = 15ary? 
17. f(v,t)=Pe* => fe(x,t) =t?-e7*(—-1) = -t’e~”, fi(x,t) = 2te~* 


Oz 1 Oz at 
_ 2 = = 
TS GTA) Ox att?’ OF «+t 


21. f(x,y) = 2/y = xy" fo(t,y) =y* =1/y, fy(a,y) = —ay? = —2/y? 
_ ax + by _ (ca + dy)(a) — (aa + by)(e) _ (ad — be)y 
BLU) cx + dy = folz.y) (cx + dy)? (ca + dy)?’ 
_ (cx + dy)(b) — (ax + by)(d) _ (bc — ad)x 
Moy" eckdye (en dy® 


25. g(u,v) = (u?v— vv)? > gu(u,v) = 5(u?v — v3)4 - Quv = 10uv(u?v — v3), 


gu (u,v) = 5(u?v — v?)4(u? — 3v?) = 5(u? — 307) (u?u — v3)4 


i, a es 2pq 


27. R(p,q) =tan~"(pq?) => Rp(p,q) = ee! a: ae 
(p,q) = tan™ (pq") p(P, 4) eer 


29. F(x, y) = / cos(e")dt => F,(a,y) = =| cos (e’) dt = cos(e”) by the Fundamental Theorem of Calculus, Part 1; 
y y 


x 7] y 
Fy(x,y) = al cos(e’) dt = dy -f cos(e’) a = -s | cos(e’) dt = —cos(e”). 
y x x 


31. f(x,y, 2) = a?yz? + Qyz => fa(x,y, 2) = 8xy2”, fy(a,y,z) = a°2? +22, fe(a,y,2) = Qa? yz + Qy 
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33. w =In(a + 2y+3z) => Ou : ou 2 OY 8 
os y Ox xt+2y+3z’ Oy x4+2y43z2’? Oz x42y43z 


35. pp = Vt4+u2cosv => oD = 1(t* + wu? cosv)—1/7(4¢3) = > Ss. 
ot : Jt +u2 cosv 

ee = 4(t4 +u? cos v)~!/?(2u cos v) = 2 OOS . Op = 4(t* +u? cos v)~!/?[u?(— sin v)| = ___wsinv sin v 

Ou Jt +u2cosu. Ov 2/44 + u? cosu 


37. A(x, y, z,t) = x? ycos(z/t) => he(a2,y,z,t) = 2xycos(z/t), hy(x, y, z,t) = x? cos(z/t), 


hz(a,y, 2, t) = —x*y sin(z/t)(1/t) = (—2?y/t) sin(z/t), he(a, y, z,t) = —x?y sin(z/t)(—zt~?) = (x? yz/t?) sin(z/t) 


Xi 
fai tate + a2 


39. w= \/z? +02 4+---+ 02. Foreachi=1,...,n, uz, = 1 (a? + 03 +... +92)7/? (20%) 


M1. R(s,t)=te?/* > Ri(s,t) =t- e?/*(-s/t?) + e8/*-1= (1 *) e*/*, so Re (0, 1) = (1- i) ead, 


1 


43. f(x,y,z) =In 


1+ fa? + y? + 2? 
(14 a Fe £2) (-He $y? +27)? By) - (1- Vet ea et) (Ae ty +27)? - By) 
2 
(1+ Verte +27) 
(ieee —y(a? +y? +22)? (14 JP Fy eA t1- fete +e) 
1A fe? $y +2 (1+ Veryre) 


as —y(a? + y? + 27)? (2) e ~2y 
(Q-Vetrre)\1+ Very re) VPP rell-Ww+yP+)| 
= —2(2) _ —4 ll 
Pa Vi? +22 + 27/1 — (124+224+22)] V9(1-9) 6 


45. f(x,y) = wy? — ay => 


fo (a,y) = lim LE +h WFO) _ jig @tAy’ — (e+ h)hy— (ay? — ay) 


h—0 h h—0 h 
2: = Zee mad 2 


_ a f@@yth)— f(y) _ |, 2lyt+h)?—a3(yt+h)— (ay? -a%y) |, A(Qcy+ch— 2°) 
3 


= jim ery + ch — a?) = Qey— 2 
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47. 2? +2y? 4327-1 => < (a? + 25? +32?) = = (1) => ar + 0+ 62 =0 = 62 =-2 => 
Oz 24x x O,24 2 2 0 Oz Oz 
poked Pen eee sites ey 2 eon A} 4 aces oe ee 
Fa es ap oy + 2y" + 32°) By () => O+ Ut Ore 0= Oe y => 
Oz _ —4y dy 
Oy 6z 32 
49.e* =a2yz => ree a —(ryz) => eo =u(2 se +e 1) => ot ny =yz => 
Z Oz _ Ye 
(e* — ay) 5 = 92,90 2 = =F 
OF rx 2 OZ Oz ~ OZ Oz . 6) 
Gog ee e i Yon tel e Dy Yay Lz (e xy) a = £2, SO 
Oz £2 
Oye — ay 
Ht. @)2=fe)+9v) > F=F@. F=sW) 
Oz df du_ df ' ; 
= ; = : Oe) SOF OM = Boy 
()2=fety). Letusaty. Then = =F = Ty = pu) =fety), 
Oz df du df ' / 
ead Bao EY ty). 
ee EMR W =f ery) 
53. f(x,y) =a*y—2a°y? => fp(a,y) = 4a3y — 6x? y?, fy(a,y) = 2* — 4a? y. Then fro(a, y) = 12x?y — 12ay?, 
foy(a,y) = 4° —1247y, fye(a,y) = 40° —120%y, and fyy(x,y) = —4a°. 
_ ¥y _ -1 ane -2 ee te 2y 
55. 2 = aay y(2x + 3y) > 2 = y(—1)(2e + 3y)~*(2) = @a+3y)?” 
(2a + 3y)-1—y-3 2x = 8y 
ee hen SS Eee pe ee 
P (2x + 3y)? - 2 — 2y - 2(2x + 3y)(3) (22 + 38y) (4a +6y—12y) by — 4a 
oo [(2a2 + 3y)2]” (2x + 3y)4 (2x + 3y)3’ 
(2a + 3y)? - 2 — Qa - 2(2e + 8y)(2) 6y — 4a og 12a 
eo = 3 = 227(—2)(2 3 3) = -~—————|.. 
*y [(Qa + 3y)?2]? (Qx + 3y)3 Zyy a(—2)(2x + 3y)~"(3) Qz+3y)2 
57. v = sin(s” — t?) Us = cos(s* — t?) - 2s = 2s cos(s” — t?), ve = cos(s? — t*) - (—2t) = —2t cos(s? — ¢?). Then 
Veo = 28 [- sin(s? — t?) - 2s] + cos(s* — t”) - 2 = 2cos(s? — t?) — 4s” sin(s? — t”), 
Ust = 2s | sin(s* — t?) - ( 2t)| = 4st sin(s? — t?), vss = —2t [- sin(s? — t?) - 2s] = 4st sin(s* — t?), 
vit = —2t- [ sin(s? — t?) - ( 2t)| + cos(s” — t”) - (—2) = —2 cos(s? — ¢?) — 4t? sin(s? — t?). 
59. u = aty? — y* Ur = 4a°y?, Ury = 127 y? and uy = 3x*y? — 4y?, Uys = 122%y?. 


Thus Ury = Uyz. 
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61. 


63. 


65. 


67. 


69. 


71. 


73. 
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u =cos(x*y) => ux = —sin(a?y) - 2ry = —2aysin(a?y), 


Uny = —2xy - cos(x*y) » a? + sin(a?y) - (—2x) = —2a%y cos(x?y) — 2x sin(x?y) and 


Uy = —sin(a?y)-a? = —a? sin(x?y), uyx = —2? - cos(x?y) - 2ry+sin(ax?y) -(—2x) = —2x°y cos(x?y) — 2x sin(x?y). 
Thus Usy = Uyx. 
f(a,y) = a4y? — ay fr = 40° y? — 3a7y, for = 12x°y? —62ry, foror = 24ay” — 6y and 


fry = 8a°y — 327, frye = 2407?y — 6x. 


2 2 2 2 2 2 
Foye) =e > fe eV ys = ys, fay = ys? (02?) OH 2? = (yet + PEM, 


fryz = (yz* + 27)- enue (Qaryz) + ert” . (4ayz? + 22) = (2x? y?z° + 6aryz? + Qz)ery?, 


Ow 


WaVute = BQ = auto?) 720) = out), 

Faby — VCH) + AA) = hole 9, SI = do 8) (at oA) 2(0) = dole t 897 
x zs dw mr ay : z 

0 YF 22 SUE ae yg ee Oe By On —(y + 2z) (1) = —(y + 22), 

—_ = —(—2)(y + 2z)~3(2) = 4(y + 22)? = 5 =o and a = a(—1)(y + 2z)77(1) = —a(y + 2z)7?, 

— = —(y+2z)7?, pe = 


Assuming that the third partial derivatives of f are continuous (easily verified), we can write fr2y = fyxz. Then 


f(x,y,z) = xy22? + aresin (« vz) Sn fo Qryz? +0, fux = Qyz*, and fycz = 6yz? = Tees 


f(8 +h, 2) — f(3, 2) 


By Definition 4, fx (3,2) = jim, h which we can approximate by considering h = 0.5 and h = —0.5: 
A(B5D) —FG2) 974-175 f(2.5,2) — f(3,2) _ 10.2—17.5 . 
2(3,2) & = = 9.8, fz(3,2) & = = 14.6. A 
to) 0.5 05 Beier) —05 05 Se 
these values, we estimate fz (3,2) to be approximately 12.2. Similarly, f2(3,2.2) = jim LS N22) 1622) which 
: sa 8 3.5, 2.2) — f(3, 2.2 26.1 — 15. 
we can approximate by considering h = 0.5 and h = —0.5: fx (3, 2.2) = A ) 5 FC ee 28 05 Bees 20.4, 
2.5, 2.2) — 2.2 3 — 15. . 
fc(3, 2.2) & 125,38) 16,22) = are = 13.2. Averaging these values, we have f,,(3, 2.2) + 16.8. 
To estimate f2y(3,2), we first need an estimate for fx (3, 1.8): 
.5, 1.8) — ds 20.0 — 18.1 2.5, 1.8) — 1. 12.5 — 18.1 
fide SOEs) eS ak Aes ee RISTO) oe aie 


0.5 0.5 —0.5 —0.5 


Averaging these values, we get f2(3, 1.8) = 7.5. Now fay(x,y) = " [fe(x,y)| and fx (x, y) is itself a function of two 


fo(v,y +h) = fe(a,y) 


h > 


variables, so Definition 4 says that fry(x, y) = = [fe(x,y)] = lim 
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fr(3,2 +h) — fx (3,2) 


fey(3,2) = lim h . We can estimate this value using our previous work with h = 0.2 and h = —0.2: 
fr(3, 2.2) — fr(3,2) 16.8 — 12.2 fx (3, 1.8) — fr(3,2) 7.5 — 12.2 
x ,2 x = — > Jax 52 x = = 10. 
Fay(3,2) 0.2 0.2 23, fay (3,2) —0.2 —0.2 ae 


Averaging these values, we estimate fx, (3,2) to be approximately 23.25. 


75 —ark?t —ark?t 


a sinkx => Uz =ke coskx, Urc = pre ert sinkx, and w= —arkte "wt sin ka. Thus 
07 Une = Ut. 
1 
7. u = ——— Ue = (-3) (2? +y° + 27)-3/2 (22) = —a(a? + y? +.27)-9/? and 
2 + y? + 22 


2 22? — 2? — y? 


(x? + y? + 22)5/2° 


Qy — a —z 
(a? + y? + 22)5/2 


and uzz = 


By symmetry, Uyy = 


Qa? — y? — 22 4 dy? — a? — 22 4.22? — 2? —y? 


(x? + y? + 22)5/2 = 0. 


Thus Uce + Uyy + Uzz = 


ALf(y) + g(w)] _ aflv) Ov | dg(w) Ow 
ot dv Ot dw Ot 


79. Letv =x+at, w=ax-—at. Thenw: = 


= af'(v) — ag'(w) and 


U 


|, = Olaf (w) = a9! (w) 


a = alaf"(v) + ag" (w)] = a? [f’"(v) + g(w)]. Similarly, by using the Chain Rule we have 


Ux = f'(v) +9 (w) and ure = f"(v) + 9! (w). Thus uit = a? ue. 


81. c(2, t) = oT ale za 
Oc 1 2 7 _ 
a3 —a?/(4Dt) 2 #5 —a?/(4Dt) 1 3/2 
—= -e —a*(—1)(4Dt 4D)| +e -(—s) (47Dt 4nrD 
Ot = /4nDt (—1)(4Dt)"( )] ( ak ) ( ) 
2 2 
2xD x 2 
= (4nDt)~*/? ( an Dt - “_. — 2D | 7 *7/4P9 = 1) e=2?/@D0) 
(4r-Dt) 7 IDE aD )e (im Di? SDI e , 
oc = 1 ent /(4Dt) , 26 = —2nx en? (4D) saa 
Ox /4nDt 4Dt (4nDt)3/? 
Oc 270 2 —2¢ 2 
eS EE hate pee LAD E) —27/(4Dt) 4 
dx? (4nDt)3/? c “ apt *® 


— am f_ es) et yapy 2 ef 2?) 28 a8 
(4nDt)?/? \ 2Dt (4nDt)?/? \2D¢t 


Oc 2rD x? 2 Qn x 2 Oc 
Thus — = ——~———_ [ —_ _- 1 —«x~/(4Dt) =) = —x°/(4Dt)}) _ D—. 
"S Ot (4 Dt)?/? & ) . (4 Dt)?/? 2Dt i Ox? 


83. By the Chain Rule, taking the partial derivative of both sides with respect to R1 gives 


OR OR _ Al(1/Rs) + (1/R2)+G/Rs)] | _ p-2 OR 


OR R? 
= —2 
OR OR, aR, aT ee 


OR: RB? 
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85. If we fix K = Ko, P(L, Ko) isa function of a single variable L, and = = = at is a separable differential equation. Then 


ae qe 7 < = Je a In|P| = aln|L| + C (Ko), where C(Ko) can depend on Ko. Then 


[P| = et PIZI+ C(%0) | and since P > 0 and L > 0, we have P = e® %eC(K0) — eC(Ko) ein 2" _ Cy (Ky) L® where 


Ch (Ko) = eC (Ko), 


87. ( | Te) MLRaAr FT = (P+ TeV rib), 30 a ‘ - (iV = ns) = eat 
We can also write P + re = mace SS. PS muici — ae =nRT(V — nb)~! — n?aV~? 
—_ —nRT(V — nb)-2(1) + 2n2aV-* = _ = ae 

89. By Exercise 88, PV =mRT => P= me 90 a md mt Also, PV =mRT => Ve= aa nd a= =. 
Since T = 0, we have TS a = ae mR. 

91. (a) S = f(w,h) = 0.1091we 4A > a = = 0.1091(0.425) wo 47>?" = 0.0463675w 9° A2-7?°, 


Os 
ow 


pounds, an increase in weight (while height remains constant) causes the surface area to increase at a rate of about 0.0545 


(160, 70) = 0.0463675(160)~°-°”°(70)°:"?° = 0.0545. This means that for a person 70 inches tall who weighs 160 


square feet (about 7.85 square inches) per pound. 


w) ¢ =— = 0.1091(0.725)w°47°n°-7°-* = 0.0790975w? 47°77, so 


Os 


oh (160, 70) = 0.0790975(160)°-479(70)—°-?”° = 0.213. This means that for a person 70 inches tall who weighs 160 


pounds, an increase in height (while weight remains unchanged at 160 pounds) causes the surface area to increase at a rate 


of about 0.213 square feet (about 30.7 square inches) per inch of height. 


2 
93, P(v,x,m) = Av? + Blngie) = Av? + Bre ga ut. 


B Pos 
OP/dv = 3.Av? (mg! #) is the rate of change of the power needed during flapping mode with respect to the bird’s 


_ 2Bm? gf 


- is the 
xv 


velocity when the mass and fraction of flapping time remain constant. OP/Ox = —2Bm7g?x~3v7' = 


rate at which the power changes with respect to the fraction of time spent in flapping mode when the mass and velocity are 


2Bmg? 


held constant. OP/Om = 2Bmg?x?v—! = ap 


is the rate of change of the power with respect to mass when the 


velocity and fraction of flapping time remain constant. 
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95. 


97. 


99. 


101. 


103. 


105. 


CHAPTER 14 = PARTIAL DERIVATIVES 
OK 1,5 OK OK OK @K 1,5 
Bay Be av = mv, nD =m. TS TC oe ee 


fe(x,y) =a2+4y => fey(x,y) =4and fy(z,y) =3a-—y => fya(x,y) = 3. Since fry and fy2 are continuous 


everywhere but fry(x,y) # fya(x, y), Clairaut’s Theorem implies that such a function f(a, y) does not exist. 


By the geometry of partial derivatives, the slope of the tangent line is f,(1,2). By implicit differentiation of 


Aa? + 2y? + 2? = 16, we get 8x + 22 (0z/dx) =0 => Oz/Ox = —42/z, 80 when x = 1 and z = 2 we have 


Oz/Ox = —2. So the slope is f2(1,2) = —2. Thus the tangent line is given by z — 2 = —2(a — 1), y = 2. Taking the 


parameter to be t = x — 1, we can write parametric equations for this line: x =1+t, y= 2, z=2-—2t. 


By Clairaut’s Theorem, foyy (fey)y (fux)y Ffuey (fu)ny (fu) ye Fuye- 


Let g(x) = f(a, 0) = a(a?)~*/2e° = x |a|~*. But we are using the point (1,0), so near (1,0), g(x) = x~?. Then 


g(a) = —2a73 and g’(1) = —2, so using (1) we have fz(1,0) = g'(1) = —2. 


(a) (b) For (x, y) A (0,0), 
fala, y) = Sey w le" +9") — (aPy — ay") Qe) 
NETS (x2 + y?)? 
4 2,3 5 
Wy ~\ cen) 

x — Ax y? — xy 

and by symmetry fy(x, y) = > aay 
— tin £09) = £0,0) _ |, (O/h*)-0 _ — tim £02) = (0,0) _ 
x xz h —~ fx —h® 2 h4 : 
_ Ofy _ y Fulh,0) = fy(0,0) _ ), Ae/ht 
eS De 


(e) For (x, y) 4 (0,0), we use a CAS to compute 


Petra ee + 9aty? _ 9a? y4 _ y® 
Ben (a2 + y?)3 z 


\ 
\ 


Now as (x, y) — (0, 0) along the x-axis, fry(x,y) — 1 while as 


(x,y) — (0,0) along the y-axis, fry(x,y) — —1. Thus fey isn’t 


continuous at (0, 0) and Clairaut’s Theorem doesn’t apply, so there is 
no contradiction. The graphs of fz and fy are identical except at the 


origin, where we observe the discontinuity. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 14.4 TANGENT PLANES AND LINEAR APPROXIMATIONS 203 


14.4 Tangent Planes and Linear Approximations 


z= f(2,y) = 2? +y? = Sy => fu (x,y) = 4x, fy(a,y) = 2y — 5, so fc (1, 2) = 4, fy(1, 2) =-1. 


By Equation 2, an equation of the tangent plane is z — (—4) = fz(1,2)(@-1)+ fy(1,2)(y-2) => 


z+4=4(a4-1)+ (-1)(y—-2) or z=4a —-y-6. 


3.2=f(x%,y)=e" 4% => fr(x,y) =e” 41) =e" 9, fy(a,y) =e” 4¥(-1) = -e”", so f, (2,2) = 1 and 


fy (2,2) = —1. Thus an equation of the tangent plane is z — 1 = f,,(2,2)(a — 2) + fy(2,2)(y-—2) = 


z-1=1(@—2)+(-1)(y-2) or z=a-y+1. 


§.z=f(z,y)=axsin(x+y) => f(t, y) =x-cos(x+y)+sin(a4+y)-1=2cos(a+y) +sin(x + y), 


fy(z,y) = xcos(x + y), so fe(—1,1) = (—1) cos0 + sin0 = —-1, f,(—1,1) = (—1)cos0 = —1 and an equation of the 


tangent plane is z — 0 = (—1)(x + 1) + (-1)(y—-1) or ex+y4+2z=0. 


7. z= f(a,y) =a? + ay + 3y’, 80 fo(u,y) =2e+y > fell, =3, fy(u,y)=e+6y => fy(1,1) =7andan 
equation of the tangent plane is z —5 = 3(a —1) + 7(y—1) or z=3a+47y —5. After zooming in, the surface and the 
tangent plane become almost indistinguishable. (Here, the tangent plane is below the surface.) If we zoom in farther, the 


surface and the tangent plane will appear to coincide. 


DOs? 
WSO 
SPSS 
$2 LLL 


—S 


i 


_ 1+ cos*(a— y) : 
9. f(x,y) [toot laaea): A CAS gives 
Aaa 2cos(a —y)sin(a—y) 2 [1+ cos? (a — y)] cos(a + y) sin(a + y) ai 
ena 1+ cos?(a + y) [1 + cos?(a + y)]? 
— y) sin(x — 2/1 2(¢— i 
fy(a,y) = PCOS U SNES | eG ») ee) . We use the CAS to evaluate these at 


1+ cos?(x + y) [1 + cos?(a + y)]? 


(1/3, 7/6), giving fx(a/3,7/6) = —V/3/2 and fy(/3,7/6) = V3/2. Substituting into Equation 2, an equation of the 


tangent plane is z v3 (a z) + v3 (y a) + q The surface and tangent plane are shown in the first graph below. 


After zooming in, the surface and the tangent plane become almost indistinguishable, as shown in the second graph. (Here, the 
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tangent plane is above the surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 


SS 
SSSSSS SESSA 


zy 


"1. f(x,y) =1+aln(ey—5). The partial derivatives are f(x,y) = x- a = (y)+In(zy —5)-1= 5 + In(xy — 5) 
1 x . , 
and fy(z,y) =ax- Wes (x) = re so f,(2,3) = 6 and f,(2,3) = 4. Both f, and f, are continuous functions for 


xy > 5, so by Theorem 8, f is differentiable at (2,3). By Equation 3, the linearization of f at (2,3) is given by 


L(x, y) = f(2,3) + fe (2,3)(@ — 2) + fy (2, 3)(y — 3) = 1+ 6(a — 2) + 4(y — 3) = 6a 4+ 4y — 23. 


13. f(x,y) =a7e%. The partial derivatives are f(x,y) = 2xe” and f,(a,y) = 27e", so fr(1,0) = 2 and fy(1,0) = 1. Both 
f and fy are continuous functions, so by Theorem 8, f is differentiable at (1,0). By Equation 3, the linearization of f at 


(1, 0) is given by L(x, y) = f(1,0) + fe(1,0)(@ — 1) + fy, 0)(y — 0) = 14+ 2(a-—1)+1(y—0) = 2a4+y-1. 


4y 


= anid 
1+ x?y? see 


15. f(x,y) =4arctan(xy). The partial derivatives are f(x,y) = 4- (y) 


1+ (xy)? 
4a d 
fy(z,y) = 142% so f,(1,1) = 2and f,(1,1) = 2. Both f, and f, are continuous 


functions, so f is differentiable at (1,1) by Theorem 8. The linearization of f at (1, 1) is 


L(x, y) = f(1,1) + fe(1,1)(@ — 1) + fy(1, 1I)(y — 1) = 4(a/4) + 2(@ — 1) + 2(y — 1) = 22 + 2y +7 -4. 


17. Let f(x,y) = e” cos(xy). Then fz (x,y) = e*[—sin(xy)|(y) + e” cos(xy) = e*[cos(ay) — ysin(xy)] and 
fy(x,y) = e”[—sin(ay)](x) = —ae” sin(xy). Both f, and f, are continuous functions, so by Theorem 8, f is differentiable 
at (0,0). We have fz(0,0) = e°(cos0 — 0) = 1, fy(0,0) = O and the linear approximation of f at (0,0) is 
f(x,y) © F(0,0) + fr(0,0)(a — 0) + fy(0,0)(y—0) =1+ la +0y=a+1. 

19. We can estimate f (2.2, 4.9) using a linear approximation of f at (2,5), given by 


f(x,y) © f(2,5) + fa (2, 5)(@ — 2) + fy(2,5)(y — 5) = 64 (a — 2) + (-1)\(y— 5) = x—y +9. Thus 
f(2.2,4.9) # 22-4949 =6.3. 


x y 


ae x, 4 a 
[pr 4 y2 + 22 Fu(@, 4,2) [p24 y2 + 22 


,80 fr(3, 2,6) = 2, fy(3,2,6) = 2, f.(3,2,6) = 2. Then the linear approximation of f 


2. f(2,y,z)=VP+Pre = f.(x,y,2) = and 


z 


2(z, y, 2) = ———————— 
La aa rarer are 
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at (3, 2,6) is given by 
=7+ 3(e@— 3) + 2(y—2) + (2-6) = Su + 2y + Sz 


Thus /(3.02)? + (1.97)? + (5.99)? = f (3.02, 1.97, 5.99) = 3(3.02) + 2(1.97) + £(5.99) = 6.9914. 


23. From the table, f(94, 80) = 127. To estimate fr(94, 80) and f1(94, 80) we follow the procedure used in Section 14.3. Since 


f(94 + h, 80) — f(94, 80) 
h 


fr (94, 80) = jim , we approximate this quantity with h = +2 and use the values given in the 


table: 


f (96,80) — f(94,80) _ 135-127 _ f (92,80) — f(94,80) _ 119-127 _ 


fir (94, 80) © : 5 4, fr(94,80) © = = 4 
Averaging these values gives fr (94, 80) = 4. Similarly, f7(94, 80) = lim ci ae so we use h = +5: 
fus(04,80) ~ £00485) = £(94,80) _ 182-127 16 (gg. goy a, £9475) = 004,80) _ 122-127 _ 


5 5 —5 —5 


Averaging these values gives f#(94, 80) ~ 1. The linear approximation, then, is 


f(T, H) = f (94,80) + fr(94, 80)(T — 94) + fi (94, 80)(H — 80) 
~ 127+4(T —94)+1(H—80) [or4l +H — 329] 


Thus when T = 95 and H = 78, f(95, 78) = 127 + 4(95 — 94) + 1(78 — 80) = 129, so we estimate the heat index to be 


approximately 129°F. 


25.2 =e ?*cos2at => 


dz = oe a + oat = e-**(—2) cos 2nt dx + e~?”(— sin 2rt)(27) dt = —2e~?* cos 2nt dx — 27e~?* sin 2rt dt 
xv 
27. m=p¢ dm as dp + an dq = 5p*q? dp + 3p°q? dq 
Op Oq 
22. R=afB?cosy => dR= ak da + gh dp + on dy = B? cosyda + 2a8 cosy dB — af? siny dy 


Oa Op Oy 


31. dx = Ax = 0.05, dy = Ay = 0.1, z = 5a? + y”, z» = 102, zy = 2y. Thus when x = 1 and y = 2, 
dz = Zz(1,2) dx + zy(1,2) dy = (10)(0.05) + (4)(0.1) = 0.9 while 


Az = f(1.05, 2.1) — f(1,2) = 5(1.05)? + (2.1)? —5 — 4. = 0.9225. 


33. dA = on dx 4 - dy = ydx + xdyand |Az| < 0.1, |Ay| < 0.1. We use dx = 0.1, dy = 0.1 with x = 30, y = 24; then 
y 


the maximum error in the area is about dA = 24(0.1) + 30(0.1) = 5.4 cm?. 
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35. The volume of acanis V = mr?h and AV ~& dV is an estimate of the amount of tin. Here dV = 2arhdr + rr? dh, so put 
dr = 0.04, dh = 0.08 (0.04 on top, 0.04 on bottom) and then AV & dV = 27(48)(0.04) + 7(16)(0.08) & 16.08 cm?. 


Thus the amount of tin is about 16 cm?. 


mgR : ‘ : 
37. T= Re” so the differential of T’ is 
oT oT (2r? + R?)(mg) — mgR(2R) (2r? + R?)(0) — mgR(4r) 
gg ae (Qr? + RP ea (r? + RP i 
2 2 
= mg(2r* — R*) dR — 4mgRr + 
(2r? + R?)2 (2r? + R?)2 


Here we have AR = 0.1 and Ar = 0.1, so we take dR = 0.1, dr = 0.1 with R = 3, r = 0.7. Then the change in the 


tension T’ is approximately 


_ mag{2(0.7)? — (3)2] ,,.. _ Amg(3)(0.7) 
P= DoT OEP OY pont ep 
0.802mg 0.84mg 1.642 


mg % —0.0165mg 


(9.98)2 (9.98)? 99.6004 


Because the change is negative, tension decreases. 


39. First we find on implicitly by taking partial derivatives of both sides with respect to Ri: 
1 


a (1 O[(1/R1) + (1/Re2) + (1/Ras)] 2 OR is aR R? 

=) = a =-R <* = =. Then by symmetry, 
dR ( ) DR, > R- DR, 1 OR, Re en by symmetry, 
OR R? OR FP je Yc 
ee = = ae R= 22 0. th I 
OR, RZ’ ORs er, When Ri = 25, Re = 40 and R3 = 50, R= 300 Since the possible error 
for each R; is 0.5%, the maximum error of R is attained by setting AR; = 0.005R;. So 

OR OR OR 1 1 1 
~~ = A A ARs3 = (0. . = (0. ye Q. 

AR® dR = 57 ARi + 5p ARs + 5p ARs = (0.005)R & ee x) (0.005)R = + ~ 0.059 


M. (a) B(m,h) = m/h? => Bm(m,h) =1/h? and Br(m,h) = —2m/h?3. Since 
h > 0, both Bm and B;, are continuous functions, so B is differentiable at (23, 1.10). We 
have B(23, 1.10) = 23/(1.10)? © 19.01, Bm(23, 1.10) = 1/(1.10)? ~ 0.8264, and 
Bn (23, 1.10) = —2(23)/(1.10)? ~ —34.56, so the linear approximation of B at (23, 1.10) is 
B(m,h) © B(23, 1.10) + Bm (23, 1.10)(m—23) +B, (23, 1.10)(h—1.10) & 19.01+0.8264(m—23) —34.56(h—1.10) 


or B(m,h) © 0.8264m — 34.56h + 38.02. 


(b) From part (a), for values near m = 23 and h = 1.10, B(m,h) © 0.8264m — 34.56h + 38.02. If m 


increases by 1 kg to 24 kg and A increases by 0.03 m to 1.13 m, we estimate the BMI to be 
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B(24, 1.13) = 0.8264(24) — 34.56(1.13) + 38.02 ~ 18.801. This is very close to the actual computed BMI: 


B(24, 1.13) = 24/(1.13)? © 18.796. 


43. Az = f(a + Az, b + Ay) — f(a,b) = (a + Ax)? + (b+ Ay)? — (a? + 0?) 
=a? + 2a Aa + (Az)? + 0? + 2b Ay + (Ay)? — a? — b? = 2a Ax + (Ax)? + 2b Ay + (Ay)? 
But fz (a,b) = 2a and fy(a,b) = 2band so Az = fz(a,b) Ax + fy(a,b) Ay + Ax Ax + Ay Ay, which is Definition 7 


with €; = Aw and e2 = Ay. Hence f is differentiable. 


45. To show that f is continuous at (a, b) we need to show that a 5 f(x,y) = f(a, 6) or 
zr,y)— (a, 


equivalently f(a+ Ax,b+ Ay) = f(a,b). Since f is differentiable at (a, b), 


lim 
(Ax, Ay)— (0,0) 
f(a+ Aw, b+ Ay) — f(a,b) = Az = fz(a,b) Ax + fy(a, b) Ay + €1 Aa + €2 Ay, where €; and ez — 0 as 
(Ax, Ay) — (0,0). Thus f(a + Ax,b+ Ay) = f(a, b) + fr(a,b) Ax + fy(a, b) Ay + €1 Ax + €2 Ay. Taking the limit of 


both sides as (Az, Ay) — (0,0) gives f(a+ Ax,b+ Ay) = f(a, b). Thus f is continuous at (a, b). 


lim 
(Az, Ay)—(0,0) 


14.5 The Chain Rule 


1z2=ay—-—a’y c=P4+1, y=P-1 = 


dz Ozdx , Ozdy 


de Os ae © Opa (y® — 2ay)(2t) + (3ay? — a?)(2t) = 2t(y* — Qay + Bay? — x?) 


3.2 =sinrcosy, c=Vt, y=l1/t => 


dz Ozdx , Oz dy 
dt Ox dt ' Oy dt 


i} 1 
(cos x cos y) (3-1/”) + (— sin z sin y) (-t~?) = ——~cos x cosy + ro sin x sin y 


2Vt 


5. w=re/*, c=?, y=1-t, z=1+4+2t 


dw Owdx Owdy  Owdz if 1 y x xy 
= BU OF y/z{ =o). (—1)4 el 4) 25 y/z Sas os 
dt Ox dt Oydt Oz dt 3 Las z ra 7 a 


Oz Oz0Ox Oz Oy 
Os OxO0s OyOs 


Ot Ox Ot Oy Ot — 


9.z2=In(3r+2y), c=ssint, y=tcoss => 
Oz OzOx , Oz Oy _ 3 2 3sint — 2tsins 


ds Ox0s ' OyOs 3x +4+2y Bao 3a + By | a 3a + 2y 
Oz OzOx Oz Oy 3 2 3s cost + 2coss 
oe ee ee t =e eee 
BOs oe oy or ae ag OO aeog 3a + 2y 
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1. z2=e" cos), r=st, 0=Vs27+? = 


2: = ee or + - a =e" cos@-t+e"(—sin 8) - 3(s? + t?)~1/2(2s) = te” cos@ — e” sind - =F 
= © (teos 9 — spins) 
oe = a+ ae =e" cos-s+e"(—sin8) - $(s? + t?)-1/2(2t) = se” cos@ — e” sind - a 


=e"| scosé — wt = ive 
82 +t? 


13. Let « = g(t) and y = h(t). Then p(t) = f(x, y) and the Chain Rule (2) gives & = oi + ee. When t = 2, 


w = g(2) =4and y = h(2) =5, so p/(2) = fe(4,5) 9'(2) + fy(4,5) h!(2) = (2)(—3) + (8)(6) = 42. 


15. g(u,v) = f(a(u,v), y(u, v)) where x =e” + sinv, y=e“+cosv => 


ve on = COs v, DU e” OF = sin v. By the Chain Rule (3), oa 


Of Ox | Of Oy 
ai a . Then 


Or Ou Oy Ou 


gu(0, 0) = fo(x(0,0), y(0,0)) ru (0,0) + fy(x(0, 0), (0, 0)) yu(0, 0) = fr(1,2)(€°) + fy (1, 2)(e°) = 2(1) + 5(1) = 7. 


Og Of Ox | Of Oy 
Ov Ox Ov Oy Ov us 


gv(0,0) = fe(x(0, 0), y(0,0)) x» (0,0) + fy(x(0,0), (0, 0)) yv(0,0) = fr(1,2)(cos0) + fy (1, 2)(— sin 0) 
= 2(1) +5(0) =2 


Similarly, 


17. u u= f(x,y), x=x(r,s,t), y = y(r, 8, t) > 
la \ du _ dude , 9udy Ou _ dude , du ay 
/ . J ‘ Or OxOr OyOr’ Os Ox0s Oy Os’ 
ros ¢t ros ¢ Ou _ Oudx | Ou Oy 
Ot Ox Ot Oy Ot 
19. => 


: T =F(p,4,7), pP=v(2,y,2), = 4(2,y,2), 7 =T(a,y, 2) 
eer he. ar _ aT dp , OF aq , OT ar 
| | dr Opdx | Oqox Or Ox’ 


; 

Zi: GS. WIS 

xy Z xyz KY Z oT _ OT Op OT Oq OT Or 
Oy  OpdOy  Oq Oy Or Oy’ 


OT OT Op OT 0q , OT Or 
Oz Op Oz Oq Oz Or Oz 
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1.2=a+4+07y, c=s4+2t—u, y=stu? 


Oz Oz 0x =0z0 
ds Ox 0s | Oy 3s = (4e* + 2ay)(1) + (x”)(tu*), 


Oz Oz 0x ~0z0 
at dx dt | dy oi = (4a* + 2xy)(2) + (w”)(su"), 


Oz _ 82 Ou , 92 OY _ (48 4 ony)(—1) 4 (2? 
Ou Oxdu dy du | (4a° + 2xy)(—1) + (a*)(2stu). 


When s = 4, t = 2, and u = 1 we have x = 7 and y = 8, 


S a = (1484)(1) + (49)(2) = 1582, a = (1484) (2) + (49)(4) = 3164, a = (1484)(—1) + (49)(16) = —700. 


23. w =ayt+yzt+22, c=rcosé, y=rsind, z=Trd => 


Ow _Owdxr , Owdy , OwOz ; s 
ar Oi OF Dy On Oe Or (y + z)(cos@) + (a + z)(sin@) + (y+ x)(6), 


Ow  Owdx  dwd Ow Oz : 
B= ba 08 Gy B80 t Bebe = WTO rsin@) + («+ z)(rcos6) + (y+ 2)(r). 


When r = 2 and 0 = 7/2 we have x = 0, y = 2, and z = nso 52 = (2+7)(0) + (0+ 7)(1) + (2+ 0)(a/2) = 27 and 
r 
Ow 
ae = (2 + )(—2) + (0+ 7)(0) + (2+ 0)(2) = —2r. 
25. n=239 p=ut+vu, q=vtuyu,r=wtu > 
ptr 


ON 2 ON Op: ON OG ON OF 
Ou Op Ou Oq Ou Or Ou 


(p+r)Q) — (p+4)() (p +r)() — (p +4)(0) (p +1r)(0) — (p+4q)(1) 
rn) on m 


_ a= g+ (ptrw- (tg 
(p+r)? 


ON _ ON dp | ON dq | ONOr __r—-a Gy, Ptr gy), —-Pta) y_ -gwt+@+r)—@tau 
Ov Op Ov Oq Ov Or Ov (p+r)? (p+r)? (p+r)? (p+r)? 


ON _ON Op | ON Og , ON Or _ r-q @ p+r (u) —(p+q) (1) = (r—q)u+(pt+r)u—(p+4q) 
Ow Op Ow Og Ow | Or Ow (p+r)? (p +r)? (p+ r)? (p+r)2 : 


When u = 2, v = 3, and w = 4 we have p = 14, q = 11, and r = 10, so eC) ed 21) 


Ou (24)? 576 144’ 
ON _ (—1)(4)+24— (25)(2) _ —30 5 and ON _ (—1)(3)+(24)(2)—25 20 5 
Ov (24)? 576 96’ Ow (24)2 576 144° 
27. ycosx = x? + y?, so let F(a, y) = ycosx — x” — y? = 0. Then by Equation 6 
dy Fy, —ysing— 22% 2x+ysing 
dx Fy cos x — 2y cosa — 2y ° 
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29. tan~1 (ay) = x + xy’, so let F(x, y) = tan! (2?y) — 2 — ay” = 0. Then 


1 ey 2ey — (1+y?)(1+2%y’) 

F, = ——_—_._ (2 ee ee PE ap Ak hg PN A ES 

(x,y) T+ (x2y)? ( ry) y T+ xy? Y 1+ ety? ‘ 

1 x x? — Qry(1+a4y’) 

F = 2) _ 2 2 

v(@,y) 1+ (x?y)? Ce 1+a4y? ae 1+ aty? 
ana dy _ Fe __ Pay-(+y")1+ety/+ety*) _ A+y*)d + aty’) — 20y 
de Fy [x? — Qay(1+ a4y?)|/(1+a4y?) = — Qry(1 + xty?) 


_ ltaty?+y? +24y4 — 2Q0y 
x? — 2ry — 2x5y3 


31, 2? + 2y? + 32 = 1, so let F(x, y, 2) = x? + 2y? + 3z” — 1 = 0. Then by Equations 7 


Oz Fy 2x t and Oz Fy Ay 2y 
Ox F, 6z 3z Oy F, 6z 32° 
33. e* = xyz, so let F(x, y, z) = e* — xyz = 0. Then Of Fe ue we and 


F, e—ay  e*— ay 


Oz Fy =22 LZ 


Oy PF, ee—xy e%—a2y 


dT _ OT de | Ody yo 


35. Since x and y are each functions of t, T(x, y) is a function of t, so by the Chain Rule, di Dz dé + Ba de 


dx 1 1 1 dy 1 
= JIFt = VI1F38=2,y=24+4t=24+4(3) = = = = =c. 
3 seconds, x + +3 +Yy +5 + 3(3) = 3, a” Se Oe and Te 
dT dx dy 1 1 Py das ° 
Then ae Tx (2, 3) a + T, (2,3) a= 4(+) + 3(%) = 2. Thus the temperature is rising at a rate of 2°C/s. 
2 3 oC 2 OC 
37. C = 1449.2 + 4.6T — 0.055T’~ + 0.000297” + 0.016.D, so aT = 4.6 — 0.11T + 0.00087T'~ and aD 0.016. 


According to the graph, the diver is experiencing a temperature of approximately 12.5°C at t = 20 minutes, so 


OC . : 

Or — 4.6 — 0.11(12.5) + 0.00087(12.5)? = 3.36. By sketching tangent lines at t = 20 to the graphs given, we estimate 
ak ee: ee | : dC _aCdT , dCadD | : jp 
as and ae ig Then, by the Chain Rule, OF dd OD de (3.36) (—5) + (0.016)(4) + —0.33. 


Thus the speed of sound experienced by the diver is decreasing at a rate of approximately 0.33 m/s per minute. 


39. (a) V = lwh, so by the Chain Rule, 


dV _OVdé  OVdw , OVdh _ dé dw dh 


{ | . . . . . -(— = 3 
di oy] aan dt + Oh dt wh a + eh di + Lw di 2-2-2+41-2-241-2-(-3)=6m*/s. 
(b) S = 2(€w + £h + wh), so by the Chain Rule, 
dS OSd€ OSdw  OSdh dé dw dh 


= 2(2 + 2)2 + 2(1 + 2)2 + 2(1 + 2)(—3) = 10 m?/s 
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dL dé dw dh 


2 2 2 2 Gh _ 57H aw tte = 
(c) Do =f 4+u°+h => 20 7 20 Ti + 2w Ai + 2h 7 2(1)(2) + 2(2)(2) + 2(2)(—3) = 0 
dL /dt = 0 m/s. 
dP dT T° dV 8.31 dT T dP 
41. ae 0.05, Toa 0.15, V 8.315 and di Pdi 8.3155 de’ Thus when P = 20 and T' = 320, 
dV _ 0.15  (0.05)(320)] 
a 8.31 20 700 = —0.27L/s. 


43. Let x be the length of the first side of the triangle and y the length of the second side. The area A of the triangle is given by 
A= day sin 6 where @ is the angle between the two sides. Thus A is a function of x, y, and 0, and x, y, and 0 are each in turn 


a = 3, dy = —2, and because A is constant, a“ = 0. By the Chain Rule, 


dt 
dA _OAdx , Ady , 0A’ | dA 
dt Ox dt  Oydt 006 dt dt 


functions of time t. We are given that 
: dx . dy dé 
1 1 1 
= 5ysinég- ap + 5asin 0 - a + 5ry cos 0 - Te When x = 20, y = 30, 


and 0 = 7/6 we have 


0 = $(30) (sin 2) (3) + $(20) (sin £) (—2) + $(20)(30)(cos 2) a 
= 45.20.4400. 3. @ _ 415032 
Solving for o gives a = ae =— ONE so the angle between the sides is decreasing at a rate of 
1/(12 V3) ¥ 0.048 rad/s. 
45. (a) By the Chain Rule, - = a cos 0 4 5 sin 6, - = a (—r sin 0) + 5 rcos 6. 


2 2 2 
(b) ($) = (=) cos? 9+ 2 cos @ sin@ + ($2) sin? 6, 


2 2 : 
(3) = (=) r? sin? 6 — 2 cos @ sin@ + (3) r? cos” 0. Thus 


dzV d2V _ az az) (cos? 6 + sin? 6) = az, az’ 
Or r2\ 00)  |\ dx Oy ~~ \ Oa Oy )* 
47. Let u =a —yand v =a + y. Then 2 = —[f(u) + 9(v)] and 


Oz 1{/df ou. dgodv 1 
ane Ee He aoe + [f(u) + gv) (-=) 


== [F/w)(1) +9 (~)()) — Ll) + 9(0)] = =F") + 9 @)] -— SF) + 90)] 


dz 1 Ee 


dg Ov| _ 1 
Oy «x | du dy 


dv Oy 


[continued] 
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[REP + ZW | = FEL HRY +9") = Le") +9") 


Thus 


o ($2) = 2 (a [f'(u) + 9'(v)] — [F(@) + 9(v))) 


= a [f"(u)() + 9") ()] + LF) + 9’) — F(A) + 9) I] 
= x[f"(u) +9" (0) + fu) +9'(e) — Fw) — 9) = olf") + 9"(0)] 


49. Letu=a2+at, v =a —at. Then z = f(u) + g(v), so 0z/Ou = f’(u) and 0z/Ov = g'(v). 


Oz  Oz0u . Oz dv 1 ; 
Thus mE Bu BE + Av BE af’(u) — ag’(v) and 


Oz OF ; df'(u) Ou dg’(v) Ou 5 on 
ae = tay lh) g()] a( du Ot a He) = aru) +09"). 


Oe Oz , , Oz i ji Oz Oz 
Similarly, ae f'(u) + g’(v) and a f'(u) +g" (v). Thus — IE =@ an?" 


Oz Oz Oz 
51. res 28+ i 2r. Then 


Oz _ oO O25. 4: 0 Oz, 
Ords Or\ Ox Or \ Oy 


_ 2 dn, a) (3)F 


— — 284+ — og 4 2 Fy, Fz OY y, Bites OF 5 OE 5 
~ Ox? Or Oy \ dx ) Or Ox Or Oy? Or dx \ dy ) Or Oy 
az Oz Oz OP 8 8x Oz 
eas Gy 5E 4s” POE a Osco a 
ee . rz Pz Oz 2 2» Oz Oz 
By the continuity of the partials, ards drs a2 4rs Dye t (4r* + 4s”) De dy + a 
Oz Oz Oz, Oz Oz, _ Oz 
53. ae ay cos 6 + Dy sin 6 and 36 an rsin @ 4 Dy rcos@. Then 
Oz O7z Oz Oz. Oz 
72 cos 0 (GS cos 6 4 Dy On sin 0) + sin 0 (GG sin 6 + 3x Oy Cos 6) 
2 2 2 
= cos? 0 cs +2cos@ sind ie + sin? 9 5 
and 
Oz 2 ? 2 
ae rcos 0 — + (—rsin6@) (Sa rsin 0) + 5 re058 
2 2 
—rsind - + rcos0 (F rcos@ + ee (-rsiné) ) 
Oz _ 90% , 2. 2 Oz 4.2 : 22 22,072 
= rcos@ a re ay r* sin 0n2 2r* cos@ Se aE Oy +r“ cos Oe 
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Thus 
Oz 1072 102 2 cap O72 nS se ALOre 
a tage trap m8 0+ sin 9) 5 + (sin 6 + cos *) a2 


re Dep ie I cn ae 
r Ox or Oy r Ox Oy 
Oz Oz ; 
= 9,2 + ay as desired. 


55. (a) Since f is a polynomial, it has continuous second-order partial derivatives, and 


57. 


59. 


f (tx, ty) = (tx)? (ty) + 2(ta) (ty)? + 5(ty)? = Pay + 2 ay? + Sty? = PF (a?y + 2ay? + 5y?) = tf (a, y). 


Thus, f is homogeneous of degree 3. 


(b) Differentiating both sides of f (ta, ty) = t” f(x, y) with respect to ¢ using the Chain Rule, we get 


S flie.ty) = Flew) © 


5 f (ta, ty) - ote) + Stay f (ta, ty) - oy) 7 Din) f (tx, ty) +y Hay f (ta, ty) = nt” f(x,y). 


| 8 a Z 
Setting t = 1: a an f(a,y)+y ay f(x,y) = nf (a, y). 


Differentiating both sides of f (tx, ty) = t” f(x, y) with respect to x using the Chain Rule, we get 


K ftey=Z ey) © 


Fy Hts ty) PD + ST pete ty) SE = er F pley) & tfelte,ty) =e" falc.) 


Thus fc(te, ty) =t"~" fo(a, y). 


Given a function defined implicitly by F'(x, y) = 0, where F is differentiable and F,, 4 0, we know that “ == o Let 
y 
Fy dy : oe . . : ; ¢ 
G(a,y) =—- FS a= G(a, y). Differentiating both sides with respect to x and using the Chain Rule gives 
y 

dy  OGdzx  0OGdy ahr OG 6) F, PyFre — FrFy. OG 0 Fy Py Fry — FoF yy 
dz? Oxdx Oy dx Ox =u Fy Fe > Oy Oy Fy F? ; 
Thus 

d2y Py Foe — Fe Fyn (1) + Fy Foy — FoFyy Fy 

dx? Fe Fe Fy 

a8 Fook? — Fyx Fe Fy — FoyFyFe + FyyF? 
Fy 

But F' has continuous second derivatives, so by Clauraut’s Theorem, Fyz = Fry and we have 


Py  — FeeFy — 2FeyFsFy + FyyFo 


ee F as desired. 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


213 


214 


CHAPTER 14 PARTIAL DERIVATIVES 


14.6 Directional Derivatives and the Gradient Vector 


1. 


. f(z,y) =2/y = cy” 


We can approximate the directional derivative of the pressure function at / in the direction of S' by the average rate of change 
of pressure between the points where the red line intersects the contour lines closest to K (extend the red line slightly at the 
left). In the direction of S, the pressure changes from 1000 millibars to 996 millibars and we estimate the distance between 
these two points to be approximately 50 km (using the fact that the distance from K to S is 300 km). Then the rate of change 


of pressure in the direction given is approximately 296 — 2000 = —0.08 millibar/km. 


. Da f(—20,30) = Vf (20,30) -u = fr(~-20,30) (3) rs fo(—20, 30) (5). 


f(—20 + h, 30) — f(—20, 30) 


fr(—20, 30) = jim , SO We can approximate fr(—20, 30) by considering h = +5 and 


h 
using the values given in the table: fr(—20, 30) = TAGS, 20) a Hea) s 28 <8) = 1.4, 
fr(—20, 30) ~ AS 2) 20,80) Oe) = 1.2. Averaging these values gives fr(—20, 30) © 1.3. 


—5 —5 


f (—20, 30 + h) — f(—20, 30) 


Similarly, f,(—20, 30) = lim , SO We can approximate f,,(—20, 30) with h = +10: 


h 
7 _ f(—20,40) — f(—20,30) _ -34—(-33) 
fo(—20, 30) = 7 TT 0.1, 
fv(—20, 30) & P(=20, 20) — I-20, EO) cay 8) 8) = —0.3. Averaging these values gives f,(—20, 30) + —0.2. 


Then Du f(—20, 30) © 1.3(33) ED (-0.2)(<5) ~ 0.778. 


- f(x,y) = yoos(cy) =  fe(x,y) = y[-sin(xy)](y) = —y* sin(wy) and 


fy(z,y) = y[-sin(xy)](x) + [cos(ay)](1) = cos(xy) — xy sin(«y). If u is a unit vector in the direction of 0 = 7/4, then 


from Equation 6, Du (0,1) = fe(0, 1) cos(F) + fy(0, 1) sin(Z) =0-F+1- =. 


1 


OF OF. wes -2,, 1, @, 
OO) pg hg ow i+ (-«y a5) Ps 
re 5 ae 
(b) Vf(2,1) = Fi- isi 2j 


(c) By Equation 9, Du f(2,1) = Vf(2,1)-u= (i— 2j) -(2i+ 


os 
on 
eet 
II 
oe 
| 
ooo 
II 
| 
= 


» f(x,y, 2) = 2? yz — xyz! 


(a) Vi(ay, 2) = (fe (x,y, 2), fy(@,y, 2), fe(@,y, 2) on (Qayz ~ ue ge var ae ey ~ 3axyz”) 


(c) By Equation 14, Du f(2,—-1, 1) = Vf(2,—1, 1) -u = (-3, 2,2) - (0,2, -2) =0+ 2-$ =2. 
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11. f(x,y) =e*siny => Vf(ax,y) = (e* siny,e” cosy), Vf(0,7/3) = (8, }),and a 


unit vector in the direction of v is u = (—6,8) = 75 (-6,8) = (-2, 2), so 


Du f(0,7/3) = Vf(0,7/3)-u= (2, +) -(-2,4)=-*84 4-5. 


13. g(s,t) =sVt => Vo(s,t) = (vt)i+ (s/(2vt)) 5, Vo(2,4) = 2i+ $j, and a unit vector in the direction of v is 


W= Seo i j) = Fz (2i — §), so Du g(2, 4) = Vo(2,4)-u = (2i+ 35): B(2i-j) = % (4-3) = gor 
15 
10 


15. f(z,y,z)=a°yty?z => Vi (x,y,z) = (ry, a? + 2yz,y’), VF(L,2,3) = (4, 18,4), and a unit 


vector in the direction of v is u = yee (2: 1,2) = $(2,—1,2), so 
Du f(1,2,3) = Vf(1, 2,3) -u = (4,13, 4) - $(2,-1,2) = $ (8-13 +8) =2=1. 

17. h(r,s,t) =In(3r+6s+9t) = Vh(r,s,t) = (3/(3r + 6s + 9t),6/(3r + 6s + 94), 9/(3r + 6s + 9t)), 
VA(1, 1,1) = (é z, s)s and a unit vector in the direction of v = 41+ 12j+ 6k 
isu = Soppteeyg (4+ 12j+6k) = 21+ $j+ 2k, so 
Dw h(1,1,1) = VA(1,1,1)-u = (2,4,4)-(2,8,2) = A+ 


NIN 
+ 
ale 
| 
SIS 
LC) (ex) 


19. f(a,y)= /zy > Vf(a,y) = (3(ey)?/?), 3(vy)¥/?(2)) = (t= =a Vf (2,8) = (1, }). 


— 
The unit vector in the direction of PQ = (5 — 2,4 — 8) = (3, —4) isu = (3,—4), so 
Da f(2,8) = Vf(2,8)-0= (1,4) -(8,-$) = 3. 
a. f(x,y) =4yvE_ > VFla,y) = (4y- $0-¥?, 4B) = (2y/VE,AV2). 
V f(4,1) = (1, 8) is the direction of maximum rate of change, and the maximum rate is |V f (4, 1)| = /1+ 64 = V65. 


23. f(x,y) =sin(zy) => Vf(a,y) = (ycos(ay), xcos(xy)), Vf(1,0) = (0,1). Thus the maximum rate of change is 


|V f (1, 0)| = 1 in the direction (0, 1). 


25. f(z,y,z)=2/(y+2z)=2(y+2z) > => 


VFlesn2) = (U/l +2). —eu + 2)2@),—ay +29) = (ES), 


Vf(8, 1,3) (4 § =) (4 4, 3): Thus the maximum rate of change is 


|V (8, 1,3)| = ve +i+ies ve = 3 in the direction (4,4, —4) or equivalently (1, —2,—2). 
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27. (a) As in the proof of Theorem 15, Du f = |Vf| cos @. Since the minimum value of cos 6 is —1 occurring when 6 = 7, the 
minimum value of Du f is —|V f| occurring when 0 = 7, that is when u is in the opposite direction of V f 


(assuming V f # 0). 


(b) f(x,y) =a*y—27?y? = Vf (e,y) = (4a? y — 2ay?, at — 3a7y?), so f decreases fastest at the point (2, —3) in the 


direction —V f (2, —3) = — (12, —92) = (—12, 92). 


29. The direction of fastest change is V f(a, y) = (2x — 2) i+ (2y — 4)j, so we need to find all points (x, y) where V f(x, y) is 


paralleltoi+j <= (2e—2)i+(2y—4)j=k(i+j) k = 2a —2andk = 2y—4. Then22-2=2y-4 > 


y = x-+1, so the direction of fastest change is i + j at all points on the line y= x + 1. 


k k 
31. 7 = ————— and 120 = T(1, 2, 2) = = so k = 360. 
[q2 + y2 + 22 3 
{1,-1,1) 
a)u = ‘ 
® B 
= apes 2 4 42 4 42\—3/2 ya —40 LL — _ 40, 
DuT (1, 2,2) = VT(1, 2, 2) u=| 360 (x? + y? + 27) 92] oy u=—9(1,2,2)-3(1,-L 1) =-4% 


(b) From (a), VT’ = —360 (eo +y? + a) lat y, Z), and since (x, y, z) is the position vector of the point (z, y, z), the 
vector — (x, y, z), and thus VT’, always points toward the origin. 
33. VV (2, y, 2) = (10x — 3y + yz, xz — 32, xy), VV (3, 4,5) = (38, 6, 12) 
(a) Du V(3, 4,5) = (38, 6, 12) - J(1,1,-1) = 3% 


(b) VV (3, 4,5) = (38, 6, 12), or equivalently, (19, 3, 6). 


(c) |VV (3, 4,5)| = 382 + © + 122 = /1624 = 2/406 


— — 
35. A unit vector in the direction of AB is i and a unit vector in the direction of AC is j. Thus Ds f(1,3) = fe(1,3) = 3 and 


De f(,3) = fy(, 3) = 26. Therefore Vf (1,3) = (fe(1, 3), fy(1, 3)) = (3, 26), and by definition, 


— 
Da f(1,3) = Vf -u where u is a unit vector in the direction of AD, which is (& ig) Therefore, 


DI 3)= (3,26). (2, 2) =3-5 +26. 22 = 37 


37. (a) Wau + bv) = (Mere), Mord) — (ase 0 ae oot) ma se) +0 (5 x) 


Ox Oy Ox Ox’ Oy Oy Ox’ Oy Ox’ Oy 
=aVut+bVu 
Ou Ov Ou Ov Ou Ou Ov Ov 
(o) Vue) = (FE eu Fe 0 eu SE) 0 (Te Se) gu (Se) vu tue 
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Ou dv Ou Ov Ou Ou Ov Ov 
— —-y— Vr -U— v( —,—)-ul —, — 
u\)_ ("de “de dy dy \ _ _\ du’ dy dx’ Oy/ — vVu-uVu 
© V(~ el. 


v2 v2 


(d) Vu" god (7e in a \ £2 (nu oe nut x) — nut Vu 


39. f(x,y) =a22 +5a7yt+y? = 
Daf (x,y) = V f(x,y): u = (327 + 10xy, 5a? + 3y?)- “ ee 2 a +6ry + 2y 2 Then 


=r+%2 Sy+ Sat oe 


and Dif (2,1) = 34(2) + $B) = &. 


M. Let F(a, y, z) = 2(@ — 2)? + (y—1)? + (z —3)°. Then 2(a — 2)? + (y— 1)? + (z — 3)? = 10 isa level surface of F. 
F,(@,y,z) =4(@-2) => F,(3,3,5) =4, Fy(a,y,z) =2(y-1) = F,(3,3,5) = 4, and 
F. (x,y,z) =2(z2-3) => F-.(3,3,5) =4. 
(a) Equation 19 gives an equation of the tangent plane at (3, 3,5) as 4(a — 3) + 4(y-— 3) + 4(z -5) =0 © 


4x + 4y + 4z = 44 or equivalently x + y+ z= 11. 


(b) By Equation 20, the normal line has symmetric equations = rl z = a ang m 2 or equivalently 


x—-3=y-—3=2z-—5. Corresponding parametric equations aex = 3+t,y=3+t,z2=5+t. 


43. Let F(x, y, z) = ry’z?. Then xy*z* = 8 isa level surface of F and VF (2, y, z) = Cn Qryz°, Sry 2). 
(a) VF'(2, 2,1) = (4,8, 24) is a normal vector for the tangent plane at (2, 2, 1), so an equation of the tangent plane is 


A(a — 2) + 8(y— 2) + 24(z2-1) =0 or 4% + 8y+4 24z = 48 or equivalently «+ 2y+6z = 12. 


(b) The normal line has direction V F'(2, 2,1) = (4, 8, 24) or equivalently (1, 2,6), so parametric equations are x = 2 + t, 


y-2 2-1 
2 86° 


y=2+42t, z =1+4 6t, and symmetric equations are x — 2 = 


45. Let F(a, y,z) =a«+yt+2z-—e°". Thenx+y+z =e” is the level surface F(x, y, z) = 0, 
and VF (x,y,z) = (1 — yze”¥*, 1 — wze"¥*, 1 — rye”). 
(a) VF'(0, 0,1) = (1,1, 1) is a normal vector for the tangent plane at (0,0, 1), so an equation of the tangent plane 
is l(a —0) + 1(y—0)+1(z2-1)=0 or e+y4+2z=1. 
(b) The normal line has direction (1, 1, 1), so parametric equations arex = t, y=t, z = 1+, and symmetric equations are 


e=y=2z-1. 
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47. F(x, y,z) = xy + yz t+ 2a, VF (a, y,2z) =(y+2,2+2,y+2), 
VF (1, 1,1) = (2,2, 2), so an equation of the tangent plane is 27 + 2y + 2z =6 


orx+y-+z =3, and the normal line is given by x -1 = y—1=z-—1lor 


x = y = z. To graph the surface we solve for z: z = oy 
u+y 
49. f(x,y)=ay = Vf(e,y) = (y,), VE(3,2) = (2,3). VF(3,2) i) 


is perpendicular to the tangent line, so the tangent line has equation 


VE(3, 2) ‘ (x 3,y 2) =0 (2, 3) (x 3,4 2) =0 Vf (3, 2) 
2x + 3y=12—- 
2(a — 3) + 3(y—2) =0 or 244+ 3y = 12. B,2) 


2X0 2yo 220 


51. VF'(xo, yo, Zo) = (22, Ree 


} Thus an equation of the tangent plane at (xo, yo, 20) is 


2 2 2 6, YO, 20 Ss 
“ x4 a y+ > z= 2o(3 + 3 + 2(1) = 2 since (xo, yo, Zo) is a point on the ellipsoid. Hence 
+ x+ i y+ = z = 1 is an equation of the tangent plane. 
2x0 2yo —1 ae 2 1 2x5, 246 
53. VEF'(o, yo, Zo) = (=, oe >). so an equation of the tangent plane is > x+ = 2 > + = 


2x 2 z xe 7 z z xe ‘ s 
or ee + y= = (2+ — Bit = “+ $80 the equation can be written as 
a c c a 


55. The hyperboloid 2” — y? — z? = 1 isa level surface of F(x, y, z) = «? — y? — 2? and VF (a, y, z) = (2a, —2y, —2z) isa 
normal vector to the surface and hence a normal vector for the tangent plane at (, y, z). The tangent plane is parallel to the 


plane z = x +yorx+y— z = Oifand only if the corresponding normal vectors are parallel, so we need a point (0, yo, 20) 


on the hyperboloid where (229, —2yo, —2z0) = c(1, 1, —1) or equivalently (29, —yo, —zo) = k (1,1, —1) for some k ¥ 0. 


Then we must have xo = k, yo k, 20 = k and substituting into the equation of the hyperboloid gives 


k? — (-k)? —k? =1 k? = 1, an impossibility. Thus there is no such point on the hyperboloid. 


57. Let (20, yo, 20) be a point on the cone [other than (0, 0,0)]. The cone is a level surface of F(x, y, 2) = x? + y? — z? and 


VF (a, y, 2) = (2x, 2y, —2z), so VF'(x0, yo, 20) = (2X0, 2yo, —2Z0) is a normal vector to the cone at this point and an 
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equation of the tangent plane there is 220 (a — xo) + 2yo (y — yo) — 220 (z — 20) = 0 or 


xox + yoy — 20z = 22 + ys — 2. But x2 + yo = 2 so the tangent plane is given by rox + yoy — zoz = 0, a plane which 
always contains the origin. 

59. Let F(a, y,z) = 2? + y? — z. Then the paraboloid is the level surface F(a, y, z) = 0 and VF (a, y, z) = (2a, 2y, —1), so 
VF (1,1, 2) = (2, 2,—1) is a normal vector to the surface. Thus the normal line at (1, 1, 2) is given by x = 1 + 2t, 


y = 1+ 2t, z = 2—t. Substitution into the equation of the paraboloid z = x? + y” gives 2—t = (1+ 2t)? +(1+42t)? © 


2-t=24 8t+8¢? 8t? + 9t = 0 t(8¢t + 9) = 0. Thus the line intersects the paraboloid when ¢ = 0, 
corresponding to the given point (1, 1,2), or when t = — 8, corresponding to the point (- 3, - 3, =). 


61. Let (x0, yo, 20) be a point on the surface. Then an equation of the tangent plane at the point is 


x y z Vito + /Yo + V0 ara 
— . But = th t 
Te is = iS = 5 ut /Zo9 + ./yo + \/Z0 = VC, so the equation is 
x y z ; : : t 
— + — + — = ve. The r-, y-, and z-intercepts are ,/cxo, ,/Cyo and ,/cZ respectively. (The x-intercept is found b 
Tan ae ee Ve y pts are \/Cio, \/Cyo and \/CZ resp y. ( p y 


setting y = z = 0 and solving the resulting equation for x, and the y- and z-intercepts are found similarly.) So the sum of the 


intercepts is Ve(/xo + ./yo + /20 ) = c, a constant. 


63. If f(x,y, z) = 2-2? — y” and g(x, y, z) = 4x? + y? + z?, then the tangent line is perpendicular to both Vf and Vg 


at (—1, 1,2). The vector v = Vf x Vg will therefore be parallel to the tangent line. 


We have Vi (2, ¥; 2) ~~ ( 22, 2y, 1) Vi( al 1,2) —_ (2, 2, 1), and Vao(2;Y; 2) = (82, 2y, 2z) = 
ijk 
Vg(—1, 1,2) = (—8, 2,4). Hencev=Vf x Vg=| 2 -—2 1) =-10i-16j—12k. 
-8 24 


Parametric equations are: x = —1 — 10t, y= 1-—16t, 2 =2—12t. 


65. Parametric equations for the helix are x = cosmt, y=sinat, z = t, and substituting into the equation of the paraboloid 


gives t = cos” nt + sin? rt t = 1. Thus the helix intersects the surface at the point (cos 7, sin, 1) = (—1,0,1). Here 


r’(t) = (—7sin zt, 7 cos rt, 1), so the tangent vector to the helix at that point is r’(1) = (—7 sin 7, 7 cos 7, 1) = (0, —7, 1). 


The paraboloid z = 2? + y? ©& a? +y? — z= Oisa level surface of F(x,y,z) = 2? + y? — z and 


VF (a, y,z) = (2x, 2y, —1), so a normal vector to the tangent plane at (—1,0, 1) is VF'(—1,0, 1) = (—2,0, —1). The angle 


6 between r’(1) and VF'(-1, 0, 1) is given by 


a (0,—m, 1) -(—2,0,-1) _ 0+0-1 = -1 me 
|(0, —m,1)| |(-2,0,-1)] VO+Fn2+1V44+041T V5? 41) 
—1 
6=cos! = 97.8°. Because V F’'(—1, 0, 1) is perpendicular to the tangent plane, the angle of intersection 


5(a? + 1) 


between the helix and the paraboloid is approximately 97.8° — 90° = 7.8°. 
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67. (a) The direction of the normal line of Fis given by VF, and that of G by VG. Assuming that 
VF £0 # VG, the two normal lines are perpendicular at PifVF-VG=OatP <= 
(OF /0a, OF /Oy, OF /0z) - (OG/0x,0G/Oy,0G/dz) =OatP & F,G,+ FyG,+ F.G, = Oat P. 


(b) Here F = 2? + y? — 2? and G = 2? + y? + 2? —r?, so 
VE -VG = (2a, 2y, —22z) « (Qa, 2y,2z) = 4x? + dy? — 42 = 4F = 0, since the point (2, y, z) lies on the graph of 
F = 0. To see that this is true without using calculus, note that G = 0 is the equation of a sphere centered at the origin and 
F = Ois the equation of a right circular cone with vertex at the origin (which is generated by lines through the origin). At 
any point of intersection, the sphere’s normal line (which passes through the origin) lies on the cone, and thus is 


perpendicular to the cone’s normal line. So the surfaces with equations F’ = 0 and G = 0 are everywhere orthogonal. 


69. Let u = (a,b) and v = (c,d). Then we know that at the given point, Du f = Vf -u=afz + bfy and 
D, f=Vf-v =cfe + dfy. But these are just two linear equations in the two unknowns f, and f,,, and since u and v are 


not parallel, we can solve the equations to find V f = (fz, fy) at the given point. In fact, 


vp —(dDaf=bDvf aDvf~cDuf 
ad — bc : ad — bc , 


14.7. Maximum and Minimum Values 


1. (a) First we compute D(1,1) = fre (1,1) fyy(1, 1) — [fey(1, 1)? = (4)(2) — (1)? = 7. Since D(1, 1) > 0 and 


fea(1,1) > 0, f has a local minimum at (1,1) by the Second Derivatives Test. 


(b) D(1,1) = few (1,1) fyy(1, 1) — [fey (1, 1]? = (4)(2) — (3)? = -1. Since D(1, 1) < 0, f has a saddle point at (1, 1) by 


the Second Derivatives Test. 


3. In the figure, a point at approximately (1, 1) is enclosed by level curves which are oval in shape and indicate that as we move 
away from the point in any direction the values of f are increasing. Hence we would expect a local minimum at or near (1, 1). 
The level curves near (0, 0) resemble hyperbolas, and as we move away from the origin, the values of f increase in some 
directions and decrease in others, so we would expect to find a saddle point there. 


To verify our predictions, we have f(x,y) =4+a°+y?—32y =>  fr(x,y) = 3x? — 3y, fy(x,y) = 3y? — 3x. We 


have critical points where these partial derivatives are equal to 0: 37 — 3y = 0, 3y” — 3a = 0. Substituting y = x? from the 


first equation into the second equation gives 3(a”)? —- 3a =0 => 3a(x22—1)=0 x = 0oraz = 1. Then we have 


two critical points, (0,0) and (1,1). The second partial derivatives are fr (x,y) = 62, fry(x,y) = —3, and fyy(x, y) = 6y, 
so D(x,y) = fex(2,y) fuu(@,y) — [fev(«,y))? = (6x)(6y) — (—3)° = 36ay — 9. Then D(0, 0) = 36(0)(0) — 9 = -9, 
and D(1, 1) = 36(1)(1) — 9 = 27. Since D(0,0) < 0, f has a saddle point at (0, 0) by the Second Derivatives Test. Since 
D(1,1) > Oand fr2(1,1) > 0, f has a local minimum at (1,1). 


5. f(z,y)=2?+ayt+yty > fe=2Qe+y, fy=ot2y41, fer =2, fry =1, fyy = 2. Then f, = 0 implies 


y = —2z, and substitution into fy =2+2y+1=0 gives 1+2(—2r7)+1=0 3a 1 Bas. 
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Then y = -3 and the only critical point is (5 —3). 
D(x, y) = fre fuy — (fev)? = (2)(2) — (1)? = 3, and since 


D(4,-8) =8 > Oand fen(4,—8) =2 > 0, £(4,-8) = ~F is atocal 


minimum by the Second Derivatives Test. 


7. f(@,y) =(@-y)-2y)=e-y-a’yt+aey => f,=1-2eyt+y’, fy=—l—2? + 22y, foe = —2y, 
fry = —2@ + 2y, fyy = 2x. Then f,, =O implies 1 — 2xy + y? =Oand f, = 0 implies —1 — x? + 2ay = 0. Adding the 


two equations gives 1 + y? —1—2* =0 y =x y = +2, but if y = —2 then f, = 0 implies 


14227? +2?=0 3a? = —1 which has no real solution. If y = « 


then substitution into f,, = 0 gives 1 — Qe? +27 =0 v=l 


x = +1, so the critical points are (1, 1) and (—1, —1). Now 


D(1, 1) = (—2)(2) — 0? = —4 < Oand a 
ead 
NON 


D(-1,—-1) = (2)(—2) — 0? = —4 < 0, so (1,1) and (—1, —1) are 


saddle points. 


9. f(a,y) =a? +y*+2ry > fr = 20+ 2y, fy =4y? +22, fer =2, fry =2, fyy = 12y?. Then f, = 0 implies 


y = —2, and substitution into fy = 4y? + 22 = 0 gives —422 +22 —-0 => 2x (1 2a) =0 x =0 or 


xe, 1 ie -i 
x= be: Thus the critical points are (0,0), (=: 45); and. ( Wet J3): Now 


D(x,y) = fee fuy — (fo)? = (2)(12y") — (2)? = 24y? — 4, 


D 7 ; ; rie a carte re tl 
so D(0,0) = —4 < Oand (0,0) is a saddle point. aie i TAH Hii 
D(4+,-+)=pD(-+4,-+4) =24(4) -4=8> Oand * 00 i a \ | 


fox (Sq, ‘s) fe Sq: 2g) =2> 0,80 f (Sg ,-Jg) =-} 


and t(-+: <5) = —t are local minima. 


1. f(x,y) = 2? —3824+3ay? => f, =32?—343y7, fy =—6ry, fer = 62, fry = 6y, fyy = 6x. Then f, = 0 implies 


x =Oory =O. Ifx = 0, substitution into f, = 0 gives 3y? =3 => y—=+1,andify =O, substitution into f, = 0 


gives x = +1. Thus the critical points are (0, +1) and (+1, 0). 


D(0,+1) = 0 — 36 < 0, so (0, £1) are saddle points. 


D 


—~ 


+1,0) = 36 —0>0, fex(1,0) =6 > 0,and fr2(—1,0) = -6 <0, : ES 
ee 


so f(1,0) = —2 isa local minimum and f(—1,0) = 2 is a local maximum. 
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13. f(x,y) =a* — 2a? + y? — 3y fc 42 45 FH 3 — 3, fee = LE 4, Fog, = Us Fo 6: 


Then f,; = 0 implies 42(x? — 1) =0 x=0 or «=I, and f, = 0 implies 3 2_1)=0 =e, 
ip y ip y y 


Thus there are six critical points: (0,1), (£1, 1), and (+1, —1). 


D(0,1) = (—4)(6) — (0)? = —24 < 0 and Yi 


D(£1, 1) = (8)(—6) = —48 < 0, so (0, 1) and (1, —1) are saddle N \ 

points, D(0,—1) = (—4)(—6) = 24 > O and fre (0, —-1) = —4 < 0, 50 Ni 
We 

f(0,—-1) = 2isalocal maximum. D(+1,1) = (8)(6) = 48 > O and Ts WW 


fea (+1, 1) = 8 > 0, so f(£1, 1) = —3 are local minima. 


15. f(x,y) =e’ cosy => fx =e cosy, fy = —e* siny. 


Now fz = 0 implies cos y = 0 or y = $ + nz for n an integer. 
But sin($ + nm) 0, so there are no critical points. 


S 
IS 
WS 
» 


17. f(a,y) =ay+e "4 fe =y—ye™¥, fy =x—axe™¥, fea = gems 


fey =1— [y(—xe77¥) + e~74(1)] = 14 (e@y—De7™, fuy = x’e*¥, Then f, = O implies y(l1—e~*¥) =0 = 
y=0 or e %=1 > x=0 or y=0.Ifx = 0 then f, = 0 for any y-value, so all points of the form (0, yo) are 
critical points. If y = 0, then f, = 2 — xe° = 0 for any x-value, so all points of the form (xo, 0) are critical points. We have 
D(2o,0) = (0)(x%) — (0)? =O and D(0, yo) = (ys)(0) — (0)? = 0, so the Second Derivatives Test gives no information. 


—t 


Notice that if we let t = xy, then f(x,y) = g(t) =t+e 
g(t) = 1—e7*. Now g'(t) = 0 only for t = 0, and g’(t) < 0 fort < 0, 
g' (t) > 0 for t > 0. Thus g(0) = 1 is a local and absolute minimum, so 
f(x,y) =ry+e 7 > 1 for all (x, y) with equality if and only if « = 0 
or y = 0. Hence all points on the x- and y-axes are local (and absolute) 


minima, where f(x,y) = 1. 


19. f(r,y) =y* —2ycosr => fy = 2ysina, fy = 2y — 2cosa, 


for = 2ycosx, fry = 2sinx, fyy = 2. Then fz = 0 implies y = 0 or 


sinx = 0 x = 0,7, or 27 for —1 < x < 7. Substituting y = 0 into 


fy =O givescosx=0 => x = & or 3, substituting x = 0 or x = 2n 


into f, = 0 gives y = 1, and substituting x = z into fy = 0 gives y = —1. 


Thus the critical points are (0, 1), (3, 0), (7, —1), (=, 0), and (27, 1). 
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D(§,0) = D (32,0) = —4 < 00 (,0) and (34, 0) are saddle points. D(0, 1) = D(x, —1) = D(27,1) = 4 > Oand 


fx (0,1) = fex(t,—-1) = fer(27,1) = 2 > 0,s0 f(0,1) = f(a, -1) = f(27, 1) = —1 are local minima. 


21. f(x,y) = x? + 4y” — dey +2 fe = 2x — Ay, fy = 8y — 4a, for = 2, fey = —4, fyy = 8. Then fz = 0 


and fy = 0 each implies y = $a, so all points of the form (xo, 5X0) are critical points and for each of these we have 


D(ao, $%0) = (2)(8) — ( 4)? = 0. The Second Derivatives Test gives no information, but 


f(a,y) = 2? + 4y? — dry +2 = (a — 2y)? + 2 > 2 with equality if and only if y = $a. Thus f (xo, $20) = 2are all local 


(and absolute) minima. 


23. f(x,y) =a? +yr tary? 


g My -F 
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From the graphs, there appear to be local minima of about f(1,-+1) = f(—1,+1) ~ 3 (and no local maxima or saddle 
points). fy = 2a — 2a-3y~*, fy = 2y — 2a-?y?, fre =24+6a-*y~*, fry = 40-2 y73, fuy = 2+ 6x-2y~*. Then 


fr = O implies 2a4y? — 2 = 0 or x*y? = 1 or y* = «~*. Note that neither x nor y can be zero. Now fy = 0 implies 


2x*y* — 2 = 0, and with y? = «~‘ this implies 22~° — 2 = 0 or x® = 1. Thus x = +1 and if x = 1, y = +1; if x = —1, 


y = £1. So the critical points are (1, 1), (1, —1),(—1, 1) and (—1, —1). Now D(1, +1) = D(—1, +1) = 64 — 16 > O and 


fx > 0 always, so f(1,+1) = f(—1, +1) = 3 are local minima. 


ff 


A 
5 
i 
i 
Y| 


| 


From the graphs it appears that f has a local maximum at about (1, 1) with value approximately 2.6, a local minimum 
at about (5,5) with value approximately —2.6, and a saddle point at about (3, 3). 


fe =cosx+cos(x+y), fy =cosyt+cos(x+y), for = —sinx —sin(a+y), fyy = —siny—sin(x+y), 
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fey = —sin(x + y). Setting f2 = 0 and f, = 0 and subtracting gives cos x — cosy = 0 or cosa = cosy. Thus x = y 


ora = 2n—y. Ifa =y, fr = 0 becomes cos x + cos 2x = 0 or 2cos? « + cosx — 1 = 0, a quadratic in cos x. Thus 


cosxz = —lor 5 1 anda = 7, 4, or or, giving the critical points (7, 7), (= 


Sige and (=, St). Similarly if 


33) 
x = 2n —y, fe = 0 becomes (cos x) + 1 = 0 and the resulting critical point is (7,7). Now 


D(a,y) =sing siny+sing sin(x + y)+siny sin(x + y). So D(z, 7) = 0 and the Second Derivatives Test doesn’t apply. 


However, along the line y = x we have f(x, x) = 2sinx + sin2x = 2sinz + 2sinx cosx = 2sinz(1+ cos), and 


f(x,x) > 0 for0 < x < awhile f(x, x) < 0 for 7 < x < 27. Thus every disk with center (7, 7) contains points where f is 


positive as well as points where f is negative, so the graph crosses its tangent plane (z = 0) there and (7, 7) is a saddle point. 
D(z, z)= 2 > 0 and ee Zz) <0so f(%, z)= 33 | is a local maximum while D(= , 2) = ?>0and 


fox (%, 5n) > 0, so f(¥, ot) = 28 is a local minimum. 


27. f(a,y) =a* +y* — 4a?y + Qy => fe(x, y) = 4a? — 8ay and fy (x,y) = 4y? — 40? + 2. fe =0 => 


da(x? — 2y) = 0, so x = Oor x? = 2y. If x = 0 then substitution into f, = 0 gives 4y? 2 y FR 80 


(0. 45) is a critical point. Substituting x? = 2y into fy = 0 gives 4y* — 8y + 2 = 0. Using a graph, solutions are 


approximately y = —1.526, 0.259, and 1.267. (Alternatively, we could have used a calculator or a CAS to find these roots.) 


We havex? =2y => «& = +,/2y,80 y = —1.526 gives no real-valued solution for x, but 


y=0.259 => wef +0.720andy=1.267 = w& & 1.592. Thus to three decimal places, the critical points are 


(0. -~¥5) ~ (0, 0.794), (+0.720, 0.259), and (+1.592, 1.267). Now since fr. = 122” — 8y, fry = —82, fyy = 12y”, 


and D = (12a” — 8y)(12y”) — 64x”, we have D(0, —0.794) > 0, fra(0, —0.794) > 0, D(+0.720, 0.259) < 0, 


S 


41.592, 1.267) > 0, and frx(+1.592, 1.267) > 0. Therefore f (0, —0.794) ~ —1.191 and f (41.592, 1.267) ~ —1.310 


are local minima, and (+0.720, 0.259) are saddle points. There is no highest point on the graph, but the lowest points are 


approximately (+1.592, 1.267, —1.310). 


8 MUNN 4 iy a= 
iy ! 
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29. f(r,y) =a +y? — 3a? +y?+e-2y4+1 > fe(x,y) = 40° — 6x + 1and fy(x,y) = 3y? + 2y — 2. From the 


graphs, we see that to three decimal places, f; = 0 when x + —1.301, 0.170, or 1.131, and fy, = 0 when y + —1.215 or 


0.549. (Alternatively, we could have used a calculator or a CAS to find these roots. We could also use the quadratic formula to 


find the solutions of fy = 0.) So, to three decimal places, f has critical points at (— 1.301, —1.215), (—1.301, 0.549), 


(0.170, —1.215), (0.170, 0.549), (1.131, —1.215), and (1.131, 0.549). Now since fr = 1227 — 6, fey =0, fyy = 6y +2, 
and D = (12x? — 6)(6y + 2), we have D(—1.301, —1.215) < 0, D(—1.301, 0.549) > 0, fex(—1.301, 0.549) > 0, 
D(0.170, —1.215) > 0, fee(0.170, 1.215) < 0, D(0.170, 0.549) < 0, D(1.131, —1.215) < 0, D(1.131, 0.549) > 0, and 
fx (1.131, 0.549) > 0. Therefore, to three decimal places, f(—1.301, 0.549) = —3.145 and f (1.131, 0.549) ~ —0.701 are 
local minima, f (0.170, —1.215) = 3.197 is a local maximum, and (—1.301, —1.215), (0.170, 0.549), and (1.131, —1.215) 


are saddle points. There is no highest or lowest point on the graph. 


5 


1.6 1.6 


10 


31. Since f is a polynomial it is continuous on D, so an absolute maximum and minimum exist. Here fz = 2a — 2, fy = 2y, and 


setting fx = fy = 0 gives (1,0) as the only critical point (which is inside D), where f(1,0) = —1. Along Li: « = 0 and 


f(0,y) = y? for —2 < y < 2, a quadratic function which attains its minimum at y = 0, where f (0,0) = 0, and its maximum 


at y = +2, where f(0,+2) = 4. Along Lo: y= a — 2 for0 < a < 2,and f(x, x — 2) = 22” 62 +4 = 2(¢ oe 3, 


a quadratic which attains its minimum at « = 3, where f(3, = 3) =o 3, and its maximum at 2 = 0, where f(0, —2) = 4. 


Along £3: y = 2— <2 for0 < x < 2, and ai) 


(0, 2) 


f(a,2—2) = 2a? —-6%4+4= 2(a ay 3, a quadratic which attains 


: wos : : L 
its minimum at 7 = 3, where f(3, 3) = -i, and its maximum at x = 0, : 


where f (0,2) = 4. Thus the absolute maximum of f on D is f(0,+2) = 4 


(0, —2) 


and the absolute minimum is f(1,0) = —1. 
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33. f(x,y) = 2a + 2ay, fy(x,y) = 2y + x”, and setting f, = fy = 0 yA 
gives (0, 0) as the only critical point in D, with f(0,0) = 4. ee fe) 
On Ii: y = —1, f(x, —1) = 5, a constant. Ly L, 
rs 
On Lo: « = 1, f(1,y) = y? + y +5, a quadratic in y which attains its * 
maximum at (1,1), f(1,1) = 7 and its minimum at (1, —3), pA, —3) = 2. (-1,-1) L, (1, -1) 


On Lz: f (2,1) = 2a? + 5 which attains its maximum at (—1, 1) and (1,1) 


with f(+1,1) = 7 and its minimum at (0,1), f(0,1) = 5. 


On La: f(-1,y) = y? + y +5 with maximum at (—1, 1), f(—1,1) = 7 and minimum at (—1,—4), f(—1,-$) = 22. 


Thus the absolute maximum is attained at both (+1, 1) with f(+1, 1) = 7 and the absolute minimum on D is attained at 


(0,0) with f(0,0) = 4. 


35. f(x,y) = 2? + 2y? — 2a —4y 41 fe = 2x —2, fy = 4y — 4. Setting f, = 0 and fy, = 0 gives (1, 1) as the only 


critical point (which is inside D), where f(1,1) = —2. Along Li: y = 0,80 f(x,0) = a2? —-24+1=(r%—-1)7,0<2 <2, 
which has a maximum value both at « = 0 and « = 2 where f(0,0) = f(2,0) = 1 and a minimum value at x = 1, where 


f (1,0) = 0. Along La: x = 2, so f(2,y) = 2y? — 4y +1 = 2(y — 1)? — 1,0 < y < 3, which has a maximum value at 


y = 3 where f(2,3) = 7 and a minimum value at y = 1 where f(2,1) = —1. Along Ls: y = 3, so 


f(a, 3) = x? — 22 +7 = (a — 1)? +6,0 < a < 2, which has a maximum value both at 2 = 0 and 2 = 2 where 


f(0,3) = f(2,3) = 7 and a minimum value at x = 1, where f(1,3) = 6. Along La: x = 0, so 


f(0,y) = 2y? — 4y +1 = 2(y— 1)? — 1,0 < y < 3, which has a 
maximum value at y = 3 where f(0,3) = 7 anda minimum value at y = 1 
where f(0,1) = —1. Thus the absolute maximum is attained at both (0, 3) 
and (2,3), where f(0,3) = f(2,3) = 7, and the absolute minimum is 
f(1,1) = —2. 


37. fx(x,y) = 6x? and f,(ax, y) = 4y*. And so fr = Oand fy = 0 only occur when x = y = 0. Hence, the only critical point 


inside the disk is at = y = 0 where f(0,0) = 0. Now on the circle x? + y* = 1, y? = 1— 2” so let 


g(x) = f(a,y) = 203 + (1 — 2”)? = at +203 — 22? +1, -1 < a& <1. Then g’(x) = 4x + 62? — 42 = 0 x=0, 


—2, or 3. f(0,#1) = 9 (0) = 1, (4, 
f(—1,0) = g(—1) = —2 and f(1,0) = g(1) = 2. Thus the absolute maximum and minimum of f on D are f(1,0) = 2 and 
f(—1,0) = -2. 


Another method: On the boundary x” + y? = 1 we can write x = cos 0, y = sin @, so f (cos 0, sin @) = 2cos* 6 + sin* 0, 


t 2) = g(3) = 7. and (—2, —3) is not in D. Checking the endpoints, we get 


0<@< 2n. 
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39. f(x,y) = —(a? — 1)? — (ay — 2 — 1)? f(x, y) = —2(a? — 1)(2x) — 2(@?y — & — 1)(2ay — 1) and 


fu(z,y) = —2(a?y — a — 1)x”. Setting fy(x, y) = 0 gives either x = 0 ora?y—a2—1=0. 


ae : : 1 
There are no critical points for « = 0, since f,(0, y) = —2, so we set 27y —2x—1=0 y= — [a 4 0], 
z+1 2 2t+1 a+1 = 2 ierek 
80 fx | 2, Poel Ces 2(a* — 1)(2x) — 2( ax mae 1)( 2a =e 1) = —4a(a* — 1). Therefore 


fe (x,y) = fy(x, y) = 0 at the points (1, 2) and (—1, 0). To classify these critical points, we calculate 


fra (@, y) = —12x? — 1207 y? + 122y + 4y +2, fyy(2,y) = —22%, 

and fry (x,y) = —8x*y + 6x? + 4a. In order to use the Second Derivatives 
Test we calculate 

D(-1,0) = fez(—1,0) fyy(—1, 0) — [fey(—1, 0)]? = 16 > 0, 
fre(—1,0) = —10 < 0, D(1,2) = 16 > 0,and fre(1,2) = —26 < 0, so 


both (—1, 0) and (1, 2) give local maxima. x 


41. Let d be the distance from (2, 0, —3) to any point (x, y, z) on the plane x + y+ z=1,sod= /(a — 2)? + y? + (2 +3)? 


where z = 1 — x — y, and we minimize d? = f(x,y) = (a — 2)? + y? + (4— #— y)”. Then 


fo(x,y) = 2(a — 2) + 2(4-— a4 — y)(—1) = 4a 4 Qy — 12, fy(a, y) = 2y + 2(4-— x — y)(—1) = 2a 4+ 4y — 8. Solving 
4a + 2y — 12 = O and 2x + 4y — 8 = O simultaneously gives x = 3, y= 2, so the only critical point is (3, 2). An absolute 


minimum exists (since there is a minimum distance from the point to the plane) and it must occur at a critical point, so the 
‘ie 4 2 
=\3= 7 


43. Let d be the distance from the point (4, 2, 0) to any point (x, y, z) on the cone, so d = \/(a — 4)? + (y — 2)? + z? where 


shortest distance occurs for « = 3, y = = for which d = VG - 2)? + (2)? + (4-8 


elt 


2? = 2 + y*, and we minimize d? = (x — 4)? + (y— 2)? +27 +y? = f(a,y). Then 


fe (a, y) = 2 (a — 4) + 2a = 4a — 8, fy (a, y) = 2 (y — 2) + 2y = 4y — 4, and the critical points occur when 


fx =0 z=2, fy =0 y = 1. Thus the only critical point is (2, 1). An absolute minimum exists (since there is a 


minimum distance from the cone to the point) which must occur at a critical point, so the points on the cone closest 


to (4, 2,0) are (2, 1, tW/50) 


45. Let x, y, z be the positive numbers. Then x + y+ z = 100 z = 100 — x — y, and we want to maximize 


xyz = cy(100 — x — y) = 100zy — x?y — xy? = f(a, y) for0 <2,y,z < 100. fr = 100y — 2ry — y?, 


fy = 100x — 2? — 2ay, fro = —2y, fyy = —22, fry = 100 — 2x — 2y. Then f, = 0 implies y(100 - 22 —y)=0 => 


y = 100 — 2x (since y > 0). Substituting into f, = 0 gives x[100 — x — 2(100 — 2x)] =0 3x — 100 = 0 (since 


z>0) > @= 00 Then y = 100 — 2 (+82) = ae, and the only critical point is (2, 200). 


D (242, 200) = (-292) (— 28) — (- 290)? = 10900 > O and fac (292, M8) = — 22 < 0. Thus #(H90,292) 
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is a local maximum. It is also the absolute maximum (compare to the values of f as x, y, or z — 0 or 100), so the numbers are 


cayozr= i. 


Center the sphere at the origin so that its equation is 2? + y? + z* = r?, and orient the inscribed rectangular box so that its 
edges are parallel to the coordinate axes. Any vertex of the box satisfies x? + y? + z? = r?, so take (x, y, Z) to be the vertex 


in the first octant. Then the box has length 2x, width 2y, and height 2z = 2 \/r? — x? — y? with volume given by 


V(x,y) = (22)(2y)(2 Pay) = Bay (ra —# for <a <r, 0<y <r. Then 
a Bin. EO 
Ve = (Say) - $(r? — 2? — y?)~/? (22) + \/r? — a — yp - By = ae) and V, = Ba(r@— 2" —2y") 
y 


r2 — 72 — r2 — 2? — y? 


Setting V, = 0 gives y = 0 or 2x” + y? = r?, but y > 0 so only the latter solution applies. Similarly, V, =O with « > 0 


implies x? + 2y” = r?. Substituting, we have 2a? + y? = a? + 2y? ay y=. Then a? +2y? =r? = 


3a27 = 7? > 2 = \/r?/3 = 1r/V3 = y. Thus the only critical point is (r/V3, r/V/3). There must be a maximum 


volume and here it must occur at a critical point, so the maximum volume occurs when « = y = r/./3 and the maximum 
: r r is in 2 t 2 r 2 8 3 
volume is V ( = =) =8( 3) ( 3) r ( :) ( 3) ava" . 


Maximize f(x,y) = 3 (6 — x — 2y), then the maximum volume is V = xyz. 


jes + (6y Qry — y?) = sy(6 — 2x — 2y) and f, = $2 (6 — a — 4y). Setting f, = 0 and f, = 0 gives the critical point 


ope 


(2, 1) which geometrically must give a maximum. Thus the volume of the largest such box is V = (2)(1)(#) = 


Let the dimensions be x, y, and z; then 4% + 4y + 4z = c and the volume is 


V = ayz = ry(Fe x y) = texy xy — xy", > 0,y > 0. Then V; = fey — 2ey —y? and Vy = tex — x? — 2xy, 


so Vz = 0 = Vy when 22 + y = teand x + 2y = te. Solving, we get x = Goy= cand z = te-2-Yy= $e. From 


the geometrical nature of the problem, this critical point must give an absolute maximum. Thus the box is a cube with edge 


length pe. 


Let the dimensions be x, y and z, then minimize xy + 2(xz + yz) if xyz = 32,000 cm?. Then 

f(x,y) = xy + [64,000(a + y)/xy] = cy + 64,000(2~1 + y~"), fe = y — 64,0002~*, fy = x — 64,000y~°. 
And f, = 0 implies y = 64,000/2?; substituting into fy = 0 implies x = 64,000 or « = 40 and then y = 40. Now 
D(a, y) = [(2)(64,000)]?2~y—% — 1 > 0 for (40, 40) and fr»(40,40) > 0 so this is indeed a minimum. Thus the 


dimensions of the box are x = y = 40 cm, z = 20 cm. 


Let x, y, z be the dimensions of the rectangular box. Then the volume of the box is xyz and 


L=VJ/e?+yt+2 => BPaaty?+2? z= V/L? — 2? —y?. 
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Substituting, we have volume V(x, y) = xy \/L? — 22 — y? (x,y > 0). 


Va = ey (D7 — 2? — y?)¥?(-22) + y LE? — 2? — y? = y/T? — 2? — y? JL? —22—y? 


2 
Vy = 2 /L? — 2? — y? ue . Ve =O implies y(L? — 2? — y?) = xy y(L? — 2a? — y?) =0 
/T? — 42 —y? 
2a” + y? = L? (since y > 0), and V, = 0 implies «(L? — 2? — y?) = ay’ x(L? — 2? — 2y?) =0 


x + 2y? = L? (since x > 0). Substituting y? = L? — 2x? into x? + 2y? = L? gives x? + 21? — 4x? = L? 
327 =L? => x =L/V3 (since x > 0) and then y = \/ L? — 2(L/V3) = L/V3. 


So the only critical point is (L /V3, L/V3 which, from the geometrical nature of the problem, must give an absolute 


maximum. Thus the maximum volume is V(L/Vv3, L/V3) = (L/v3y 4/ L? — (L/v3y — (L/V3y = L?/(3 V3) 


cubic units. 


57. (a) We are given that p1 + po + p3 = 1 p3 = 1—pi — po, so 


H = —p, np; — p2Inp2 — p3Inp3 = —p np, — pe Inp2 — (1 — pr — p2) In (1 — pi — po). 


(b) Because p; is a proportion we have 0 < p; < 1, but H is undefined unless Bs ‘( 

pi > 0, pe > 0,and1—pi-—po2>0 & pit pe <1. This last ne a 

restriction forces p1 < 1 and p2 < 1, so the domain of H is *s e ae 

1 ae 

{(p1,p2) |0< pi <1, po <1—pz1}. It is the interior of the triangle ere, et 

drawn in the figure. A (1,0) » 
(c) Hp, = — [pi (1/pi) + (In px) - 1] — [(1 — pi — pa) - (-1)/ (1 — pi — pa) + In (1 — pi — pa) - (—1)] 

=-1—Inp1+1+In(1—pi — pe) =n(1— pi — pe) —Inpi 

Similarly Hp, = In(1— pi — pz) — Inpe. Then Hp, = 0 implies 

In (1 — pi — pz) = Inpr 1—pi —p2 = pi p2 = 1 — 2p1, and H,, = 0 implies 

In (1 — pi — p2) = Inpe pi = 1— 2pz. Substituting, we have p; = 1 — 2(1 — 2p1) 


3p1=1 > N= z and then p2 = 1 — 2 (3) — z Thus the only critical point is (5, 3). 


-1 1 -1 1 -1 2 
Bieta eae) (2k 


1l—pi-—p2 pi 1l-—pi-—p2 pe 


D(§,%) = (—6) (—6) — (—3)? = 27 > Oand Apyp, ($, 3) = —6 < 0. Thus 


=-—In 3 = ]n3 isa local maximum. Here it is also the absolute maximum, so the 
maximum value of H is In 3, which occurs for p1 = p2 = p3 = 3 (all three species have equal proportion in the 


ecosystem). 
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Note that here the variables are m and b, and f(m,b) = S> [yi — (mai +6)]?. Then fim = Y> —22i[yi — (mai + b)] = 0 


t=1 i=1 
implies >> (xiyi — max? — ba;) =0or ) wy =m dD a+b So a and fy = > —2[ys — (mai + b)| = 0 implies 
i=l i=l i=l i=l i=l 


i=l 41 rS1 


Sy=mYaut+ YD b= m( > vs) + nb. Thus we have the two desired equations. 
i=l 


Now fmm = > 227, foo = S22 = 2nand fmy = S> 2a. And fmm(m, b) > 0 always and 


t= 1 t=1 aol 


i=1 


D(m, b) = an( > o) _ a( > x.) =4 |. ( > v) - ( ye v) | > 0 always so the solutions of these two 


n 
equations do indeed minimize 5~ d?. 
é=1 


14.8 Lagrange Multipliers 


. At the extreme values of f, the level curves of f just touch the curve g(x, y) = 8 with a common tangent line. (See Figure 1 


and the accompanying discussion.) We can observe several such occurrences on the contour map, but the level curve 
f(x, y) = c with the largest value of c which still intersects the curve g(x, y) = 8 is approximately c = 59, and the smallest 
value of c corresponding to a level curve which intersects g(x, y) = 8 appears to be c = 30. Thus we estimate the maximum 


value of f subject to the constraint g(x, y) = 8 to be about 59 and the minimum to be 30. 


. We want to find the extreme values of f(a, y) = 2? — y? subject to the constraint g(a, y) = 2? + y? = 1. Then 


Vf=AVg (2x, —2y) = » (2x, 2y), so we solve the equations 22 = 2A, —2y = 2Ay, and ? + y? = 1. From the 


first equation we have 27(A — 1) = 0 x=0 or A=1.Ifx =0 then substitution into the constraint gives 


y?>=1 => y=l. If) = 1 then substitution into the second equation gives —2y = 2y y = 0, and from the 


constraint we must have x = +1. Thus the possible points for the extreme values of f are (0, +1) and (+1, 0). Evaluating f 


at these points, we see that the maximum value of f is f(+1,0) = 1 and the minimum is f(0,+1) = —1. 


. f(z, y) = ey, g(x,y) = 407 +y? =8, and Vf =AVg = (y, x) = (8Az, 2Ay), so y = 8Ax, = 2Ay, and 


4a? + y? = 8. First note that if 2 = 0 then y = 0 by the first equation, and if y = 0 then x = 0 by the second equation. But 
this contradicts the third equation, so £ 0 and y # 0. Then from the first two equations we have 


y x 2 
oe ie 
8x 2y 


8a? y” = 4x, and substitution into the third equation gives 


4o? +4¢7? =8 => aw=Htl. Ife=4+1theny?=4 = y=+2,s0 f has possible extreme values at (1,-+2) and 


(—1, +2). Evaluating f at these points, we see that the maximum value is f(1,2) = f(—1, —2) = 2 and the minimum is 


f(1, -2) = f(—1, 2) = -2. 
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7. f(a,y,z) =2e+2y+z2, o(2,y,z) =a? +y? +27 =9, and Vf=AVg => (2,2,1) = (2dx, 2dy, 2Az), so 2Ax = 2, 


QrAy = 2, 2Az = 1, and x? + y? + z? = 9. The first three equations imply « = > y= > and z = = But substitution into 
op cy a 9 
the fourth equation gives ( 5) + ( 5) + ( 5 5) 9 De 9 » zee so f has possible extreme values at 


the points (2,2, 1) and (—2, —2, —1). The maximum value of f on x? + y? + z* = 9 is f(2,2,1) = 9, and the minimum is 
f(—2, —2,-1) = —9. 
9. f(z, y,2) =2y"2, g(z,y, 2 =e t+y4+2 =4, andVf=AVG > (y?z,2xyz, cy’) = r(2x, 2y,2z). Then 


y’z=2re, 2eyz =2Qry, ey? =2Az, and a? +y?4+ 27 =4. 


Case 1: If X = 0, then the first equation implies that y = 0 or z = 0. If y = 0, then any values of x and z satisfy the first three 


equations, so from the fourth equation all points (a, 0, z) such that x? + z? = Aare possible points. If z = 0 then from the 


third equation « = 0 or y = 0, and from the fourth equation, the possible points are (0, +2, 0), (+2,0,0). The f-value in all 


these cases is 0. 
Case 2: If X £ 0 but any one of x, y, z is zero, the first three equations imply that all three coordinates must be zero, 


contradicting the fourth equation. Thus if A # 0, none of x, y, z is zero and from the first three equations we have 


2 2 

s 7 =d\=a2= o . This gives y?z = 2x?z y? = 20? and 2y?z? =227y? => z? =a”. Substituting into the 
x Zz 

fourth equation, we have x” + 2x? + «2 = 4 g=1 x =+1,soy = +V2 and z = +1, giving possible points 

(Ei, +yV2, +1) (all combinations). The value of f is 2 when x and z are the same sign and —2 when they are opposite. 


Thus the maximum of f subject to the constraint is f(1,+V2,1) = f(—1,4V2, —1) = 2 and the minimum is 


f(,4v2,-1) = f(-1,+v2, 1) = -2. 


1. f(2,y,z) = 2? +y 42, oa,y,z) Hat t+y44+24=1 Ss VE = (22, 2y, 22), \Vg = (Ara, 4ry?, 402°). 
Case 1: Ife £0, y £0, and z # 0, then Vf = AVg implies \ = 1/(2x7) = 1/(2y”) = 1/(227) or a? = y? = 2? and 


4 Loon . i. Ae Al 1 1 4 iy. 21 1 1 1 1 
3x =lorg= 27 giving the points (+ ; me ‘ae +), (+4, re a), (4 ; ; ) 


all with an f-value of /3. 


Case 2: If one of the variables equals zero and the other two are not zero, then the squares of the two nonzero coordinates are 


equal with common value Ww and corresponding f-value of \/2. 


Case 3: If exactly two of the variables are zero, then the third variable has value +1 with the corresponding f-value of 1. 


Thus on * + y* + 2* = 1, the maximum value of f is 3 and the minimum value is 1. 


13. f(v,y,z,t) =a2tyt2+t o(z,y,2,t) =e 4+y4t2?4+P=1 5 (1,1,1,1) = (2dq, 2ry, 2dz, 2A4), so 


A= 1/(2x) = 1/(2y) = 1/(2z) = 1/(2t) and z = y = z = t. But 2? + y*? + 22 +t? = 1, so the possible points are 
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+i 421 41 41 i i A2idadilyjy ini i 
( area resi 5)- Thus the maximum value of f is f ($55) 555) = 2 and the minimum value is 


f(x,y) =2? +y?, g(a,y) = xy =1,and Vf =AVg > (22, 2y) = (Ay, Ax), so 22 = Ay, 2y = Aw, and xy = 1. 
From the last equation, x 4 0 andy #0,so2x=Ay => A= 2a/y. Substituting, we have 2y = (2x/y)c => 


yo =x? => y=-+e. But ry =1,s0x = y = +1 and the possible points for the extreme values of f are (1, 1) and 


(—1, —1). Here there is no maximum value, since the constraintry =1 <= y= 1/z allows x or y to become arbitrarily 


large, and hence f(x, y) = x” + y? can be made arbitrarily large. The minimum value is f(1,1) = f(—1,—1) = 2. 


f(x,y,2) =etyt2, g(2,y,2) =e +27 =2 h(e,y,z)=e+y=LandVf=Ag+"Vh => 
(1,1,1) = (2Ax,0,2Az) + (u, w,0). Then 1 = 2A7+p, 1=p, 1=2dz, 2? +22 =2, and «+y = 1. Substituting 


js = 1 into the first equation gives \ = 0 or x = 0. But A = O contradicts 1 = 2Az,sox =0.Thena+y=1 > y=l1 


and a? 4+27=2 => z=+,/2,s0 the possible points are (0, 1, aay 2.) The maximum value of f subject to the 


constraints is f(0, 1, /2) = 14+ V2 = 2.41 and the minimum is f (0,1, -V2) = 1— V2 = —0.41. 

Note: Since x + y = 1 is one of the constraints, we could have solved the problem by solving f(z, z) = 1+ z subject to 
ge+27 =2. 

f(t,y,2) =yz+ay, g(a,y,2) =2y=1, heyz2)=yP+2=1 > VE=(y,et+2,y), AVG = Ay, Az, 0), 
uVh = (0, 2uy, 2uz). Then y = Ay implies A = 1 [y 4 0 since g(a, y, z) = 1], a+ z = Aw + py and y = 2yz. Thus 


p= 2/(2y) = y/(2y) or y? = 2”, and soy? + 2” = 1 implies y = +z, = +z. Then xy = 1 implies x = +2 and 


the possible points are (+ 2, +J5, <5) ‘ (+v2, +5, = ss) . Hence the maximum of f subject to the constraints is 


f(+v2, 2a: +45) = 3 and the minimum is f(+v3, +35, +73) =. 
Note: Since xy = 1 is one of the constraints we could have solved the problem by solving f(y, z) = yz + 1 subject to 
yea. 


f(z,y) = 2? + y*? + 4a — 4y. For the interior of the region, we find the critical points: f, = 22 + 4, fy = 2y — 4, so the 


only critical point is (—2, 2) (which is inside the region) and f(—2,2) = —8. For the boundary, we use Lagrange multipliers. 


g(x,y) = 2? +y? =9,s0 Vf =AVg (2a + 4, 2y — 4) = (2Ax, 2dy). Thus 2x + 4 = 2x and 2y — 4 = 2ry. 


Adding the two equations gives 2x + 2y=2Av+2\y => awty=Xaet+y) => («4+ y)(A-1) =0,50 


z+y=0 y=—-xorvA—1=0 » = 1. But A = 1 leads to a contradition in 2a + 4 = 2A, so y = —ax and 
x? +y” = 9 implies 2y? = 9 y= +35. We have t(43.-4) = 9+ 12)/2 = 25.97 and 


t(-3 5) = 9—12\/2 & —7.97, so the maximum value of f on the disk x? + y? < 9is t(4s. - $5) = 9+ 12/2 and 


the minimum is f(—2,2) = —8. 
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23. f(x,y) =e *%. For the interior of the region, we find the critical points: fe = —ye*¥, fy = —xe ””, so the only 


critical point is (0,0), and f(0,0) = 1. For the boundary, we use Lagrange multipliers. g(x,y) = «7 +4y2=1 > 


AV g = (2Ax, 8Ay), so setting Vf = AVg we get —ye-* = 2Ax and —xe~*¥ = 8Ay. The first of these gives 


e *¥ = —2)a/y, and then the second gives —x(—2A2/y) = 8Ay x” = 4y’. Solving this last equation with the 


constraint x” + 4y? = 1 gives x = +, and y = +5. Now t(+5. +x5) =e!/4 = 1.284 and 


-1/4 


= 0.779. The former are the maxima on the region and the latter are the minima. 


F(+Jp tan) =¢ 


25. (a) f(a,y)=2, g(x,y) =y? +a*-2? =0 Vf = (1,0) = AVg (42° 3a”, 2y). Then 


i (403 - 3a”) (1) and 0 = 2Ay (2). We have A 4 0 from (1), so (2) gives y = 0. Then, from the constraint equation, 


c*—2? =0 x°(2—1)=0 x = O0oraz = 1. But x = 0 contradicts (1), so the only possible extreme value 


subject to the constraint is f(1,0) = 1. (The question remains whether this is indeed the minimum of f.) 


(b) The constraint is y? + 24 — «3 = 0 y’ = x? — x". The left side is non-negative, so we must have «* — a* > 0 
which is true only for 0 < x < 1. Therefore the minimum possible value for f(x,y) = x is 0 which occurs for x = y = 0. 


However, AV g(0,0) = A (0 — 0,0) = (0,0) and V f(0,0) = (1,0), so Vf (0,0) 4 AV g(0, 0) for all values of X. 


(c) Here Vg(0, 0) = O but the method of Lagrange multipliers requires that Vg 4 0 everywhere on the constraint curve. 


27. P(L, K) = bL°K*~*, g(L, K) =mL+nK=p = VP=(abL°'K'%,(1—a)bL°K~*%), AVg = (Am, An). 
Then ab(K/L)'~* = Amand (1 — a)b(L/K)* = AnandmL +nK = p, so ab(K/L)!~%/m = (1 — a)b(L/K)°/n or 
na/[m(1 — a)] = (L/K)°(L/K)*~° or L = Kna/[m(1 — a). Substituting into mL +nK =p gives K = (1—a)p/n 


and L = ap/m for the maximum production. 


29. Let the sides of the rectangle be x and y. Then f(z, y) = ry, g(x,y) = 2a+2y=p => Vf (x,y) = (y,2), 


AV g = (24, 2X). Then A = sy = 5a implies x = y and the rectangle with maximum area is a square with side length + p. 


31. The distance from (2,0, —3) to a point (2, y, z) on the plane is d = \/(x — 2)? + y? + (z + 3)?, so we seek to minimize 


d? = f(x,y, 2) = (a — 2)? + y? + (2 +3)? subject to the constraint that (x, y, z) lies on the plane 2 + y + z = 1, that is, 


that g(v,y,z) =x+y+z=1. ThenVf =AVg (2(a — 2), 2y,2(z + 3)) = (A, A, A), so. x = (A+ 4)/2, 
y = A/2, z = (A— 6)/2. Substituting into the constraint equation gives Z * 24 + a ; sy 1 3A-—2=2 
Xr :, SO x 5, y z, and z = -2. This must correspond to a minimum, so the shortest distance is 
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33. Let f(a, y, 2) = d? = (a — 4)? + (y — 2)? + 2”. Then we want to minimize f subject to the constraint 


2 


g(a,y,z) =a? +y?-2=0. VF =AVG (2 (a — 4) ,2(y — 2) ,2z) = (2Aa, 2drAy, —2Az), sow —4 = Az, 


y — 2 = dy, and z = —Az. From the last equation we have z+ Az =0 = z(1+A)=0,so either z = 0 or \ = —1. But 


from the constraint equation we havez =-0 => «2% +y?=0 x = y = O which is not possible from the first two 
equations. SoA = —landx—4= Ax x=2,y—-2=dAy y=landa?+y?-27=0 = 
44+1-—27=0 z = +5. This must correspond to a minimum, so the points on the cone closest to (4, 2, 0) 
are (2, Ls +V5). 

35. f(x,y, 2) = xyz, g(x, y,z) =x t+y+z=100 Vi = (yz, vz, ry) =AVg = (A,A, A). Then A = yz = ez = ay 


100 


impliest@ =y=z2= 3 


37. If the dimensions are 2x, 2y, and 2z, then maximize f(x,y, z) = (2x)(2y)(2z) = 8xyz subject to 


g(a,y,z) =e +yY4+2 =r? (2 >0,y>0,2>0). ThenVf=AVg = (8yz,8xz,8xry) = A (22, 2y,2z) => 


4 4 4 bi : 
8yz = 2A, 8az = 2Ay, and 8ry = 2Az,s0 A = Oe 2 eve 2 ed rig gives a?z—y?z => a? =y? (since z 40) 
y z 
and ay? =a227 > 2? =y',soe*=y?=2 x = y = z, and substituting into the constraint 
equation gives 327 = r? x =r/V3 = y = z. Thus the largest volume of such a box is 


i (a 73° 7) =8( ‘) ( fs) ( -) = aT 


39. f(x,y, 2) = xyz, g(a, y,z2) =x +2y+3z=6 => Vi = (yz, x2, ry) = AVG = (A, 2A, 3A). 


Then A = yz = haz = ary implies x = 2y, z= Sy. But 2y + 2y + 2y =6soy=1,x% = 2, z 2 and the volume 


isV = s. 
4. f(x,y,z) = xyz, g(a,y,z) =4(a@+y+z)=c => Vi = (yz, x2, cy), AVG = (4A, 4A, 4A). Thus 
AN = yz = az =2yortr=y=z= ae are the dimensions giving the maximum volume. 


43. If the dimensions of the box are given by x, y, and z, then we need to find the maximum value of f(x,y, z) = xyz 


[x,y,z > O] subject to the constraint L = \/x? + y2 + 27 or g(z,y,z) = 2° +y4+2=L?. Vf=AVg = 


(yz, @z, xy) = A( 2a, 2y, 2z), so yz = 2Ax mn uz = 2dy » a and xy = 2Xz A= oe 
Teas Se x? =y” [since z 4 0] x = yand A ee x =z [since y £ 0]. 

2e 2y 24% 2z 
Substituting into the constraint equation gives x? + x? + 2? = L? x? = L?/3 x = L/V3 = y = z and the 


maximum volume is (L/v3)° — L?/(3 V3). 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 14.8 LAGRANGE MULTIPLIERS 235 


45. We need to find the extreme values of f(x, y, 2) = x? + y? + z? subject to the two constraints g(x,y, z) =x +y+2z=2 
and A(x,y,z) =a? +y?—2z=0. Vf = (2x, 2y,2z), Vg = (A,A, 2A) and wVh = (2a, Quy, — 1). Thus we need 
2a =A+2ua I), 2y=A+2uy (2), 22 =2A\—p (3), cty+2z=2 (4), anda? + y?—z=0 (5). 
From (1) and (2), 2(a — y) = 2u(« — y), so ifx A y, u = 1. Putting this in (3) gives 2z = 2\ — lor A = z + 4, but putting 


fu = 1 into (1) says A = 0. Hence z+ 4 =0orz= —4. Then (4) and (5) become x + y — 3 = Oand 2? + y? +3$=0. The 


last equation cannot be true, so this case gives no solution. So we must have x = y. Then (4) and (5) become 2x + 2z = 2 and 
2x? — z = 0 which imply z = 1 — a and z = 22”. Thus 22? = 1— wor 22? +a2—1= (2e—-1)(e+1) =0sox=3$ or 
x = —1. The two points to check are (5, ;, 3) and (—1, —1, 2): f(3, 3, 5) = 3 and f(—1, —1,2) = 6. Thus (5, ;, 5) is 


the point on the ellipse nearest the origin and (—1, —1, 2) is the one farthest from the origin. 


47. f (x,y,z) = ye" *, g(x,y, 2) = 9x? + 4y? + 362” = 36, A(z,y,z) =aeytyz=1. Vf=AVg+uVA => 
wer -*, e”—*, —ye*—*) = A(18z, 8y, 72z) + uly, 2 + z,y), 80 ye” * = 18x + py, e* -* = BAy + w(a + 2), 
—ye®—* = 72dz + py, 9x? + 4y? + 362? = 36, ey + yz = 1. Using a CAS to solve these 5 equations simultaneously for x, 
y, z, A, and ys (in Maple, use the allvalues command), we get 4 real-valued solutions: 

x 0.222444, yx —2.157012, z= —0.686049, A —0.200401, px 2.108584 

x © —1.951921, ys —0.545867, z= 0.119973, A & 0.003141, Lu & —0.076238 

x & 0.155142, y & 0.904622, z & 0.950293, A & —0.012447, px 0.489938 

x & 1.138731, y & 1.768057, z & —0.573138, A 0.317141, bb & 1.862675 
Substituting these values into f gives f (0.222444, —2.157012, —0.686049) ~ —5.3506, 
f(—1.951921, —0.545867, 0.119973) = —0.0688, (0.155142, 0.904622, 0.950293) = 0.4084, 
f (1.138731, 1.768057, —0.573138) = 9.7938. Thus the maximum is approximately 9.7938, and the minimum is 


approximately —5.3506. 


49. (a) We wish to maximize f(a1, 72, ...,%n) = %/1%2--- Ln Subject to 


g(@1, 22, ...,%n) =%1 + 224+++++ an =cand x; > 0. 
vAa-/(2 saat 1 t-1 1 t-1 
f= =(41%2°++2n)” (@2°++ an), =(@1%2°++2n)” (11%3-+-2n), weey Z(€109°++ En)” (@1-++%n—1) 
and AVg = (A, A, ..., A), so we need to solve the system of equations 
L(aya9++-an)* "(x2 -6In) =A => ay!" ay!” ++ oal™ =nrx1 
1 (ayay+++an)* "(a 103 +++ 2n) — > any eg een = nArx2 
1 

4(aix9-++ an)” \(@1-++@n-1) =A > ay" ay!” or!” = ndan 

This implies nAv1 = nAv2 =--- = nNATn. Note A 0, otherwise we can’t have all x; > 0. Thus 71 = 2 =--- =p. 


[continued] 
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Cc : 
But v1, +72 +-:-+4%n=Cc Nx, =C Ly X= £3 = +--+ = Ly. Then the only point where f can 
n 


.(/¢€ ¢ c : 
have an extreme value is (<, ong <). Since we can choose values for (#1, v2,...,2n) that make f as close to 
nn n 


zero (but not equal) as we like, f has no minimum value. Thus the maximum value is 


(b) From part (a), = is the maximum value of f. Thus f(@1, v2, ...,%n) = %/@1%2°+- Xn < —. But 
n 


slo 


Uy +X2++++ +2 
n 


. These two means are equal when f attains its 


Ti+ %a +++: +4n =C,80 YH1%2°++ Fn < 


; c ‘ ‘ GC c : 
maximum value —, but this can occur only at the point (<, Sy aces <) we found in part (a). So the means are equal only 
n n’n n 


when 41 = %2 = 73 =:::=2n 


Cc 
ae 


14 Review 
TRUE-FALSE QUIZ 


f(a,b+h) — f(a,b) 


1. True. fy(a,b) = lim from Equation 14.3.3. Leth = y — b. Ash — 0, y — Db. Then by substituting, 


h—-0 h 
a f(a,y) — f(a, 6) 
we get fy(a,b) = = a 
af 
3. False. fey = Oy Ox’ 


5. False. See Example 14.2.3. 

7. True. If f has a local minimum and f is differentiable at (a, b) then by Theorem 14.7.2, fr(a,b) = 0 and fy(a, b) = 0, so 
Vf (a, 6) = (fx (a,b), fy(a, b)) = (0,0) = 0. 

9. False. V f(x,y) = (0,1/y). 


11. True. Vf = (cos x, cosy), so |V f| = \/cos? x + cos? y. But |cos 6| < 1, so |Vf| < V2. Now 


Du f(x,y) = Vf -u=|Vf| |u| cos 9, but u is a unit vector, so |Du f(x, y)| < V/2-1-1= V2. 


EXERCISES 
‘\ yA 
1. In(a + y+ 1) isdefined only whenz+y+1>0 @ y>-a-1, ‘ 
so the domain of f is {(x, y) | y > —a — 1}, all those points above the qi +! 
-Is zy 
line y = —ax — 1. i" 
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3. 2 = f(x,y) =1—y’, a parabolic cylinder 5. The level curves are \/42? + y? = k or 4a? + y? = k?, 
k > 0, a family of ellipses. 


yA 


9. f is a rational function, so it is continuous on its domain. 
Since f is defined at (1, 1), we use direct substitution to 


evaluate the limit: 


: 2Qxy 2(1)(1) 2 
lm ——2— = —HW_=--, 
(xy) (11) 22 + 2y? 1? +2(1)?_ 3 


T(6+h,4) —T(6, 4) 
h 


11. (a) Tr (6,4) = lim , SO We can approximate T7, (6,4) by considering h = +2 and using the values 
T(8,4) —T(6,4) _ 86-80 _ 

2 i i 
T(4,4) -T(6,4) _ 72—80 


T,(6,4) = =) Se 4, Averaging these values, we estimate T (6, 4) to be approximately 


given in the table: T), (6, 4) % 


3, 


T(6,4+h) — T(6, 4) 


3.5°C/m. Similarly, T, (6,4) = lim h 


TT 
iM 


, which we can approximate with h = 4 


T(6,6) —T(6,4) _ 75—80 T(6,2) —T(6,4) _ 87—80 
Ty (6,4) = ( Ja ie 5 = 72.5, Ty (6,4) ( Jar bs == 


—3.5. Averaging these 


values, we estimate T,, (6, 4) to be approximately —3.0°C/m. 
(b) Here u = (sy sa) so by Equation 14.6.9, Dy T(6, 4) = VT(6, 4) - u = T, (6, 4) a + T, (6, 4) re Using our 
estimates from part (a), we have Dy T(6, 4) ~ (3.5) a + (—3.0) a a mA ~ 0.35. This means that as we move 


through the point (6, 4) in the direction of u, the temperature increases at a rate of approximately 0.35°C/m. 


T(6+h5,4+h Js) —T(6,4) 


h > 


Alternatively, we can use Definition 14.6.2: Du T(6, 4) = jim 
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13. 


15. 


17. 


19. 


21. 


23. 


which we 
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T(8,6) — (6,4) _ 80-80 


can estimate with h = +2./2. Then D,, T 6,4) & = 0, 
e) 2/2 2/2 - 


T(4,2) -T(6,4) _ 74—80 


Du T(6,4) & ———{"— = = Averaging these values, we have D, T(6,4) © == © 1.1°C/m. 


(c) Try(2,y) = 


=5y/2 =2/2 = va © 
Te 


5 (a(c,y)] = fim BEY EE) 


T,(6,4 +h) — Tr (6,4) 


h which we can 


(x, 9) =} 
, 80 Try (6, 4) jim 


9} 


estimate with h = +2. We have T;,(6, 4) ~ 3.5 from part (a), but we will also need values for T; (6, 6) and Tz (6, 2). If we 


use h = +2 and the values given in the table, we have 
T —-T - T(4,6) -—T - 
Te (6 eyes 2 OS BOY ON os (ae (6a) EO) Se ge 
2 2 —2 —2 
Averaging these values, we estimate T;, (6,6) = 3.0. Similarly, 
T(8,2) — T, (6,2 = T(4,2) —T(6,2 A 
P16 3) eS GD) BO a gay ee es ee 
2 2 —2 —2 
Averaging these values, we estimate T:,(6, 2) ~ 4.0. Finally, we estimate T,,, (6, 4): 
Tx (6,6) — T,(6, 4 .0 — 3. Tr (6,2) — T,(6, 4 4.0 — 3. 
Try (6,4) © G6) 2) = Se 3° _ 0.5, Try (6,4) © (6,2) cre) BD 22955. 
2 2 —2 —2 
Averaging these values, we have Try (6,4)  —0.25. 
f(x,y) = (By? + 207y)® => fe = 8(5y* + 2xy)" (day) = 32ay(5y° + 207)’, 
fy = 8(5y? + 2a? y)? (15y? + 2a?) = (16a? + 120y?) (5y? + 2a?y)7 
F(a, 8) = a7 In(a? + 8?) Fy =a’. ui (2a) + In(a® + 6?) - 2a = 2a + 2aIn(a? + 67) 
1 2a? 8B 
Fz =a’. 28) = 
B ae ge PP) a2 + BP 
1 Ur/w 
S(u,v,w) = i => Sy, =arct , Sy =u: ———_> = —— _, 
(u,v, w) = uwarctan(v/w) arctan(v./w) u lt jae (/w) ee 
S =U my (Sw?) = 
l+(vfwy \ ? 2./w (1 + vw) 
f(x,y) = 40° xy? fo = 1a ys fy = —22y, foe = 242, fyy = —22, foy = fye = —2y 
f(a,y,z) = a* yz” => fe = kak ty'2™, fy =laty 12”, fe=maty'z™), foo = k(k—la*?y'2™, 


fa = i(I a 1)a k yl 2 ym a = m(m oo Laky'z™-?, fe = fiz = kla®-tyi-12™, fee = if = kmakty'z 3, 


fue = fey = lmaty!2ygm-} 
z=ay+ae¥/” ay Levis 4 e0l=, 52 2+ 6% and 
aan By =2(y- eo + e¥ )+u(o+er ) = ay—ye" t+ae¥/* +ay+ ye!" = aytayt+aue’’® =a2y+z. 
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25. (a) 2a =6a+2 => 2,(1,-2) = 8and zy = —2y zy (1, —2) = 4, so an equation of the tangent plane is 
z-1=8(@-1)+4(y+2) orz =8"+4y+1. 
(b) A normal vector to the tangent plane (and the surface) at (1, —2, 1) is (8,4, —1). Then parametric equations for the normal 


-~1_yt+2 2-1 
SA I, 


line there are x = 1 + 8t, y = —2+ 4t, z = 1 — t, and symmetric equations are e 


27. (a) Let F(a, y, 2) = x? + 2y? — 3z?. Then F, = 2x, Fy = 4y, F. = —6z, so F,(2,—1,1) = 4, F,(2,—1,1) = —4, 
F (2, —1,1) = —6. From Equation 14.6.19, an equation of the tangent plane is 4(a — 2) — 4(y + 1) — 6(z-— 1) =0 


or, equivalently, 2x — 2y — 3z = 3. 


2 + 1 1 
(b) From Equations 14.6.20, symmetric equations for the normal line are Z Coe i = _ 6 


29. (a) Let F(a, y, z) =x +2y+3z-—sin(xyz). Then F, = 1 — yzcos(xyz), Fy = 2— xz cos(xryz), F, = 3 — xy cos(xryz), 
so F, (2, —1,0) = 1, Fy (2, —1,0) = 2, F,(2, —1,0) = 5. From Equation 14.6.19, an equation of the tangent plane is 


l(a — 2) + 2(y+1)+5(z-0) =Oore+2y+5z=0. 


: : : : —2 
(b) From Equations 14.6.20, symmetric equations for the normal line are 2 I org — 2 = —— = 


Parametric equations are x = 2+1t, y = —14 2t, z = 5¢. 


31. The hyperboloid is a level surface of the function F(x, y, 2) = 2? + 4y” — z?, so anormal vector to the surface at (0, yo, 0) 


is VF(xo,Yyo, Zo) = (220, 8yo, —220). A normal vector for the plane 2a + 2y + z = 5 is (2, 2,1). For the planes to be 


parallel, we need the normal vectors to be parallel, so (2x0, 8yo, —220) = k (2,2,1), orto =k, yo = tk, and zp = —kk. 


But 2% + 4y§ — z§ = 4 k? 4+ 4h? ih? =4 RP=4 k = +2. So there are two such points: 


(2, 5, -1) and (—2, —$,1). 


2? 


3 3 
3. f(a,y,z)= eo /pPte2? => fe(x,y, 2) = 307 /y? + 2, L,Y, z 2 2(X, Y, 2 eis 


so f(2,3,4) = 8(5) = 40, fa (2,3, 4) = 3(4) V25 = 60, fy (2,3,4) = 42 = 3, and f,(2,3,4) = 42 = &. Then the 


linear approximation of f at (2, 3, 4) is 


f(x,y, 2) © f(2,3,4) + fe(2,3,4)(a — 2) + fy (2,3, 4)(y — 3) + f-(2,3,4)(z — 4) 
= 40+ 60(a — 2) + #(y— 3) + B(z— 4) = 602 + By + Bz — 120 


Then (1.98)? \/(3.01)2 + (3.97)? = f (1.98, 3.01, 3.97) = 60(1.98) + 24(3.01) + 22 (3.97) — 120 = 38.656. 


du Oudx . Oudy | Oudz 


95,0 = a PB (7 2,2 Pp p 423 . 
dp Oxdp Oydp Ozdp mye Le OR) ee Us Woe ater) roe (OOS SED) 
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Dey 02 Oe Dz OU. When s = land t = 2,2 = g(1,2) = 3and y = A(1, 2) = 6, so 


37. By the Chain Rule, 2 = 222” 
vine Cha RNS Fon as” By Oe 


O2 21k (a aid) Lae Gib B= (oy Se Stttilanly, 2 e 


Os Ot Ox ot Oy Ot’ 
oe = fx(3,6)ge(1, 2) + fy (3,6) he(1, 2) = (7)(4) + (8)(10) = 108. 
ORY logs Be Ok OR a er SE eg _ df 
39. ne 2x f'(a* — y*), oy. 1— 2yf'(a* —y°)  |where f’ = da? — 4) |" Then 
Oz O _ Pie 3 = Lt oe aS ees 
Ya tea = eeyf (a —y") +2 Qayf' (a —y) = 


4. = y+ ——> and 
x 


2 D) <7 >) 2 2 
Oe 40 (52) + y Oz y O ($) - Ue (Sout Oz Hy 


Ox? Ox \ Ou x3 Ov x? Ox \ Ov x3 Ov Ou? Ov Ou x? 
_ 2y Oz Sige OPz = Qy? Oz y? Pz 
x3 Ov Ou? x2 Oudv | x4 Av2 
0 Oz  10z 
Al 10) ay = Dy. + re Bu a d 


ee _ (de), 10 (de) _ (a, , Pel), 1(oe, Oe) ae.) Oe | ore 
Oy? ~ Oy Ou x Oy \dv) — Ou” ' dvdux x\dv22  Oudv’) ~~ du? Oudv x? Ov? 


29 2 Oz » Oz y? Oz 9 O°? » Oz y? Pz 


daz 4 Oy? ~ a Ov ie Ou? Y Budv rr woe” 4% Ou Y Budu x? dv? 
_ 24y0z 9 OB Or 7 Oz 
a Ov Oyo oe OG 


é ww 2 
since y = xv or y Uv. 
y 


43. f(x,y,z) = ve => Vf= (fos fuy fz) = (20e%*", aed . 22, g2eu?”. 2yz) = (2xe%*", aztel, 2u*yze"*" ) 


45. f(a,y)=27e 4 = Vf =(2re7¥,-27e~¥), Vf(—2,0) = (—4,—4). The direction is given by (4, —3), so 


=e —3) = (4, —3) and Dy f(—2,0) = Vf(—2,0) -u = (—4, —4) - £(4, -3) = $(—-16 + 12) = —3. 


41. Vf = (2Qry,2? +1/(2,V¥)), |VF(2,1)| = |(4, 3). Thus the maximum rate of change of f at (2, 1) is VBS 5 in the 


direction (4, 3). 


49. First we draw a line passing through Homestead and the eye of the hurricane. We can approximate the directional derivative at 


Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed between the points where 
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this line intersects the contour lines closest to Homestead. In the direction of the eye of the hurricane, the wind speed changes 


from 45 to 50 knots. We estimate the distance between these two points to be approximately 8 miles, so the rate of change of 


wind speed in the direction given is approximately 22 3 oo 3 = 0.625 knot/mi. 


51. f(x,y) =a? —ayty?+9r—6y+10 => fr =2e—yt9, 
fy =—"u+2y—-6, fro =2= fyy, fry = —1. Then f, = 0and fy = 0 imply 


WN 
AY HY 
es ht AN yy 
y = 1, x = —4. Thus the only critical point is (—4, 1) and fr2(—4,1) > 0, Wy | 
NS tin 


D(—4,1) =3 > 0, so f(—4, 1) = —11 isa local minimum. 


53. f(x,y) = 3ay — x?y — xy?” fe = 3y —2ay—y’, fy = 3a — 2? — 2ay, 


fox = —2y, fyy = —2%, fey = 3 — 2x — 2y. Then fz = 0 implies 


y(3 — 2a — y) = Oso y = Oory = 3 — 2z. Substituting into fy = 0 implies 
x(3 — x) = Oor 3a(—1+4 2) = 0. Hence the critical points are (0,0), (3,0), 
(0,3) and (1, 1). D(0,0) = D(3,0) = D(0,3) = —9 < 00 (0,0), (3,0), and 
(0,3) are saddle points. D(1,1) = 3 > Oand fr2(1,1) = —2 < 0, so 


f(1,1) = 1isa local maximum. 


55. First solve inside D. Here f, = 4y” — 2ay” — y?, fy = 8ay — 2a7y — 3ay’. 
Then jf, = 0 implies y = 0 or y = 4 — 22, but y = 0 isn’t inside D. Substituting 
y =4-— 2x into fy = 0 implies x = 0, « = 2 or x = 1, but x = O isn’t inside D, 
and when x = 2, y = 0 but (2, 0) isn’t inside D. Thus the only critical point inside 
D is (1,2) and f(1, 2) = 4. Secondly we consider the boundary of D. 
On Li: f(x,0) = Oandso f =0on Lj. On Le: x = —y + 6 and 


f(—y + 6, y) = y?(6 — y)(—2) = —2(6y? — y*) which has critical points 


at y = Oand y = 4. Then f(6,0) = 0 while f(2,4) = —64. On Ls: f(0,y) = 0, so f = 0 on L3. Thus on D the absolute 


maximum of f is f(1, 2) = 4 while the absolute minimum is f(2,4) = —64. 


57. f(a,y) =a? — 34 + y* — 2y? 


ANY 
WEES lM 
OCOSONN 
RS 


LPI TITTLLY 
FEF LLL LY 


y = 15 


From the graphs, it appears that f has a local maximum f(—1,0) ~ 2, local minima f(1,+1) + —3, and saddle points at 


(—1, +1) and (1, 0). 
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To find the exact quantities, we calculate f, = 327 — 3 = 0 x =+land f, = 4y? — 4y =0 


y = 0, £1, giving the critical points estimated above. Also frx = 62, fry = 0, fyy = 12y” — 4, so using the Second 
Derivatives Test, D(—1,0) = 24 > Oand fz2(—1,0) = —6 < 0 indicating a local maximum f(—1,0) = 2; 
D(1,41) = 48 > Oand fre(1,+1) = 6 > 0 indicating local minima f(1,+1) = —3; and D(—1,+1) = —48 and 


D(1,0) = —24, indicating saddle points. 


59. f(z,y) =—2*y, g(a, y) =e? +y?=-1 => Vf= (2ay, x7) = AVg = (2Aa, 2Ay). Then 2xy = 2x implies x = 0 or 


y =». If = 0 then x? + y? = 1 gives y = £1 and we have possible points (0, +1) where f (0, +1) = 0. If y = \ then 


x? = 2hy implies x? = 2y? and substitution into x? + y? = 1 gives 3y” = 1 y= ++, and z= +,/2. The 


corresponding possible points are (+ ‘a ; +25) . The absolute maximum is f (4 2 , <5) = 32, while the absolute 


3 
minimum is t(+2.-) = =a 


61. f(z,y,z) =ayz, g(a, y,z) =e? +y4+2=3. VA=AVG = (yz, az, ry) = A(22, 2y, 2z). If any of a, y, or z is 


zero, then « = y = z = 0 which contradicts x? + y? + z? = 3. Then A eke 7 = Qy*z = 2x*z 
Yy z 
2 2 oe 2 2 2 2 arena . . . 2 2 2 
y = ax°,and similarly 2yz 2n"y z x”. Substituting into the constraint equation gives a +a° +a°=3 => 
gals z*. Thus the possible points are (1, 1,1), (1, -1,+1), (—1,1,+1), (—1, -1,+1). The absolute maximum 


2 = 
is f(1,1,1) = f(1,-1, -1) = f(-1,1, -1) = f(—1, -1, 1) = 1 and the absolute 


minimum is f(1,1,—-1) = f(1,-1,1) = f(—1,1,1) = f(—1,-1,-1) =-1. 


63. f(z,y,z) =a? +y° +2, g(a, y,z) = ay’2? =2 Vf = (22, 2y,2z) = AVg = Oy’, 2rvry2", 3Acy?27). 


Since xy?z? = 2,2 40, y #Oand z £0, so 2a = Ay?z* (1), 1 =Azz? (2), 2 = 3Axyz (3). Then (2) and (3) imply 


1 2 2:2: 30 2 an: : 2x 5 5 ‘ 
ory” = 32 soy=4z re Similarly (1) and (3) imply es or 34° = z° sox = £—5z. But 


te 3xy?z = 3uy?z 


= 


xy?z* = 2so x and z must have the same sign, that is, 2 = a 


— Dimpliag 1 + (252)-3 — 
z. Thus g(x,y, z) = 2 implies td ea )2°. 20 


z = +3"/4 and the possible points are (4371/4, 371/4,/2, +3'/4), (+371/4, -3-1/4,/2, +31/4). However at each of these 


points f takes on the same value, 2 \/3. But (2, 1, 1) also satisfies g(x, y, z) = 2 and f(2,1,1) = 6 > 2/3. Thus f has an 
absolute minimum value of 2 \/3 and no absolute maximum subject to the constraint xy?z? = 2. 


: : ae 2 
Alternate solution: g(x,y, z) = xy?z? = 2 implies y? = so minimize f(a, z) = #7 + moat z*. Then 
LZ 


wz’ 


2 6 4 24 6 : : 
foe 2r page? fe= Sas + 22, fer = 2+ 738? fa = a= + 2and fr. = yt Now fx = 0 implies 
2323 — 2 =Oor z = 1/z. Substituting into f, = 0 implies —6a? + 22~' = O or 2 = FR so the two critical points are 
2 
(+4493). Then D(+22, +3 ) = (2+4+4)(2+ 24) — (&) > Oand fee (+443) = 6 > 0, so each point 


2 
is a minimum. Finally, y2 = >, so the four points closest to the origi (4 ab ), (44-444 : 
isaminimum. Finally, y = gee e four points closest to the origin are V3 i ee V3 
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The area of the triangle is sca sin 6 and the area of the rectangle is bc. Thus, 


the area of the whole object is f(a, b,c) = sca sin 6 + bc. The perimeter of 


the object is g(a, b,c) = 2a + 2b+ c = P. To simplify sin 0 in terms of a, b, 


: : f 1 
and c notice that a? sin? 6 + (4c)? =a’ sin @ = oe V4a2 — c?. 
a 


Thus f(a, b,c) = ; V4a? — c? + bc. (Instead of using 6, we could just have 


used the Pythagorean Theorem.) As a result, by Lagrange’s method, we must find a, b, c, and A by solving V f = AVg which 


gives the following equations: ca(4a? — c?)~1/? = 2\ (I), c= 2A (2), 1(4a? —c?)'/? — 4? (4a? — 2?) 1? +b=d 


(3), and 2a + 2b+-c = P (4). From (2), A = zc and so (1) produces ca(4a? — c?)~1/? =¢ (4a? — c?)/? =a 


2 


a ec c 
~—~2+4+b=-=. sof 
7 a 37 8° rom 


4a? —- 2 =a? c= V3a (5). Similarly, since (4a? _ eye =aand\ = he, (3) gives 


a 3a V/3a a V/3a 
pa eengeneaees a eee = 
7 4 a 2 2 2 


= -b b= = (1 + V3) (6). Substituting (5) and (6) into (4) we get: 


Po.” - 2/3 =3 


2a+a(1+V3)+V3a=P > 344+2V3a=P = ee rH ie 3 


P and thus 
7 (2v3—3)+ v3), _ 3-3 


b 
6 6 


Pandc= (2—/3)P. 
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L] PROBLEMS PLUS 


1. The areas of the smaller rectangles are Ay = ry, Ao = (L — x)y, 


: L : 
A3 = (L—2x)(W —y), As = «(W — y). ForrO <a < L,O<y< W, let y | 
f(a,y) = Ai + Az + AZ + AG W-y | 

x L-x 


=27y? + (L—2)?y? + (L—2)?(W -y)? +27(W -y)? 


= (2? + (L—2)"]ly? + (Wy)? 


Then we need to find the maximum and minimum values of f(a, y). Here 


fr(x,y) = [2a — 2(L — x)|[y? + (W — y)?] = 0 4x — 2L = Oorax = 31, and 


fu(x,y) = [a? + (L — x)? ][2y — 2(W — y)] = 0 4y — 2W = ory = W/2. Also 

fon = Aly? + (W - y)?], fuy = Ale? + (L - 2)"], and foy = (40 — 2L)(4y — 2W). Then 

D = 16[y? + (W — y)?][x? + (L — x)?] — (4x — 2L)?(4y — 2W)?. Thus when « = $L and y = 4W, D > Oand 
ca = 2W? > 0. Thus a minimum of f occurs at (SL, 5W) and this minimum value is f(GL, 5W) — 7L?W?. 


There are no other critical points, so the maximum must occur on the boundary. Now along the width of the rectangle let 


gy) = f(0,y) = f(L,y) = L? [y? + (W — y)”],0 < y < W. Then g'(y) = L?[2y — 2(W — y)] =0 y= 5W. 


And 9(3) = 4L°W”. Checking the endpoints, we get g(0) = g(W) = L?W?. Along the length of the rectangle let 
h(x) = f(v,0) = f(z, W) = W?[2? + (L—2)?],0 <a < L. By symmetry h’(xz) =0 @& «= Land 
h($L) = 4L°W?. At the endpoints we have h(0) = h(L) = L?W?. Therefore L*W? is the maximum value of f. 


This maximum value of f occurs when the “cutting” lines correspond to sides of the rectangle. 


3. (a) The area of a trapezoid is sh(b + b2), where h is the height (the distance between the two parallel sides) and b;, bz are 


the lengths of the bases (the parallel sides). From the figure in the text, we see that h = xsin 0, b) = w — 22, and 


bo = w — 2a + 2x cos 0. Therefore the cross-sectional area of the rain gutter is 


A(x, 0) = $xsin6 [(w — 2x) + (w — 2x + 2xcos 6)] = (xsin 0)(w — 2x + xcos 8) 


= we sind — 2x7 sind + x7 sin@cos0, O< a < sw, 0 <O<5 


We look for the critical points of A: 0A/Ox = wsin@ — 4x sin 6 + 2x sin 8 cos 6 and 
0A/O0 = wx cos 6 — 2x” cos 6 + x*(cos? 6 — sin? 0),s0 0A/Ox =0 & sinO(w—4xr4+2xc080)=0 & 


cos? = = aps > (0<@0<4 = sin@ > 0). If, in addition, 0A/06 = 0, then 
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0 = wa cos 6 — 2x? cos 6 + 27(2 cos” 6 — 1) 


= wr(2 ~) 2a (2 x) +0[(2- $)°-1] 


1-2 2 2 dw w? 2 
= 2wa— sw —4a° + wrt 2° |8 tag we + 32° = «(3a — w) 
x 22x 
Since x > 0, we must have x = sw, in which case cos @ = 4, s0 0 = %, sind = nee k= By, bi = sw, bo = sw, 


and A = By? As in Example 14.7.6, we can argue from the physical nature of this problem that we have found a local 
maximum of A. Now checking the boundary of A, let 

g(0) = A(w/2, 0) = 4w? sind — 4w? sind + tw? sin 0 cos 0 = 4w? sin 20, 0 < 0 < &. Clearly g is maximized when 
sin 20 = 1 in which case A = zw’. Also along the line @ = , let h(x) = A(z, z) =we-2x7,0<x<iw => 


h'(z) =w—4r¢ =0 x = zu,andh(zw) = w(Fw) — 2(4w)? = 1w?. Since 4w? < 3 w?, we conclude that 


the local maximum found earlier was an absolute maximum. 


; or . w\2  w 
(b) If the metal were bent into a semi-circular gutter of radius r, we would have w = mr and A an r? in ( ) : 


2 30? 
: Ww 3w 
ee ees be 


5. Let g(x,y) = af (4). Then go(x,y) = f(4) + 2f’(4) ( =) t(4) ¥ p(4) and 


x v2 x 


, it would be better to bend the metal into a gutter with a semicircular cross-section. 


x 


z—wof(#) = |(2) - worst (2) |e- 20) + 9'(2)u-w) > 


[(4) - wa5's'(2)| a+ r(8)| y — z = 0. But any plane whose equation is of the form az + by + cz = 0 
0 0 0 


1 : 
gy(z,y) = xf" (4) ( ) =f (4). Thus the tangent plane at (xo, yo, Zo) on the surface has equation 


passes through the origin. Thus the origin is the common point of intersection. 


7. Since we are minimizing the area of the ellipse, and the circle lies above the x-axis, 
the ellipse will intersect the circle for only one value of y. This y-value must 


satisfy both the equation of the circle and the equation of the ellipse. Now 


2 2 2 


7} + ca 1 LS = (0? y?). Substituting into the equation of the 


a2 b2 — a2 
circle gives + (b* —y*) + y° — 2y =0 > ( 5) \uP By +a? =0. 


abe a? 


=0 


In order for there to be only one solution to this quadratic equation, the discriminant must be 0, so 4 — 4a B 
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b? — a?b? + a* = 0. The area of the ellipse is A(a, b) = ab, and we minimize this function subject to the constraint 


g(a, b) =? —a?t? +a* =0. 


3 2 _ = 2 _ mb 
Now VA = AVg mb = X(4a° — 2ab*), ma = (2b — 2ba*) r Sala? — (), 
Ta mb Ta 
A= ———— (2), ? — a?b? +4 = ; ing (1 2) gives ———___ — —_*" 
2b — a) (2), a°b* +a 0 (3). Comparing (1) and (2) gives Da(2a? — B) 3b — a?) > 
Qnb? = Anat a? 75 b. Substitute this into (3) to get b = a SS Gaal. 
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15 [] MULTIPLE INTEGRALS 


15.1 Double Integrals over Rectangles 


1. (a) The subrectangles are shown in the figure. y 


The surface is the graph of f(x, y) = xy and AA = 4, so we estimate 


3 2 
VR 2s, De Flairys) AA 
t=157= 


f(2,2) AA+ (2,4) AA + f (4,2) AA + f (4,4) AA + f (6,2) AA + f (6,4) AA 
4(4) + 8(4) + 8(4) + 16(4) + 12(4) + 24(4) = 288 


(b) V = > > f(Gi,3,;) AA = fC, 1) AA + f(1,3) AA + f(3,1) AA + f(3,3) AA+ f(5,1) AA+F f(5,3) AA 
t=1j=1 


= 1(4) + 3(4) + 3(4) + 9(4) + 5(4) + 15(4) = 144 
3. (a) The subrectangles are shown in the figure. Since AA = 1 - 4 = 3, we estimate 


2 2 
Le se dAxX yD DY (x7;, 2;) AA y 


1=1 j=l 


= f(1,$) AA+ f(1,1)AA+ f (2,5) AA+F f(2,1)AA 


= e~1/?(1) 4 e-1(4) + 2e71 (4) + 2e7-?(4) 0.990 


2 2 
(b) {i we 74 dA | , Dy f(i,9;) AA y 
i=1 j= 1 
= f(3,3) AA+ F (3,9) AA+ F (3,7) AA + £(G, 9) AA it 
2 
= 28) + Be) eG) FG) tan =| * | | 
1 a & 


5. The values of f(x,y) = ,/52 — x? — y? get smaller as we move farther from the origin, so on any of the subrectangles in the 
problem, the function will have its largest value at the lower left corner of the subrectangle and its smallest value at the upper 
right corner, and any other value will lie between these two. So using these subrectangles we have U < V < L. (Note that this 


is true no matter how R is divided into subrectangles.) 


7. (a) With m = n = 2, we have AA = 4. Using the contour map to estimate the value of f at the center of each subrectangle, 


we have 


{eFow) dA» = > f (%,7;) AA = AA[f (1,1) + f(1,3) + f(3, 1) + £(8, 3)] = 4(27 +44 144 17) = 248 


t=1lj=l 


(b) fave = aay Sp f(@.y) dA © Fe (248) = 15.5 


249 
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9, z = V2 > 0, so we can interpret the double integral as the volume of the solid that lies below the plane z = /2 and above 


the rectangle [2, 6] x [—1, 5]. S' is a rectangular solid, so ['f, /2dA =4-6- V/2 = 24/2. 


11. 2 =4- 2y > 0 for 0 < y < 1, so we can interpret the integral as the 
volume of the solid S that lies below the plane z = 4 — 2y and above 
the square [0, 1] x [0,1]. We can picture S' as a rectangular solid (with 


height 2) surmounted by a triangular cylinder; thus 


SSp(4 — 2y) dA = (1)(1)(2) + 3(1)(1)(2) = 3 


8 fae +3ev)dr= [F439 Fv] = [de +e5y'|ES = GO? + Ov] - FO? + Of] =2+80 


15. ie Je (6x?y — 2x) dy dz = de [3x74 - ary] = dx = de [ (122 a 4x) —(0- 0) | dx 


= [2 (120 — 4a) de = [405 27] 1 = (256 32) — (4-2) = 222 


17. Ve J? (e@+e7¥) da dy = [$27 + ce7 | eae dy = f [(2 + 2e~¥) — ($ +e7)] dy 


= {0G +e) dy = [Sy—e] = (G-e 1) - 0-1 =§-e7 


bolo 


19. ae ne (y+y’ cosx) dx dy = ees [zy +y? sina|7—-/” dy = ne (Sy +y’) dy 


= [50° + 50°], = [(F +9) - (F-9)] =18 


4 p2 i y 4 Ps y=2 4 3 
a. | / (E+) ayax = f feinl + 2-50" ac = f (cm2+ +) dx = [5 x ?In2+ 2In|e|]} 
ivi \y @& 1 x 2 gat 1 2x 


= (8In2+ 31n4) — (§In2+0) = $in2+3ln4 or 15 In 2 + 31n(4*/?) == hr 


23, fof’? sinrddddt =f’ sin’gdg J? dt [by Equation 11] = f"/?(1 —cos?¢) sind dd J? t? dt 
= [1 cos*¢ — cos ¢]*/* [243]? = [(0 — 0) — (2 —1)]- 4 (27-0) = 2(9) =6 


25. [> fo v( 4dudu = fp [Lu(u+v)]%) du = 2 flv [(1 + ?)® — (0+ 0?)*] dv 
=3o i +07)? — vt] du = $[3- g(1 +07)? — yo"), 
[substitute t = 1 + v? dt = 2v dv in the first term] 
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27. ff, xsec? ydA = de 


= (2—0) (tan $ 


SECTION 15.1 


DOUBLE INTEGRALS OVER RECTANGLES 


2 m/4 
7/4 & sec? y dy da = fo x dx fee sec? y dy = [327] [tan y] 
0 0 


xa 


tan0) = 0) =2 


2 1 
a. || <u aA= | 
Rul 0 


3 2 1 
xy x 
dy dx = 
ea io i a? +1 


= $(In2—In1)- $(27+ 27) =9ln2 


34. ee 


xsin(x + y) 
= ee [—2 cos(« 


= {sin a -— sin (x 


dy dx 


+ P25” de = f7/° [ecosa — cc0s(x + 3) dx 


a lo" i of 


[sin x — sin (« + z)] dx [by integrating by parts separately for each term] 


1] 


33. [f,ye “" dA 


[ cos x 4 


cos(2 + 3)|g° = -H — | 


=oPs3- (P40) =4e°4 

35. z= f(x,y) =4—ax2- 2y > Ofor0 <a < landO < y < 1. So the solid ; 
is the region in the first octant which lies below the plane z = 4 — x — 2y 
and above [0, 1] x [0, 1]. 


37. The solid lies under the plane 4a + 6y 


V = ff,Qe+3y+ das ft, f? 


=f") 


[(19 + 6y) — ( 


224 


15=0 or z= 224 3y + 8 so 


(22 + 3y 


+ 2) da dy a ie [a + 3ry + Ber 
3 


gV= 7 ft, (-2 


41. The solid lies under the surface z = 1 + x” ye" and above the rectangle R 
V = ff(l + 2°ye") dA = & ea 


= fo(2 + 2ye") dy = 


18 _ 3y)] dy = f1, (4 + 9y) dy = [Hy + 8y7]), = 30- (-21) =51 


— $y”) dedy = 4 fo fy (1— 427 — $y”) dady 
=4 > [w@- 42° - by?2]P- 


» dy = = 4 {> (a = 5y”) dy xy], a 7 pia 


4[t5y 27 


= [-1,1] x 


(l+a 2 ye") dx dy = fo [a+ 5x 


[0, 1], so its volume is 


1 


*ye"|i_, Yy 


[2y + 2 (y—1) e¥| : [by integrating by parts in the second term] 


(0 
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43. The solid lies below the surface z = 2 + x” + (y — 2)? and above the plane z = 1 for —1 < << 1,0<y< 4. The volume 

of the solid is the difference in volumes between the solid that lies under z = 2 + x? + (y — 2)? over the rectangle 

R= [-1,1] x [0, 4] and the solid that lies under z = 1 over R. 

V= PL 2 +a? + (y- 2)?] dx dy — ope dx dy 
= i [2e + 42° + a(y — a iceman dy — f°, dx Jody 
[(2+ § + (y—2)”) — (-2- 3 - (y—2)”)] dy — fe]*, [alo 
= Jo [# + 2y— 2)"] dy — [1 — (- 14-0] = [y+ 3 — 2)9]9 - QM) 
6 


[( +39) - (0- ¥)] -8= 8-8-4 


45. In Maple, we can calculate the integral by defining the integrand as f 
and then using the command int (int (f£,x=0..1),y=0..1);. 
In Mathematica, we can use the command 
Integrate [f, {x,0,1},{y,0,1}] 


We find that ff, c°y°e"" dA = 2le — 57 © 0.0839. We can use plot3d 


(in Maple) or Plot 3D (in Mathematica) to graph the function. 


47. R is the rectangle [—1, 1] x [0,5]. Thus, A(R) = 2-5 = 10 and 


1 Fe 
fave = A(R) Shp fla, y) dA = i qa ie ay da dy = 7 he [ga°y]e 


1 752 171,275 5 
dy = 35 Jo 39 Y = wol3¥' 1, =F: 


1 pl 1 1 
ry 7 xy z © _ #, 
49. eee aa=f eee dy dx a races ae f ydy [by Equation 11] but f(a) = ine is an odd 


1 1 
function so i; f(x) dx = 0 (by Theorem 4.5.6 [ET 5.5.7]). Thus i | ; a G4 =O: i ydy =0. 
=I R 0 


51. Let f(x,y) = Gay Then a CAS gives cake f(x,y) dydx = 4 and pa f(x,y) dx dy = —3. 


To explain the seeming violation of Fubini’s Theorem, note that f has an infinite discontinuity at (0,0) and thus does not 
satisfy the conditions of Fubini’s Theorem. In fact, both iterated integrals involve improper integrals which diverge at their 


lower limits of integration. 


15.2 Double Integrals over General Regions 


1. fe Jo (8a — 2y) dy dx = fe [Sxy — y?| a dx = i [8a(ax) — (x)? — 8x(0) + (0)? ]dax 


= ff ta? de = 1o°|) = 2025-1) = 8 
3. te i xe” dxdy = le jae | dy = he de¥ [(y)? = (0)?] dy 


1 3 371 
=3 fore dy = 3 [Ze] = 3-3 (e'-2) =3e-1) 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 15.2 DOUBLE INTEGRALS OVER GENERAL REGIONS 253 


=s2 
5. Ip, fe cos(s*) dtds = i [t cos(s*)] a ds = ie s” cos(s*) ds = 1 sin(s?)] = ;(sinl —sin0) = }sin1 


A ple 4 1 27 y=Ve 
7. If =! aa= | / aya = f ; E dx = 
pxt+l o Jo @74+1 0 Lt?7+1 2 J ,W5 


4 
= 5 [Im (2?+1)] = 4(ni7—In1) = 417 


Nle 

os 
» 

8 

iw} 

+ 8 

a 

Qu 


= [3m |x? +1] ]- 


> ffs ee! dA = as tks en’ dx dy = ie [eee | dy = Ae (ye _ 0) dy = Oe ye? dy 


= Be] = -3(e? -e°) = (1°) 

11. (a) At the right we sketch an example of a region D that can be described as lying al 
between the graphs of two continuous functions of x (a type I region) but not as 
lying between graphs of two continuous functions of y (a type II region). The 


regions shown in Figures 6 and 8 in the text are additional examples. 


Oo 
BY 


(b) Now we sketch an example of a region D that can be described as lying between 
the graphs of two continuous functions of y but not as lying between graphs of two 


continuous functions of x. The first region shown in Figure 7 is another example. 


13. sai As a type I region, D lies between the lower boundary y = 0 and the upper 
(1, 1) 


boundary y = «for0<a<1,soD={(z,y)|0<x4<10<y< zc}. Ifwe 
ya describe D as a type II region, D lies between the left boundary x = y and the 


right boundary « = 1forO << y<1,soD={(2,y)|O0<y<ly<a< tl}. 


0 20 (1,0) x 


Thus ff, 7dA = Modo © dy de = fe [zy] =o = Se wo dx = 37°]6 =5 


SJ ed = fy fy ededy = fp [327]7= 1 dy = 3 fo (1-9?) dy = 3[y — 54°] = al(1 — 3) 0] = 3. 


15. The curves y = x — 20rz=y+2and a = y’” intersect wheny+2=y? © 


y? —y—-2=0 (y—2)(y+1) =0 y 1, y = 2, so the points of 


intersection are (1, —1) and (4, 2). If we describe D as a type I region, the upper 


boundary curve is y = ./x but the lower boundary curve consists of two parts, 


y= —VJVe forO<a<landy=a-2forl<a2<4. 


[continued] 
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Thus D = {(z,y) |O<a@<1,-V@a<y< Ve}sU{(z,y)|1<ar<4r-2<y< Vr}and 
ffpydA= meee y dy dx + i pal aes y dy da. If we describe D as a type II region, D is enclosed by the left boundary 
x = y” and the right boundary « = y + 2 for —1 < y < 2,so D= { (zx, y) |-l<y<2y?<a<y+t+2} and 

2 yt2 . : : . - : : 
ff pydA= f a Je y dz dy. In either case, the resulting iterated integrals are not difficult to evaluate but the region D is 


more simply described as a type II region, giving one iterated integral rather than a sum of two, so we evaluate the latter 


integral: 
Wo ydA= J? fo ydxdy = f?, [zy2 i227" dy = f?,y+2-y)ydy = J2,(y? + 2y - 9°) dy 


= [gue ty? — gu)", = (3 44-4) — (-3 41-4) =3 


=y72 
17. (1, 1) f2f2 xcosy dy dx = i [xsiny] 6 dx = f) xsinz? dx 
= —4 cosx?] = —4(cos 1 — cos0) = $(1— cos 1) 
x=1 
(1, 0) is 
- x=7-3 
6) a Sp PAA = JP fT" oP dex dy = JP [ey |22T 0" dy 
=y-] x=7-—3y 
es = f7 (7-39) — @— Dy? dy = J? (By? — 4y°) dy 
0, 1) (4, 1) 
8,3 472 64 8 11 
7 » at ergy OS ae a 
x 


[Or, note that 4a ./4 — a? is an odd function, so ie 4a /4— x? dx = 0.] 


V= fo [Ba + 2y) dy dx = ie [Say + Tala dx 


yaa? 


= fo [(BaVz + 2) — (32° + 2*)] dx = fp (305/? +2 — 32% — x) de 


1 
cLllis aieaie Sp Se. Cale 2 eats = GN ol 3 
= [3 pe + gt" — Ge to®| =$44 2 RO NSZ 
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2%. Oy V= fi fr *Y wy dee dy = f? [ga?y)t= 1 ay 


eo 


& 
+ 
Ww 

<< 

ll 
~ 


Sry [= 3y)” — 1] dy = } JP (48y — 42y? + 9y%) dy 


2 
2 [24y* — ly? + Gy"), = 3 


Z 8 
0 x 
27. mw ral V= jet 4-20 (4-22 —y)dydx = f° [4y — 2ay — 2 Ly ae 4-20 
aa [4(4 — 2a) — 2a(4 — 2x) 4(4— 22)? 0] de 
2+y=4 
joa 3e =5 (2a? — 82 + 8) da = [3° — 42? 4 8x], = +2 16+16-0= 38 
D 

0 (2,0) = 


29. 
V= es ee x? dy dx 
2 4 2 
=f", [xy |} 2 dx = [",(4a? — x*) dx 
4,3 1,.5]2 32 32 | 32 32 128 
= [je — go"), = F-$+9-F= 
31. 
1 V1- 2? 1 y? y=V 1-2? 
v=/ : ydyde = [ 2 dx 
o Jo o bly =¢ 
i 2 
l-« 1 1,3]4 _ 4 
=| 5 de = 3 [e- 32°], =3 
0 
33. 3 From the graph, it appears that the two curves intersect at x = 0 and 
/ at x & 1.213. Thus the desired integral is 
1.21 1.2 y= 3a — 0? 
S[pzdAxe fo ‘ me adydx = f, Jay | : dx 
y=u 
—0.. QE 1.3 = Peto x x”) dz = Es tat z0°] a 


= 0.713 


35. The region of integration is bounded by the curves y = 1 — x? and y = 2” — 1 which intersect at (+1, 0) with 


1—a?>2?—10n [—1, 1]. Within this region, the plane z = 2a + 2y + 10 is above the plane z = 2 — x — y, so 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


256 CHAPTER 15 MULTIPLE INTEGRALS 


V= ie ot (2x + 2y + 10) dy dx — 5 ae ime (2—a2—y)dydzx 


2 
Sf iia (2a + 2y +10 -—(2—a2—y))dydz 


22 y=1—-2? 
=f), fir® (80 + 3y +8) dydz =f, [ary + Sy > + 8y| de 


y=a2—-1 


= f-, [3e(1 — 2?) + 3(1 — 2)? + 8(1 — a?) — 3a(2? — 1) — 8(2? — 1)? — 8(a? — 1)] dx 


= f° ,(—6x* — 16x? + 6x + 16) dx = oe x? + 3x? + 162]" 


-1 


1 


za 3 16 3 x = 
=-$-3434+16+5—- —34+16= 


37. The region of integration is bounded by the curves y = x” and 


y = 1— 2? which intersect at (+45 i). 


The solid lies under the graph of z = 3 and above the graph of z = y, 


so its volume is 


1/V2 pl—«? 1/V2 pl—«? 1/V2 pl—a? 
Ves [oie 22 3dy da — fois <9 ydy da = fois "2 (8—y)dydx 


39. The solid lies below the plane z = 1—2—y 
orx+y-+ z= 1 and above the region 
D={(a,y)|0<a¢<1,0<y<1-<2} 


in the xy-plane. The solid is a tetrahedron. 


M1. The two bounding curves y = x? — x and y = x” + intersect at the origin and at « = 2, with x? + 2 > 2? — x on (0,2). 


Using a CAS, we find that the volume of the solid is 


(oy! + ay?) dy de = 13984735,616 
= y+ ay") dy de = Terre eas 


43. The two surfaces intersect in the circle 2” + y? = 1, z = 0 and the region of integration is the disk D: x? + y? <1. 


1 1-2? T 
Using a CAS, the volume is [fo-# —y’) aA= [ / (1— 2? —y*) dydz = = 
D SA: J 24/18? 2 
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45. Because the region of integration is 
D={(a,y)|0Sr<y0<y<lf={(@y)|e@sy<l0<r<I} 
we have i So f(a, y) dx dy = ff, f(x,y) dA= fy ip f(x, y) dy dx. 
47. ah Because the region of integration is 
1 y =cos x 
or D=({(z,y)|0<y<cosz,0 <x < 1/2} 
To? = {(x,y) |0<a<costy,0<y<1} 
Pa we have 
EN? /2 1 _ 
2 So So" fey) dy da = fff, f(x, y)dA = fy Jo" * fle, y) dx dy. 
49. Because the region of integration is 
D={(a,y)|O0<y<Ina,l<a<2}={(a,y)|e%<24<2,0<y<In2} 
we have 
2 plnz In2 2 
[ [ tewavac= ff tears [Of teyacdy 
1 Jo D 0 ey 
1 734 3 px/3 4 3 2 J y=2/3 
51. Le e acdy= ff e” ayde = f [e* y| dx 
0 ¥3y 0 JO 0 y=0 
3 9 
L\ 22 gee eA 
=| (Ze dex = % € l= 6 
1 pl 1 py? 1 5 
53. fy VF Fidyae = ff VF Hidedy = f Vy +1 [a]e=6 dy 
0 sve o Jo 0 
. 2 3 3/2] 1 
=| y Vy + ldy = 2 (y° +1) ia 
0 
= H (2 = 19/2) ~ : (2/2 - 1) 
55. 


1 pr/2 
i | cos x \/1 + cos? x dx dy 
0 Ja 


resin y 


= ml (892 cos a VT + cos & dy dx 
= [7 cosa V1 + cos? x ree ap 
i Vv y 


y=0 


n/2 z 7 Let u = cosa, du = —sinz dz, 
= Jo cosxvV1 + cos? x sinx dx 


dx = du/(—sin x) 


y=sinx or 
x =arcsin y 


ev 


=a —uV1+u2 du = -2+a7) 7] 
= (8-1) =40V3-1) 
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57. D={(a,y) |OSe@ <1, -e+1<y<U{(e,y)|-1<2<Oet+1<y<} 


U{(z,y)|O<a<1, -l<y<a-1}U{(a,y)|-l1<a2<0, -l<y<-ax—-1}, alltypel 


1 pl 0 fl 1 pe-l 0 p-«-1 
If eaa= | f odyde + [ / eayae+ ff eayde + [ i x” dy dx 
D 0 Ji-x -1Jx41 0 J-1 -1J-1 


1 pl 
=4 / | ax” dy dx [by symmetry of the regions and because f (2, y) = x” > 0] 
0 —2 


= 4 fo a dx = 4[424] 5 =1 
59. Since x? + y? < 1 on S, we must haveO0 < 2? <landO<y?<1,s00<a79y?<1 3 3<4-a¢y <4 = 
V3 < \/4— xy? < 2. Here we have A(S) = $2(1)? = &, so by Property 11, 


S)< Jf, V4—-2?y2 dA < 2A(S) => VBn < [fg V4 —27y2 dA < 7 or we can say 


2.720 < ff. g V4—27y? dA < 3.142. (We have rounded the lower bound down and the upper bound up to preserve the 


inequalities.) 


61. The average value of a function f of two variables defined on a rectangle R was 
defined in Section 15.1 as fave = a Jp f(@, y)dA. Extending this definition 
to general regions D, we have fave = aD Sn fla, ya A. 
Here D = {(x,y) |O< %<1,0<y < 32}, so A(D) = 4(1)(3) = 3 and 
fave = = A(D) cia (x, y)dA = 5 So So * vy dy dx 


ile [3@ ae 5 dees [Or de at] 2 


ws 


63. Since m < f(x,y) <M, ff,mdA< Jf, f(a,y)dA < ff, MdAby(8) => 


mff,1dA< ff, fla,y)dA <M ff, 1dAby(7) = mA(D) < Sf, f(x,y) dA < MA(D) by (10). 


65. First we can write [f(a + 2)dA= ff, cdA+ Jf, 2dA. But f(x,y) = x is 
an odd function with respect to x [that is, f(—x, y) = —f(a, y)] and D is 
symmetric with respect to x. Consequently, the volume above D and below the 


graph of f is the same as the volume below D and above the graph of f, so 


Sfp vdA =0. Also, ff, 2dA = 2+ A(D) = 2- $2(3)? = 9n since D is a half 


disk of radius 3. Thus [f7,(@ + 2)dA =0+ 97 = 97. 


67. We can write ['{,,(2a + 3y)dA = Jf, 2adA+ Jf, 3ydA. JJ, 2x dA represents the volume of the solid lying under the 


plane z = 2x and above the rectangle D. This solid region is a triangular cylinder with length b and whose cross-section is a 
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SECTION 15.3 DOUBLE INTEGRALS IN POLAR COORDINATES 


triangle with width a and height 2a. (See the first figure.) 


Thus its volume is 3 -a-2a-b=a?b. Similarly, ff p 3y GA represents the volume of a triangular cylinder with length a, 


triangular cross-section with width 6 and height 3b, and volume 4 -b-3b-a= ab’. (See the second figure.) Thus 
Sfp (2x + 8y) dA = ab + Sab? 


69. [f,, (ax® + by? + Va? — 2?) dA= ff, ax*dA+t ff, by? dA + Jf, Va? — 2? dA. Now az’ is odd with respect 
to x and by® is odd with respect to y, and the region of integration is symmetric with respect to both x and y, 
so ff, ar° dA = ff, by? dA =0. 
Sp Va? — x? dA represents the volume of the solid region under the 


graph of z = Va? — x? and above the rectangle D, namely a half circular 


cylinder with radius a and length 2b (see the figure) whose volume is 


3 -ar?h = 4ma* (2b) = ra’b. Thus 


Sfp (ax? + by? + Va? — a?) dA =0+0+ 107b = 1a7b. 


15.3 Double Integrals in Polar Coordinates 


1. The region R is more easily described by polar coordinates: R = {(r,0)|2<r<5,0<0@< 27}. 


Thus ff, f(z,y) dA = Aa f(rcos0,rsin 6) r dr dé. 


3. The region R is more easily described by polar coordinates: R = {(r,@)|O0<r<1,7<@< 2r}. 


Thus ff, f(x,y) dA = ee A f(rcos@,rsin 0) r dr dé. 


5. The integral f is 


r/A f r dr d6 represents the area of the region 


R={(r,0)|1<r<2,7/4 < 6 < 37/4}, the top quarter portion of a 


ring (annulus). 
ioe Ai r dr dé = (ia 40) (Cs rdr) 


= [0] [Br]? = Gr —3)-d4-= 


m/4 1 4 4 
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7. The half disk D can be described in polar coordinates as D = {(r,0)|O0<r<5,0<6< 7}. Then 


Sfp v’ydA fee (r cos 0)? (r sin 0) r dr dé = (f;" cos sind dd) (fp r ‘dr) 


= [-3.cos* 6] > [2r°]5 = —3(-1 — 1) - 625 = 182 
9. [J sin(a? +y?)dA = fo”? JP sin(r?) r dr ad = fo’? dof rsin(r?) dr = [0]! [—} cos(r?)]; 


(3) [ i cos 1)] = F(cos 1 — cos 9) 


ffx" dA Rf [pe rardda f° dé fone dr 


= (0]°7,, [-te"'] = a(-4)(e4 -€°) = 0-4) 


13. R is the region shown in the figure, and can be described 


by R= {(r,0)|0<0<7/4,1 <r < 2}. Thus 


Jfparetan(y/x) dA = A ie is arctan(tan 0) r dr dO since y/x = tan 0. 


Also, arctan(tan 0) = 6 for 0 < @ < 7/4, so the integral becomes 


Jo" [2 Or dr do = f""* 000 fPrdr = [267]7/* [ar?]? = & 8 = Ba? 


LE 
2 1 32 


15. One loop is given by the region 


D = {(r,@)|—1/6 < 6 < 1/6, 0 < r < cos 36}, so the area is 
n/6 cos 30 n/6 1 r=cos 30 

ae dA = / ) r dr d0 =| Ea dO 
n/6/0 —7/6 2 r=-0 


n/6 n/6 
=f 500s? 3008 = 2 f (+e do 
ae hs 53 2 


n/6 
1 1 7 
= -~/0+ =sin60 =— 
2 ger le 12 
17. In polar coordinates the circle (x — 1)? + y? =1 ety? =2 is r?=2%rcos6 => r= 2cos8, 


and the circle x” + y? =1 is r= 1. The curves intersect in the first quadrant when 

2cosd=1 => cosd= 4 => 6§=7/3, so the portion of the region in the first quadrant is given by 
D={(r,@)|1 <r <2cos6,0 < 6 < 7/3}. By symmetry, the total area 
is twice the area of D: 

2A(D) SO (fg 2 Je [Pe panded  (7l* aa eae 


ape (4cos” 0 —1) dO = f° aye [4- $(1 + cos 20) — 1] do 


= 7/31 4+ 2.cos 20) dé = [0 + sin 20]7/° =F+ v3 


19. V = ffo yo cos (a? +9?) dA = fo" fpr? -rdrdd = fo" db fy rr? dr = [0] 5” [4r4]) = 20 (S22) = 22a 
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21. 2e+y+2z2=4 z =4-— 2x — y, so the volume of the solid is 
4 = foe ye <a (4-20 —y)dA = f°" f (4 — 2rcos 6 — rsin 6) r dr d0 
= i 6 [4r — r? (2cos@ + sin 6)] dr do = ei [2r? — dr? (2cos +sin6)| bors do 
= ‘ai [2 - 3 (2cos 6 + sin 8)| dO = [20 — 5 Caezeene =4n+3-0-5=40 


23. By symmetry, 


27 ra 20 a 
V=2 // Ve — dA =2 f / Ve = rdrap=2 f ao | r Va? —r? dr 
o Jo ) 0 


a2 + y? <a? 


2 
. BY pt eX Boj 38 Bop poe Jer 
25. The cone z = \/x? + y? intersects the sphere x* + y* + 2° = 1 when a* + y* + (Va +07) =lorz’+y° = 5. So 


V= // (Vi-2=y — i +47) dA= ie eit VI=r? =r) rdr dd 


22+ y2<1/2 


=f" do fo? (r Ta7? — 0) dr = [0]2" [-3¢ — 72)? — 0)? = on (4 1) =4(2 V2) 


27. The given solid is the region inside the cylinder x” + y? = 4 between the surfaces z = \/64 — 4a? — 4y? 


and z = —\/64 — 4x? — 4y?. So 
ie // | 64 = 4a? — ay? ( 64 — 4x? ay? )| dA = // 2.9 /le—a — dA 


ar +y2<4 


2 
= 4 0" fo VI6=7? vdr dO = 4 0" db {2 r VIB =F? dr = 4[0]5" |—3(16 — 7?)9/?] 


0 
= 8n(—4) (129/? — 16/3) = 82 (64 - 24/3) 


sh 2 pr/4—ax2 ey? m/2 2 2 
29. — ies e  dydx = / e " rdrdo 
2 y=V4-x o Jo 0 0 
or 5 
VP+y=4 = fr? ae fe re “dr= al ze" 
D 
5 [-3(e“-)] =F 0-e*) 

0 2) x 


31. The region D of integration is shown in the figure. In polar coordinates the line « = 3 y is 0 = 17/6, so 


1/2 pr\/1—-y? n/6 1 
i / zy” dx dy = i, : (r cos 0) (r sin 0)? r dr dO 
0 v3y 0) 0 


= oe sin? 0 cos 6 dO ie r* dr 


= [3sin* 6]5”° [3r"] 
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33. 


35. 


37. 


39. 


41. 


CHAPTER 15 MULTIPLE INTEGRALS 


D = {(r,0)|0<r<1,0<0@< 2z}, so 

Sp ee tw)? qa = i de el)” rdr dd = dé i. re" dr = Qn fi re" dr. Using a calculator, we estimate 

Info re™ dr x 4.5951, 

The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the origin at 
the center of D and define f(x, y) to be the depth of the water at (x, y), then the volume of water in the pool is the volume of 
the solid that lies above D = {(2, y)|2+y< 400} and below the graph of f(a, y). We can associate north with the 


positive y-direction, so we are given that the depth is constant in the x-direction and the depth increases linearly in the 


y-direction from f(0, —20) = 2 to f(0,20) = 7. The trace in the yz-plane is a line segment from (0, —20, 2) to (0, 20, 7). 


The slope of this line is (ay = a so an equation of the line is z — 7 = $(y — 20) ZS zy + 2. Since f(x, y) is 


independent of x, f(x,y) = zy + 2. Thus the volume is given by f {> f(x, y) dA, which is most conveniently evaluated 
using polar coordinates. Then D = {(r, 0) |0 <r < 20,0 < @ < 27} and substituting x = r cos 0, y = r sin @ the integral 
becomes 
i of (grsin0 + 3) r dr d0 = . lsat sin 6 + ee do = ie ee sin @ + 900) dé 
= [-1%2 cos 6 + 9000]5" = 18007 


Thus the pool contains 18007 ~ 5655 ft® of water. 


As in Exercise 15.2.61, fave = Ay SSp f (2, y)dA. Here D = {(r,0)|a<r<b,0<6< 27}, 


so A(D) = 1b? — na? = 1(b? — a”) and 


ee ar : shi jeer ry ei ae! cake ae 
“ A(D) Sdn Ja? +y? m(b? —a?) Jo Ja vr? Fb? = G2) Jy 2 


1 Qn pb 1 2(b-—a) _ 2 
meray Ho [rl OOOO = Ge ame). ae 


a m™(b2 — a?) 
1 x V2 x 2 \/4— 22 
ny dyde+ f i vy dy de+ f / xy dy dx 
ies = 1 0 V2 JO 


Ide #2 m/4 [4 ee 
= / / r® cos@ sin 6 dr dO = / E cos @ sin 7 dé 
0 1 0) 4 eal 
n/4 in? a] 
35 sin 6 cos 6 dO = S| Se = 
4 Jo 4 2 Io 16 
(a) We integrate by parts with u = x and dv = ae dx. Then du = dz and v = alee, so 


—x72 . t ge? . aaa t —2 
fo” xe * dx = lim (re "dx = lim (-40e all + de os ar) 
t—0o 0 


0 too 2 


= lim (—3te-*) +5 f° e~® dx =0+ ks e-® dx [by l’Hospital’s Rule] 


t—-0o 
1 fo —ax? : ae ‘ 
= 7J/_.¢ dx [since e is an even function] 


1 + T [by Exercise 40(c)] 
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(b) Letu = fz. Thenu?=2 => dx=2udu > 
Jor Vée~* de = Jim fy VEe~* dx = Jim, fi" we 2udu = 2 fo" wee du=2(4Ve) [by parta)] = 3v7. 


15.4 Applications of Double Integrals 


1.Q= ff, o(z,y)dA= nhs ie (22 + 4y) dyda = fr [2ry + 2y7] i 5 dx 


= > (Oe + 50 — 4a — 8) dx = fy (6x + 42) dx = [32? J 42x]? = 75 +210 = 285C 


3m= ff, p(r,y)dA= fe fe ky? dy dx = kf? dx f, Ay? dy =k[a]? [sy sa = k(2)(21) = 42k, 


T= mn Fis rp(x,y)dA = al f kay? dy dx = B fp vda : y dy = DB Ge"), [4y°]} = ay (4)(21) = 2, 
= 4 
T= Jp yolw.y)dA = ae SP Si ky dyde = % fp de fi y dy = $ lel} [4y]} = SO) (7B) = 8B 


Hence m = 42k, (ZY) = (2, cae 


5 m= ie Eee +y) dy dx = f° [zy + pga oe dx =, [2(3 — x) + $(3— a)? — $a? — 227] dx 
= fo ($2? + 3) de = [-3 (92°) + 3a]5 = 6, 


Me= Io fa (a? + wy) dy dx = is [x?y at sry’ | as da = ie (32 - 27°) de= 3, 


Me = fo Soyo (zy +y *) dyda = Jr [az P+ ay dz = fo (9 — $2) da = 9. 
—¢ (epau(M M)_ (33 
Hence m = 6, qn) = (+. 2) = (3.3). 


7m se el a a kydyda =k f°, [u° 


= ele Beh + Bo]! HRC 94d +194 Be 


7 es a ee [Bay?]%=-* de = 3k ft, (1— 2”)? de = 4k ft, ( — 209 +0) de 


Mz =f, f2-? ky? dyde =k ft, [by®]-” de = 2k [2 (1 — 2) de = 2k [| (1 — 30? + 304 — 2°) de 


1g le — 29 + 8¢5 —A27]* = 1k(1-14+8-241-14+2-1)= 32k 


Hence m = 3k, (Z,9) = (0, sete ) = (0, 2). 


%m = i ia xy dy dx = Ape - [ay] dx = 3 is - (e-*)’ dx = a Si we~** dar aS) 


II 
bole 
| 
AIH 
— 
bo 
8 
+ 
— 
Ya 
% 

bo 
8 
peas, 
or 
| 
| 
Cote 
— 
w 
*| 
bo 
| 
_ 
ae 
II 
cole 
| 
Cojo 
o 
| 
Ny 


[continued] 
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M, = a afer * @?y dy dx = joe * [hy ae dz = Lf xe ** dx [integrate by parts twice] 


= 3 [-3 (0? +20 +1) oP]! = 3 (50? -1) =f - fe 
Mz =f fos xy > dydx = fo a a [ay le eke 1p ne73" dx 
=1[-2(32 + 1)e**]* =— 4 (4e- -1) = 2 - fe. 


(1 — 5e~?) eo) - (3 8 (ce? — 4) ) 


(1 —3e-2)’ 4(1 —3e-2) e2 — 3’ 27 (e? — 3e) 


11. p(x,y) =ky, m = ff, kydA= ss he (rsin 6 )rdrd0 =k {*/? sin6 do fo re dr 
= k[-cos6]5/ [$r°]) = (1)(3) = 3h 
M, =JSfpue-kydA= foe (r cos 8) (r sin 0) r dr dO =k [*/? sin 6 cos 6 dO fe dr 
=k [}sin?o]g” [Br] = 48) @) = 8h 
Mz = JJpy-kydA= fhe Re k(r sin 0)? rdrd@ =k f"/? sin? 6 d0 for? ar 


=k [go }sin 209”? [4r"]) =k (3) (4) = He 


i ca k/8 kx/16 ui 
Hence (Z, 7) = (i. ae ) = (3) 79): 


13. yf p(x, y) =k fx? + y? = kr, 
y=V4-x 
m= ff, pla, ydA = fo f? kr -r dr dO 


Shao or r? dr = k(n) [3r 3]7 = Ink, 


My = Sfp xp(x,y)dA = deter cos 0)(kr) r dr dO = k [J cos 6 dé fe r? dr 
[this is to be expected as the region and density 


= k[sind]5 [Zr*]) = (0) (@) =0 


function are symmetric about the y-axis] 
Mz = Sfp yo(a,y)dA = J" f?(rsin8)(kr) r dr dO =k f* sind dO [2 r? dr 
=k [-cos6]? [44]; = k(1+1) (38) = 3k. 


Hence (%, 7) = (0, i) = (0, #2). 


15. Placing the vertex opposite the hypotenuse at (0,0), p(x, y) = k(x? + y”). Then 
m= oso” k(a? +y7) dy dx = k > [ax? + 4 (a—2)*| dx =k[$ax*® — 424-3 (a a) le = tka’. 
By symmetry, M, = Mz = fy ae +y’) dyda =k f> [$(a—2)?2? + $(a—2x)*] dr 


=k|ga?a*® — far*+ 4 52° — gg(a—=2)"] > = geka® 
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17. Ir = ff, yp(z, y)dA = ii . y? - ky? dy dx = hele dx iy y* dy = k(x}? [2y°]; = k(2)(*¥2) = 409.2k, 
ly = {f,2 elt) dA= Wis : x? - ky? dydx = kf? x? dx ts y? dy =k [325]° [4y°]7 = k (38) (21) = 182k, 
and Ip = Iz + Iy = 409.2k + 182k = 591.2k. 


19. As in Exercise 15, we place the vertex opposite the hypotenuse at (0, 0) and the equal sides along the positive axes. 


Te = foto k(a? +y?)dydx =k fo fo “(#?y? +y*)dyde =k fy [32°y? + 5y°])_, | de 
ee a |] dx =k [3% (40x — 307x* + 2ax° — 42°) -A(a cava = ka’, 
gal ie eke + y dye Sh fe ebay dpe =k ole YEsee | 5. dx 
=i le (a— x) + $27 (a —2x)* ] dx =k | ax” — ix® +4 ¥ (daa? — sa?rt +3 3aa° — 30°) |5 = qagko®, 


and Ip = In + Iy = Gka®. 


21. In = Sfp yo, y)dA = fy fy py? de dy = p fy) dx fj y? dy = [x], [3y°]p = 0b($h) = 4pbh’, 


i= [52 0e@dA= ie px? dx dy = Bly x? dx te dy = p| 143]) (lg = 4 pb?h, 


ee =2 I, sph bP an: 
and m = p (area of rectangle) = pbh since the lamina is homogeneous. Hence & a ub h 3 z B 
and =2 Ie zp bh? hn = he 
Ym poh 3 ae 


23. In polar coordinates, the region is D = {(r,0) |O0<r<a,0<0< Zz} so 

Ir = [fp y?pdA = fiean a (rsin 0) > dr dO = p f°"? sin? dO f° r? dr 
= o[}0— 4sin26]7" [4r4]2 = (4) (Lat) = pan, 

I, = Sfp? pdA= ui a (r cos 0) 2dr dd = pf"? cos dO [°r3 dr 


= p[}0-+ 4sin20]2/? [3r*]@ = (2) (Lat) = oats, 


2 


14 
and m = p- A(D) = p- 47a’ since the lamina is homogeneous. Hence Ze =7 = 16 eee T=9 a 
5 pa?n 4 2 
25. The right loop of the curve is given by D = {(r, 0) |0 <r < cos20, —7/4 < 0 < 1/4}. Using a CAS, we 
T/A cos 20 
find m = ff, (a,y) dA = fp (a? + y?) dA = fl, fo 7? r dr dO = ze Then 
cos 20 n/4 cos 20 
— aie xp(x,y)d A= = 4 (r cos 0) r? r dr dO = ee ar) r* cos 6 dr dO = 1636AV2 and 
cos 20 m/4 cos 20 
7= aI yp(a,y)d a8 a (r sin 0) r? puedo / r* sin 0 dr dO = 0, so 
m 30 —n/4J0 3m Jexja do 
ae 16384,/2 
(%, y) =") neaee 2 0}. 
103957 
[continued] 
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The moments of inertia are 


Tr = [fp y?p(a,y) dA = f7/4, fe? (r sin 6)? r? r dr do = 7/4, 5°" 7° sin? 0 dr dO = in 7 ie 


n/4 cos 20 2.2 _ 7/4 cos 20 5 2 ra om 4 
Les he p(z,y)dA= f" rails (r cos 0)* r rdr db = fring 5 r°? cos’ 0dr dé = 384 t 105 105° and 


27. (a) f(x,y) is a joint density function, so we know f{,. f(x,y) dA = 1. Since f(x, y) = 0 outside the 
rectangle [0, 1] x [0,2], we can say 
Shea feaydA= [~~ fo. f(x,y) dy dx = f> fe Ca(1 + y) dy dx 
= Oe zlyt+ ae ? dx = Of. Ac dx = C[2x?] 5 = 2C 
Then 26-1 CSS 


(b) P(X <1,Y <1) =) ee i awe f(x,y) dy dx = fo fo x(1+y) dydx 


= fo boly + v2! ae = ae o() de = $[32"]} = 2 oF 0.375 


(c) P(X +Y <1) = P((X,Y) € D) where D is the triangular region shown in 
the figure. Thus 


: ae ° de = nee sap a 
=} fo (2° - 40? + 32) de = 3] 42 432 |. 


5 =~ 0.1042 


29. (a) f(x,y) > 0, so f is a joint density function if [f,. f(x,y) dA = 1. Here, f(x,y) = 0 outside the first quadrant, so 
hie f(v,y) AA= ee ee 0.1e7 (9-52 + 0-24) dy dx =0.1 jrdes 7 0:5% —— 0.24 dy dz = Ga [ e 0:5z dx te e7 O-2¥ dy 


dese PE Obes _ pt 0. : _o.seit 1: ~0.2y]t 
= 0.1 lim fj 0.5% da jim Jo °4 dy = 0.1 Jim [—2e7°° ip lim [—5e ae i 


= 0.1 lim [—2(e7°* — 1)] lim. [—5(e7°-?* — 1)] = (0.1) - (-2)(0 — 1) - (-5)(0-1) =1 


t—0o t 


Thus f(x, y) is a joint density function. 


(b) () No restriction is placed on X, so 
PY > )= (20 saad = f° Je Ole ~(0-52+0.29) day dor 
=O a de er dy 0a Jim. i; e 9 da Jim. ie e974 dy 


= 0.1 lim [—2e7° ail lim [—5e~° ails = 0.1 lim [—2(e~°* — 1)] lim [—5(e7°* — e~°?)] 


t—o0o 0 t-00 too t—00 


(0.1) «(—2)(0 — 1)» (—5)(0 ~e-°?) =e? = 0.8187 
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Gi) P(X <2Y <4 =f? 0 fA fey) dyda = f? fo 0.127 0524-9) dy dx 


=0.1 fe e 9” dy fe e °?4 dy =0.1 [—2e-°-*] 5 [—be-°¥] ° 
= (01) e-2)ero = eae? = 1) 
=(e*—1)(e°°® —1) =1+e71§ —e- 98 —e! & 0.3481 


(c) The expected value of X is given by 
by = is a f(a, y) qa Lega ie Jone eeert a dy dx 
_ oo | 0.52 oo 0.2 = . t 0.5 . t -0.2 
= 0.1 J,” xe dx [5 e “dy =0.1 lim fo xe dx jim Jo e ¥ dy 
To evaluate the first integral, we integrate by parts with u = x and dv = e~°->® da (or we can use Formula 96 


in the Table of Integrals): [ re~°>* dx = —2xe~°°” — f —2e~°°* da = —2xe~°* — de~9* = —2(ax + 2)e 9”. 


Thus 


The expected value of Y is given by 


Mo = Sfgoyf(a,y) dA = for so” y[0.te“@* aca dy da 
= Odie de age. 8 a 0 jim, fe e °°* da jim i ye9-24 dy 
To evaluate the second integral, we integrate by parts with u = y and dv = e~°-*” dy (or again we can use Formula 96 in 
the Table of Integrals) which gives [ ye~°'?Y dy = —5ye~°?¥ +f 5e~°?4 dy = —5(y + 5)e~°-?¥. Then 
[ly = 0.1 lim [-2e-°*] jim [—B(y + 5)e~ 00] 


t—0co 


Onan elena) ime alee) 


= 0.1(—2)(—1) - (—5) ( lim —— — 5) =5 [by l’Hospital’s Rule] 


31. (a) The random variables X and Y are normally distributed with p., = 45, wy = 20, 01 = 0.5, and a2 = 0.1. 


The individual density functions for X and Y, then, are f1(x) : e~ (®48)°/0-5 and 


~ 0.5 Jon 
4 
0.1/on 


f(a, y) = fi(x) fo(y) 


e~ (¥-20)"/0.02_ Since X and Y are independent, the joint density function is the product 


fo (y) 


~(x—45)2/0.5 1 eo (y—20)?/0.02 _ 10 ,~2(2—45)?—50(y—20)? 


1 
= ———|!e€OE es 
0.5 27 0.1 V2 


Then P(40 < X < 50,20 <Y < 25) = fo o F(a,y) dy dx = 12 0 2 7 2(® 45)? -80(y=20)” dy de, 


Using a CAS or calculator to evaluate the integral, we get P(40 < X < 50,20 < Y < 25) = 0.500. 
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(b) P(4(X — 45)? + 100(Y — 20)? wie Adie Ale sna =20)° dA, where D is the region enclosed by the ellipse 
45)? + 100(y — 20)” = 2. Solving for y gives y = 20 + a 2 — 4(a — 45)2, the upper and lower halves of the 


A(x 


ellipse, and these two halves meet where y = 20 [since the ellipse is centered at (45, 20)] 


A(a — 45)? = 


“x=45+ a Thus 


2 — 4(a—45)? 


454+1/V2  p20+—4 
/ | 10 7 2(©—-45)? —50(y—20)? dae 
2 


Hf. 10 ¢—2(2—45)?—50(y—20)7 At io f 
D 45-1//2 0- Fy V2 — 4(x—-45)? 


Using a CAS or calculator to evaluate the integral, we get P(4(X — 45)? + 100(Y — 20)? < 2) © 0.632. 


33. (a) If f(P, A) is the probability that an individual at A will be infected by an individual at P, and k dA is the number of 
infected individuals in an element of area dA, then f(P, A)k dA is the number of infections that should result from 
exposure of the individual at A to infected people in the element of area dA. Integration over D gives the number of 


infections of the person at A due to all the infected people in D. In rectangular coordinates (with the origin at the city’s 


center), the exposure of a person at A is 


E= [[ seeayaa = bff &l0- d(P, A)] dA = eff [.- 


Ve = 0? + (y= yo)?] dA 


(b) If A = (0,0), then 
r=20cos 0 


ae ee 
Qn 10 10 
apf (1— Ar) rdrd0 = 2nk[2r? — Lr] car. 


= 2nk(50— 2) = ork ~ 209k 


For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar equation for 


the circular boundary of the city becomes r = 20 cos 0 instead of r = 10, and the distance from A to a point P in the city 


is again r (see the figure). So 


2 
m/ 2 a 5 r=20 cos 0 do 


am /2 20 cos 0 
B= ef if pie. [sr at [lace 
0 —n/2 


n/2 
=a ae (200 cos? 6 — 422 cos °@) do = 200k f7/", [3 + 3 cos 20 — (1 —sin” 0) cos 0] dO 
‘9%, = 200K[§ +0- 343+ 540-249] 


= 200k [$4 + ; sin 20 — 2 sin @ + 3 : 3 si 


= 200k(4 — 3) © 136k 


Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at the edge 
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15.5 Surface Area 


1. Here z = f(x,y) = 5x + 3y + 6 and D is the rectangle [1, 4] x [2,6], so by Formula 2 the area of the surface is 


A(8) = Sfp Ve @ DE + fue WP + 1dA = ff, Vo2 +82 + 1dA = V35 ff, dA 
= V35 A(D) = V35 (3)(4) = 12 V35 


3. The surface S is given by z = f(x,y) = 6 — 3a — 2y which intersects the xy-plane in the line 3x + 2y = 6, so D is the 


triangular region given by { (2, y) | O0<¢%@<2,0<y<3- 3c}. By Formula 2, the surface area of S is 


A(S) = ff, V3)? + 2)? +1dA = 714 ff, dA = VI4 A(D) = V14 (5-2-3) = 314 


5. The paraboloid intersects the plane z = —2 when 1 — x? — y’ 2 


a +y? =3,s0D = {(2,y) |x? +y? < 3}. 


Here z = f(a,y) =1—2? -y? fo = —2x, fy = —2y and 


A(S) = [Jn VORP + Bu FTA = ff) VHP TP) FTAA = fo" fo? VP FI rar do 


as V3 
= 2" do [rE F Lar = [0]° | (4r? + 19/9] ” 


= 2n- 4 (13°? -1) = £(13 VIB-1) 
7. 2= f(a#,y) =y? — 2? with 1 < 2? + y? < 4. Then 


A(S) = ff 4a? + 4? +144 = f2" ? Var? 41 r dr do = fP" do f? vr /4r? + 1dr 
= 2 
= [6]5" [Aar? +1)°?] = £07 vi7-5 v8) 


0 


9. z= f(r,y) =azywithhe® +y’? <1soft=y,fy=r# > 
r=1 
A(S) = [fp Jy? +22 41dA = f2" fo Vr? + Ir dr do = f°" [3 (r? yaaa do 
= (27 4(2 2-1) do = #(2V2-1) 


1. z = \/a? — 2? — y?, z, = —2(a? — 2? — y?)-/?, zy = —y(a? — 2? — y?)-1/?, 


-{" a( Vera cos? — a) ao = 20?” (1 - VT eos) a 
(0) 


—1n/2 


m/2 mn /2 mn /2 
= 202 [ ao — 20° | Vsin? 6.9 = a? — 20° [ sin 0 d0 = a” (x — 2) 
0 0 0 
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13. 2= f(z,y)=(1+2? +97)", fe =—2a(1 ta? +y?)~*, fy = —2y(1 +2? +y?)~*. Then 


A(S) = ff [20 +2? + y?)-2? + [-2y(1 +2? + y2)2P +1 dA 


x2+y2<1 
= ff A(x? + y?)(1+ a2 + y?)-4+1dA 
xw2+y2<1 


Converting to polar coordinates we have 


alee iy 4r2(1+7r?)-4 +1 rdrdd = dé i r \/4r2(1 4+ r2)-4 4 1dr 
= 2n So r /4r2(1 + r2)-4 + 1dr = 3.6258 using a calculator. 


15. (a) The midpoints of the four squares are (;; <)> (5; 3), (3, 4)> and (3, 3). Here f(a, y) = 2? + y”, so the Midpoint Rule 


gives 
A(S) = fp Vi fe(2, 9)? + [f(a y)P +144 = ff, 2+ (2y)? +1dA 
= a [2(4)]° + [2(4)]? +14 V 2G)" + a +1 
+ (P@P+ POP +1+ VPOP+ POP +1) 
=4(\/3+2/2 +4) ~ 1.8279 
(b) A CAS estimates the integral to be A(S) = ff, /1 + 2x)? + Qy)2dA = fi J) V/1 + 4a? + 4y? dy dx © 1.8616. 


This agrees with the Midpoint estimate only in the first decimal place. 


17. 2=1+2¢ 4+ 3y + 4y’, so 


be 2 as 2 4 pl 4 fl 
sy= ff ie (ae aA= [ / VITEF ETE dyads = [ if V 14 + 48y + 64y? dy de. 
é Ox Oy 1 Jo 1 Jo 


Using a CAS, we have [* Ai VJ14 + 48y + 64y? dy dx = 2 14+ #in(11 V5 +3 V14V5) — Bin(bv54+ V14 V5) 


is, 11V5+3/70 
oF Vi ED 


19. f(z,y)=1l4+a’y? => fr = 2xy, fy = 2x7y. We use a CAS (with precision reduced to five significant digits, to speed 


up the calculation) to estimate the integral 


ug 1-22 1 1-22 
A(S') = f2 +f? +1dydzx = /4x2y4 + 4x4y? + 1 dy dz, and find that A(S) & 3.3213. 
—1J—-/1-22 -1J—./1—-2?2 


21. Here z= f(a, y) = ax + by +c, fc (x,y) = 4a, fy(2,y) = b, so 
S)= ff, Ve +R 4+1dA= Ver? +0P 41 ff, dA = Va? +0? +1 A(D). 
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23. If we project the surface onto the x2-plane, then the surface lies “above” the disk a? + z? < 25 in the xz-plane. 


We have y = f(x, z) = x? + 2? and, adapting Formula 2, the area of the surface is 


A(S)= ff Vfe(z DP +[fe(@,2P2+1dA= ff vV402?4+4224+1dA 


w24+22<25 v24+22<25 


Converting to polar coordinates x = r cos 0, z = r sin @ we have 


A(S) = Jo" fo Vir? FU r dr do = fo" df r(ar? + 1)? dr = [0]Q" [25(4r? +199] = £(101 V101 — 1) 


15.6 Triple Integrals 


1. fff, cy2? dv The lex xyz dy dzdx = [i f. [Aay?z 3 eae . dedeafo ke daz? dzdax 


= i [pez zee 9 a = ; Z vde = 2], aor 


z 22 L=Y—-Zz 22 
3. fe i a> (2x2 — y) dx dy dz = ile: Io [ae _ pees dy dz = i So [(y —zyP-(y- z)y] dy dz 


=,? 
= [2 J (2 — 2) dy de = f2 lye? — PISS ae = f2 (4 — 42°) dz 


= [52° -82]0= 9-8 = 
5. ie o ze" dydxdz = iis [-ae7*] = dx dz = de i (—ze~'"* + xe°) dx dz 
=yiade (-1+2)dxdz= f? [- w+ ba] de 


elo 


= (—22 + 227) dz= [-2? + 223)/§ = -44 841-25 


a if. fre ** ysin x dy dz dx =F ie [yzsin a] a ee dzdx = fy foz V1 — 2 sing dz dx 


z=1 
= fj sing J-3(- 24)°4| de = 5 zsinxdx = — 3% cosa] ° =-;(-1-1) 


% {fp yW = ie So ee y dz dy dx = de So [yz] 22 ae dy dx = ie So 2y° dy dex 


= Jo (Bu )M55 de = 3 3a%de = ot = 2 = 


Meee -[ LE renew ff eda ee 


= JP Sp [tan @) — tan“ (0)] de dy = JP ff (F — 0) dz dy = 3 fy [2] 7) dy 


= f'(4—y)dy = % [4y — dy] = 4 (16-8 -44+3)=% 


= 
= 


13. Here EF = {(2,y,z)|O<a<10<y< /%,0<2<1+2+y},s0 


SSSe Sey dV = i. a {ie Gary dz dy dx = i ie [6xyz| as dy dx 


=f ie Gey(1+at+y)dyde = fy [3ay? + 3a7y ? + 2ay?] 0% VE dp 


= fp (3x? + 305 + 2a°/?) dx = Ea + 3a* + te oP) = 
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15. z Here T = {(z,y,z)|O<@<2,0<y<2-2,0<2<2-2-y}. 
Thus, 
(0, 0, 2) 
ie hav = Solo” ae oo dz dy dx 
ly he 2(2—a — y)dydz 


= ih 7 [(2 — a)y? a y?] dy dx 


=i. [(2- 2) Gr loaves 5 ee 


(2,0, 0) 


17. The projection of E onto the yz-plane is the disk y? + 2 < 1. Using polar 


coordinates y = r cos @ and z = rsin 86, we get 


Spe 4V = ff [Saya 4 a2 24a] GA = 3 ff, [4 — (dy? +427)"] dA 


=sf; ia ee (1—+* )rdr do =8 f°" dO f(r — 1°) dr 


1 us 
= 8(2n) |r? — fr"]g = 4 


19. The plane 2x7 + y + z = 4 intersects the xy-plane when 
2e+y+0=4 > y=4- 22,50 
E={(z,y,z)|0<¢<2,0<y<4—24,0<2<4—2x—y} and 


V= sais = ie a " dzdyda = f° fo ra ° (4 — Ix — y) dy dx 


= fo [4y —2ey — gy°]fo5 de 


= fe [4(4 — 2x) — 2x(4 — 2x) — $(4 — 2)?] dx 


= J? (2x? — 8a + 8)dz = [22° Ag? 4 8a]5 = 16 


21. The plane y + z = 1 intersects the xy-plane in the line y = 1, so z 


ghia or iia LN (0, 0, 1) 


V=fff,@vVv= ‘a ie ie “ dedyda =f, Sook y) dy dx 
= fl — 377s x2 dx = f', (3-2? + 32°) de 


1 1-3 1571 1 1 1 1 age 
= [5e gu + x” ] 2-3 +30 t2-37i0 =i5 


(1, 1, OF 
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23. (a) The wedge can be described as the region 
D=({(a,y,z)|y?+27<10<2<10<y<s} 


= {(a,y,2)|0S@<L0<y<a0<z<vi-¥} 


So the integral expressing the volume of the wedge is 


rN 


Slo W = foSe os dz dy de. 


(b) ACAS gives fPf7[V~” dzdyde = 3-4. 


(Or use Formulas 30 and 87 from the Table of Integrals.) 


25. Here f(x,y, 2) = cos(xyz) and AV = 3 - z.t : 3 = 3 so the Midpoint Rule gives 
U m n 
SSSe fey. zd XO OT FG Gy, %) AV 
wz j= — 
=SUGED+IGLD HELD FIELD 
ALD MELD IGE HG 4D) 
= 3 [cos 4 + cos & + cos G@ a 2 +cos & 7 + COs GF + +cos4+cos 4 + cos af = 0.985 


the solid bounded by the three coordinate planes and the planes 


zg=1l-a,y=2-22z, 


29. 


ZA ZA 
1 y=4-47 1 e4+47°=4 
D, D; 
> > 
0 4 y -2 0 2 x 


If Di, D2, D3 are the projections of E on the ry-, yz-, and xz-planes, then 


Di= {(a,y)|-2<S «© <20<y<4—2°} ={(@,y) |0<y <4, -VF-ysas VI-y} 
Da = {(y,z)|0<y¥ <4, —$VE—9 <2 < 3V4-g} = {y,2) |-1 S25 L0<y< 4-427} 


D3 = { (x, 2) | x? +47? < 4} 
[continued] 
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Therefore 
E= {(x,y,2) —2<4<2,0<y<4-2’, 4 4— x? y<2<s 7-2 —y} 
={(ey2)0sys4 -Vimgses Vimy, -1V-P -yszsiVi-w-y} 
= {(@,y,2)|-1S2S10<ys4—42, eaten 
= {(x,y,2) O<y <4, -—4/4F-ysz<h ,— fi-y-@<as (4-4 } 
= {(2,9,2) -~2<2<2, -1V4-#<2<} sean 
= {(x,y,2) -15281, -VE=B << VIRB 0< ys 4-2%— 427) 

Then 


Lite weer = (eater ft oe f(x,y, 2 aaedude=[f<, Ji= ve fe — f(x,y, 2) dz da dy 


te 422 pr/4 422 Ji-¥/2 ‘4 Az2 
=f"; eee Oe Aatayde= if, [i 2 Bd pa — f(w,y, 2) dade dy 


= V4-22/2 p4—a?—42? - 4-422 pA—2? 42? 
Als f epee f(a, y, 2) dydzdx = es f Be rere: f(x,y, z) dy dx dz 


31. 74 yA 


(-2,4,0 


(2,4, 0) 


If D1, Dz, and Dg are the projections of EF on the xry-, yz-, and xz-planes, then 


Di ={(x,y)|-2< 252.0% <y<4h={(@y)|0<ys4-Vuses Vu}, 


Do= {(y,2)|0<y <4,0<2<2-4yh = {(y,2) [05 2<2,0<y< 4-22}, and 


2 
fT 
T 


{(2,2)|-2<2<2,0<2<2- 32°} {(2,2)|0<2<2,-VI-B<ux< VI-z} 
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Therefore 


-2<0<20 <y<40<2<2-hy} 


\l0<y<4, -Vy<aK< y0<2<2- hy} 


0<yS40<2<52-hy, -Vysa< vu} 


0<2<2,0<y<4-22, -Vy<a< vy} 


~2<"<2,0<2<2-12',2 > <y<4-22h 


ad eys 
fe.u.2) 
fe.u.2) 
eae 
ee 
ere 


0<2<2, —VI=%z Sas VIRm%, 0? Sy < 4-2} 
Then fff, f(a.y,z)dV = ie ee Va uf? Fp (x,y,z )dzdy da = fy [¥", a ioe ule (x, y, z) dz dx dy 
= pa 25 MAG f(a, z)dxdzdy = f° f° fe ieee 5 F( x,y,z) dx dy dz 


= 2, (2-7? pS f(a,y, 2) dydede = f? [Vas fS™ f(w,y, 2) dy de dz 


33. 
The diagrams show the projections 
of E onto the xy-, yz-, and xz-planes. 
Therefore 
dodle (FG) dz dy dx = pe te ¥ f(x,y, 2) dzdxdy = da Fe i he (x,y, 2) dx dy dz 
= fo ier aE (x,y, 2) dadzdy = fy re a al * f(x,y, 2) dy dz dx 
= pie ee * f(x,y, z) dy dax dz 
35. 2, 2 
y=x z=y zZ=Xx 


(1, 1,0) 


Ioljdon (x,y, 2) dzdady = fff, f(x,y, 2) dV where E = {(z,y,z)|0<z2<yy<2<10<y< 1}. 


If D1, D2, and Dg are the projections of E onto the xy-, yz- and xz-planes then 
Di ={(t,y)|OSy<Ly<e<sl={(@y)|0<e<10<y<z}, 
D2={(yz)|OSySL0<z<y}={ly,2) |OS2<1z<y< lj,and 
Ds = {(a,z)|0<a#<10<z<a}={(2,2)|0<2<1z<a< I}. 


[continued] 
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Thus we also have 
E={(2,y,2) 
= {(z,y, 2) 


LE INTEGRALS 


O<¢<1L0<y<2,0<z2<ys={(x,y,2)|0<y<1L0<z<yy<aeK< 1} 


O<z<Lze<y<Ly<a<l={(z,y,z)|0<¢<10<z<az<y<a} 


= {(2,y, 2) 


Then 


dollars 


O<z<Lze<aK<lz<yK<a}. 


(x,y,z) dzdx dy = pears f(x,y, z) dzdydx = dl f(x,y, 2) dx dz dy 
> CEG f(a, y, 2) dx dy dz = Sole f( 


= Sole SE fay, 2) 


x,y, z) dy dz dx 


dy dx dz 


37. The region C is the solid bounded by a circular cylinder of radius 2 with axis the z-axis for —2 < z < 2. We can write 
SfSoA+ 5a? yz”) dV = SSfo4dV + Sf fo 5a? yz? dV, but f(a, y, z) = 5x? yz? is an odd function with 
respect to y. Since C' is symmetrical about the xz-plane, we have ff, 5x?yz? dV = 0. Thus 


SS o(4 + 5a?y2”) dV = fff 4dV =4-V(E) 


=4-7 (2)?(4) = 647. 


39. The projection of E onto the xy-plane is the disk D = Ge, y) |et+y< 1}. 


m= [fle etsy 2)dV = ffp [fo * Y 3dz] dA = ff, 8-2? —y?) dA 


3 Jo Jo 


"1_—r *) rdr do =3 f°" do f> (r —r3) dr 


=3[0]2" [Br? — dr]? = 3 (2m) (4-1) = 32 

My: = flix eola,y,2)4V = ff, [fe sede] aA = ff, 30(1 — 2? — y?) dA 
= 30 fe" (r-cos6)(1 — r?) r dr dO = 3 f°" cos6d0 fo (r? — 14) dr 
= 3[sind]5” [4r? — 47°], =3(0) (4-4) =0 

Mzz = Sf fp yola,y, 2) = ff, Vee 3y dA= ff, 3y(1—2? —4?)aA 
= 3) [2"(rsin0)(1 — 1?) rdr dé =3 J" sin0dO f(r? —r4) dr 
=3[-cos0]>” [4r? — 4r°]) =3(0) (4-4) =0 

Muy = [Jfp 20(0.¥52)V = SJ [Jo oe *32dz| dA = ff, [$2)" aA 
= 3 Sfp(— 2 — 9?)PdA = 3 fo fo" (L— 1°)? r ar a 


20 
0 


12 1,.6 


2 on do Sor — 2r8 +5) dr 5r —trt +r 


3 (2r) (4-444) 


[@]o" [ IF 


1 
= 57 


z Mz 


? 
m 


z M, 


? 


Thus the mass is 37 and the center of mass is (Z, 9, Z) = ( 
m 
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A. m= fo fo So (e Fp yr4ez ecm x? + ay? + 227] * > dydz = Soto G a® + ay? + az”) dy dz 


= fo [Fa°y + 3 Say * + ay2”] = fo ($a* +. a?2z7) dz = [Za*z + §a72*]5 = Ga’ + 


wl 


My: = he deode: Eg +a(y? + 2)| dx dy dz = fe fer [<a* + 407 (y? + a) dy dz 


za° 4a® = 50° = Mzz = Mzy by symmetry of E and p(x, y, z) 


= Jo (G@ + ga? + 3a%2*) de = 
Hence (£, 9,2) = (a, Ga, a). 


12™ 712 


43. In = fo ff’ k(y? + 2?) dz dy da =k ff" (Ly? + 42°) dy dx =k f" 214 de = 2kL 


By symmetry, J, = I, = I, = 2kL°. 


45.1, = [fe +y)ol@yiz)dV = ff [Je k(x? +. y?) dz] dA= ff k(a*?+y’)hdA 
a2 +y? <a? a2 +y? <a? 
= kh fo" fo (0?) rdr dO = kh 5" dO for? dr = kh(2n)[4r4]* = Ankh: 4a* = akhat 


47. (a) m= fl, foo fo? Va? + y? dz dy dx 

(b) (%, Y, Z) where F = aft, ihe ior a/c? + y? dzdydx, J = aft fo fae y (x? + y? dz dy dx, and 

Z= af", ie ee z f/x? + y? dz dy dz. 

() Ie = fy foo fo (a? +9?) Ja? + y? dz dy dx = f*, fio fo? (a? + y?)°”? dz dy dx 
49. (@) m= f2fV pa taty +2) dzdyde = +e 

(b) (7.2 )=(m m=! [2 -VI-* (vo 40+ y +2) dz dy do, 

m-" fo Via? py y( (lt+a+y+2z)dzdydz, 
m-* fo VIF at Alta +y+2)dedydr) 


_ 28 = 307 +128 45a + 208 
~ \ On +44’ 457 + 220’ 1357 + 660 


1 /1—a2? y 
@L=f f ri (ep yaaa tdedyae Ee 
o Jo 6 240 


51. (a) f(x,y, z) is a joint density function, so we know [ff,3 f(x,y, z) dV = 1. Here we have 
SS Ses f(x,y, z) dV = oy fae fee A (x,y, z ) dz dydx = J? J? f° Caxyz dz dy dx 
=O, xdx ie y dy 1. zdz = O[32"]6 [4y?]< [$2 a = 8C 


Then we must have 8C =1 => Cae 
(b) P(X <1Y<1,7<1)= 1 oe oe frog f(xy, 2) dz dy dx = fo te . gryz dz dy dx 


= 2 ffede fj wdy fp edz = 3[50°]5 [By], [$23 = 8G) = 
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(c) P(X +Y+4+Z <1) = P((X,Y, Z) € E) where EF is the solid region in the first octant bounded by the coordinate planes 


and the plane x + y+ z = 1. The plane x + y + z = 1 meets the xy-plane in the line x + y = 1, so we have 


P(X+Y4+2Z2<1)= fff flay,z)dVv = iia a: oY 2aryz dz dy dx 

—2“ z=1-2— 
=if, vy[327]2_ ” dy dx = te loto yl-a2— y)° dy dx 
= 4 ie: a Ie — 2x? + x)y + (Qa? — 2a)y? + ay? ] dy dx 


= “i [(a* — 2a? + x) Sy? + (2x? — 2x)4 y 34 a(ty* beams 1—* dee 


1 
= x5 fo (a — 4a? + 62* — 4a* + &°) dx = 5 () == 


3.V(E)=-L> = m= pf ff nye de dy dz = Ty z fxd fo yay fo zdz 
tee” feel te) Pee eee 
PD le Poe | le 7 ke oe 8 


55. (a) The triple integral will attain its maximum when the integrand 1 — a? — 2y” — 3z? is positive in the region E and negative 


everywhere else. For if £ contains some region F’ where the integrand is negative, the integral could be increased by 


excluding F’ from E, and if F fails to contain some part G of the region where the integrand is positive, the integral could 
be increased by including G' in E. So we require that x” + 2y” + 327 < 1. This describes the region bounded by the 
ellipsoid x? + 2y? + 327 = 

(b) The maximum value of fff, (1 — 27 — 2y* — 32°) dV occurs when E is the solid region bounded by the ellipsoid 


x? + 2y” + 32? = 1. The projection of E on the xy-plane is the planar region bounded by the ellipse x? + 2y” = 1, so 


B={(2,y,2)|-1<@<1,-\/$(1- a?) <y <,/4(1 3(1 VZes 4(1— a? — 2y?) } 
and 
1 pd (Qe?) py/$ (4-2? -2y?) 
[ff a-2-298 -3e)av = [ i : / ° Gah Pa gag AVS 
5 IEG) IFC) 5 
using a CAS. 
15.7 Triple Integrals in Cylindrical Coordinates 
1. (a) *f From Equations 1, x = r cos @ = 4cos 7 =4. 5 = 2, 


y=rsind = 4sin 2 4.8 2/3, z 2, so the point is 


(2, 2\/3, —2) in rectangular coordinates. 
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3. 


5. 


7. 
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(b) x = 2cos( 5) 0, y 2sin( 5) 2, 
and z = 1, so the point is (0, —2, 1) in rectangular coordinates. 
(a) From Equations 2 we have r? = (—1)? +1? = 2sor = V2; tan@ = + = —1and the point (—1, 1) is in the second 


quadrant of the xy-plane, so 6 = 2% + 2nz; z = 1. Thus, one set of cylindrical coordinates is (v/2, 27, 1). 


(b) r? = (—2)? + (23)” = 16sor=4; tand= 2v3 = —/3 and the point (-2, 2/3) is in the second quadrant of the 


xy-plane, so 0 = an +2nz; z = 3. Thus, one set of cylindrical coordinates is (4, ar 3). 


Since r = 2, the distance from any point to the z-axis is 2. Because @ and z may vary, the surface is a circular cylinder with 
radius 2 and axis the z-axis. (See Figure 4.) 


Also, 2? + y® = r? = 4, which we recognize as an equation of this cylinder. 


Since r? + 2? = 4and r? = x? + y”, we have x” + y? + z* = 4, a sphere centered at the origin with radius 2. 


9. (a) Substituting x? + y? = r? and x = rcos9, the equation x? — x + y? + 22 = 1 becomes r? — rcos@ +z? =1or 


11. 


27 =1+4+rcosé—r’. 


(b) Substituting « = rcos@ and y = rsin 6, the equation z = x” — y? becomes 


z = (rcos6)? — (rsin@)? = r? (cos? 6 — sin? 0) or z = r? cos 20. 


z=r? & 2=274y’, acircular paraboloid opening upward with vertex the origin, 
and z = 8—r? z= 8— (a? +’), acircular paraboloid opening downward with 
vertex (0, 0,8). The paraboloids intersect when r? = 8 — r? r? = 4. Thus 


r? < z<8—r? describes the solid above the paraboloid z = x? + y? and below the 


paraboloid z = 8— 2? — y? fora? +y? < 4. 


13. We can position the cylindrical shell vertically so that its axis coincides with the z-axis and its base lies in the xy-plane. If we 


use centimeters as the unit of measurement, then cylindrical coordinates conveniently describe the shell as 6 < r < 7, 


0<0<27,0<2z< 20. 
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15. z* The region of integration is given in cylindrical coordinates by 


E = {(r,0,z) | —m/2<0< 1/2,0<r<2,0<2z<r’}. This 
represents the solid region above quadrants I and IV of the xy-plane enclosed 


by the circular cylinder r = 2, bounded above by the circular paraboloid 


z=r?(z=2? +’), and bounded below by the xy-plane (z = 0). 


Bh i i r dz dr dO = ies i [rz] = dr d@ = a 7° dr dO 


= Jin WO for dr = [0]", [2r4], 


=7(4-—0) =40 


17. In cylindrical coordinates, E is given by {(r,0,z)|0<@0<27,0<r<4,-5<z< 4}. So 


Site V2? +y? dV = ae aa Jr? r dz dr do = . do [or ar eee 


= - [377]o [2]25 = 27)(G)@) = 384" 


19. The paraboloid z = 4 — x? — y” = 4 — r? intersects the xy-plane in the circle 2? + y? = 4 orr? = 4 r = 2,soin 


cylindrical coordinates, FE is given by {(r, 6, z) | 0<0<72/2,0<r<2,0<2<4-r a Thus 


SSf_(e@tytz2)d = a eee ng ae (rcos@+rsin@ + z) rdzdr dd 


aya 
ae fe fr [r? (cos 0 + sin 0)z + dp?) dr do 


= ner r? —r4)(cos6 + sin) + 5r(4—r?)?] dr dO 
= fr’? [(4r3 — br°) (cos + sin) — (4 —r?)3]"= a0 


= ie [2 (cos @ + sind 


e| d@ = [3 (sin 6 — cos0) + $45 nue 


) 
= $(11-0)+ 8-$-$(0-1)-0=3r+% 


21. In cylindrical coordinates, F is bounded by the cylinder r = 1, the plane z = 0, and the cone z = 2r. So 


E={(r,0,z)|0<0<27,0<r<1,0<2z< 2r} and 


[hf vdV = ede ts r? cos? 6r dz dr d0 = big [r3 cos? Oz] ane dr d@ = ee fe 2r4 cos? 6 dr dé 


= o [27° cos? | ae do = 2 ie cos” 0. d0 = 2 3 (1+ cos 26) dd = 4/0 + 4 sin 26] <" == 


23. In cylindrical coordinates, E is bounded below by the cone z = r and above by the sphere r? + z? = 2 or z = /2—Tr?. The 


cone and the sphere intersect when 2r? = 2 r=1,sok Ge 0,z)|0<O0<27,0<r<lr<z<V2- r?} 


and the volume is 


SS Se Wa ie" i 2-1* dz dr do = a Fel [rz]Z=V? * dr dd = ile (r/2 =r? — r?) dr dd 
= fo" dp (eV 27? = 1?) dr = 2m [-2(2 = 17)? — 379] 
= 2n (—4) (1+1-2°/?) = —20 (2-22) = 40 (2-1) 


1 


0 
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25. (a) In cylindrical coordinates, E' is bounded above by the paraboloid z = 24 — r? and below by 
the cone z = 2v/r? or z = 2r (r > 0). The surfaces intersect when 


24—-r2?=2% > r?42r—-24=0 = (r+6)\(r—4)=0 r = 4,80 


E = {(r,0,z) |r <z2<24-77,0<r<40<6< 2n} and the volume is 


SSfe WV = S27 fo f- vdzdr do = f?" [4 r(24—r? — 2r) dr do = f?" do [* (24r — 9 — 2r?) dr 


= Qn [12r? — 474 — 273]" = Qn (192 — 64 — 188) = 52 o 


(b) For constant density K,m = KV = a 27K from part (a). Since the region is homogeneous and symmetric, 


Myz = Mzz = Oand 


May = al reamach (zK) r dz dr d0 = at ifs r[ 427] z= 2dr in do 


2 z=2r 


= & pet fh r[(24 —1?)? — 4r?] dr dd = & f2" do f° (576r — 52r3 + r°) dr 


= £ (2m) [288r? — 13r4 + Ar9]° = 2K (4608 — 3328 + 2088) = 888K 
™m m > Bl27K/3 


Thus (Z, 9,2) = (He, Me My) - (0, 0 Sse ) = (0,0, 3). 


27. The paraboloid z = 4x” + 4y? intersects the plane z = a when a = 4x? + 4y? or a? + y? = ta. So, in cylindrical 


coordinates, F = {(r,0,z)|O<r< $./a,0 < 0 < 2n,4r? < z < a}. Thus 


2n prVJa/2 pa Qn prVJa/2 
m= [ / Krdzdrdo = K [ i (ar — 4r°) dr dO 
) 0 4r? 0 0 
Qr =o 2 27 
=x [$ar? — r*]" "> af w= K | qa dé = ta°rK 
0 0 


Since the region is homogeneous and symmetric, My, = Mzz = 0 and 


2r prJa/2 pa 20 ar 
May = f he — a (3a’r — 8r°) dr do 
4r? 
at? oi 
=K [a ate w=K fs dO = 4a°nK 


Hence (Z, 7, Z) = (0,0, 2a). 


29. The region of integration is the region above the cone z = ,/x? + y?, or z = r, and below the plane z = 2. Also, we have 


—2<y <2with-—/4—-y? <a < \/4-— y? which describes a circle of radius 2 in the xy-plane centered at (0,0). Thus, 


27 20 
a a Orr a A poe (r cos 0) )erdedrdo = f [fre (cos 0) z dz dr d0 
Var +y2 


= if " f, 7? (cos8) [32 AS dr do = f° ‘  f, 7? (cos) (4— r?) dr do 
=o “cos6d0 (4r? — r*) dr = 3 [sin 0]0" [4r $_ 1,5)* =0 
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31. (a) The mountain comprises a solid conical region C’. The work done in lifting a small volume of material AV with density 
g(P) to a height h(P) above sea level is h(P)g(P) AV. Summing over the whole mountain we get 
W = ff foh(P)g(P) av. 
(b) Here C is a solid right circular cone with radius R = 62,000 ft, height H = 12,400 ft, 


and density g(P) = 200 lb/ft? at all points P in C’. We use cylindrical coordinates: 


=R(ASz H-z 
W= Fa ise cama z+ 200r dr dz d0 = 27 Hi 2002[3r7]"= 8G 1B) ay 
H 2 H 2 3 
R zZ\2 2 2z Zz 
= 400" f 25 (1 =) dz = 20008? | (-- 3 +e) a z 
R 
2 3 4 7, 2 2 2 
SOUR aes el eon ee Og ree hy et 
2 3H 4H? |, 2 3 4 R H H 
= 2rR?H? = 27(62,000)?(12,400)? ~ 3.1 x 107° ft-lb 
15.8 Triple Integrals in Spherical Coordinates 
: = ‘ = 1 wT 1 — 3 
1. (a) From Equations 1, x = psin¢@cos@ = 6sinZ cos} =6-5- 3 = 5, 
y = psin ¢sin# = 6sin § sin =6- 3 . v3 = 3V3 and 
= = a V3 _ tio (3 3V8 ; 
z= pcos = 6cos § = 6-44 3/3, so the point is (3, 28 33) in 
rectangular coordinates. 
(b) x = 3sin 2% cos? =3-¥2-0=0, 
y = 3sin % sin 3 =3- v2 .1= 3v? and 
= 3m v2 3V2 a 3V2 _ 3v2); 
z= 3c0s = a( 5 ) 7 , So the point is (0, 2¥2, -2¥2) in 


rectangular coordinates. 


3. (a) From Equations 1 and 2, p = \/a? + y? + 2? = \/0? + (—2)? + 0? = 2, cos@ e ; 0 co) +, and 
p 
cos 0 = ae +5 aD =0 d= = [since y < 0]. Thus spherical coordinates are (2 =, 5): 


(0) p= VIFTFE=2,009=2 == > o= T, and 


—1 —1 1 ‘ é ; 
© = ——— = -—= d= = [since y > 0]. Thus spherical coordinates 


psing = 2sin(37/4) 2 (V2/2) 2 


3a 30 
2,—,— }. 
we (2.22, 28) 


cos @ = 
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5. Since @ = 3 but p and 6 can vary, the surface is the top half of a right circular cone with vertex at the origin and axis the 


positive z-axis. (See Figure 4.) 


7. From Equations | we have z = pcos ¢,so pcos¢=1 < z= 1, and the surface is the horizontal plane z = 1. 


9, (a) From Equation 2 we have p? = 2? +. y* + 2*,soa* +y?+2? =9 p?=9 p = 3 (since p > 0). 

(b) From Equations 1 we have z = psin cos 6, y = psin@sin 96, and z = pcos ¢, so the equation x” — y? — z? = 1 
becomes (psin ¢ cos 0)? — (psin¢sin 6)? — (pcos¢)? =1 © (p* sin? ¢)(cos? 6 — sin? 0) — p? cos? 6=1 & 
p*(sin? ¢ cos 20 — cos? ¢) = 1. 

11. p < 1 represents the (solid) unit ball. 0 < ¢ < @ restricts the solid to that z 
portion on or above the cone @ = G, and0 < 6 < x further restricts the 


solid to that portion on or to the right of the xz-plane. 


13. 2 < p < 4represents the solid region between and including the spheres of oa 
radii 2 and 4, centered at the origin. 0 < ¢ < 3 restricts the solid to that 
portion on or above the cone ¢ = 4, and 0 < 6 < zr further restricts the 


solid to that portion on or to the right of the xz-plane. 


15. z 


IV 


/x2 + y? because the solid lies above the cone. Squaring both sides of this inequality gives 27 > a2? +y? => 
2 


2227 >a tyrt2=p? => 2 =p*%cos?d> 40” => cos?¢> 3. The cone opens upward so that the inequality is 
cos ¢ > vai or equivalently 0 < ¢ < 7. In spherical coordinates the sphere z = et+y+2ispcos¢=p? > 

p =cos ¢. 0 < p < cos ¢ because the solid lies below the sphere. The solid can therefore be described as the region in 
spherical coordinates satisfying 0 < p < cos¢,0< $< 7G. 


17. 2 The region of integration is given in spherical coordinates by 


yp OCU E= {(p,6,¢) |0<p<3,0<6< 7/2, 0< $< 1/6}. This represents the solid 


region in the first octant bounded above by the sphere p = 3 and below by the cone 
o=n7/6. 
Jol fe? fo prsinddpdddd = f° sindde ["”" dO J? p? dp 


= [-cos]e”* [6]5” [30°], 


| (2) Q0-Be-w 


x 
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19. The solid & is most conveniently described if we use cylindrical coordinates: 


Reece oe ee ee 


SSfn fey) ay ices Ps le f(rcos0,rsin@, z) r dz dr dé. 


21. In spherical coordinates, B is represented by {(p,0,¢)|0< p<5,0<0< 27,0< ¢< 7}. Thus 


Spe +y?+2yPaVv = ff?" [> (e?)?p? sing dp dé dd = f" singde f°" do [> p® dp 
= [-cosd]§ [0]9" [Be"lg = @)n) (22) 
= 312500 7 ~ 140,249.7 


23. In spherical coordinates, Eis represented by {(p,0,¢)|2<p<3,0<0<27,0<¢<7}and 


x? +y? = p* sin? dcos? 6 + p* sin? dsin? 6 = p? sin? d (cos? 6+ sin? 0) = p’ sin? ¢. Thus 
Sffp,@ +y) wv =fT sister sin? ¢) p* sin ¢dp dO dd = JF sin’ ¢déd th do i p* dp 
= fp (1 —cos 2 6) sind dd [0 i ip [te]; = = [-—cos¢+ + cos® ]6 (2m) - $(243 — 32) 


= (1 § 41-4) @n)(22) = 


25. In spherical coordinates, F is represented by {(p,0,¢)|0< p<1,0<0< 4,0<¢< S}. Thus 


El fis aet tH +” dy = joe Be So (psindcos6)e”" p’ sin ddp d0 dd = jee sin? ddd i cos 0 d6 is pre?” dp 
1 
= ae 3 (1 — cos 2¢) do [/? cos 6 d6 ( 40% r], — Ja vet do) 


[integrate by parts with u = p*, dv = pe” : dp| 


= [46 — }sin2¢]>”” [sino]g’? [toe — de] = (¥-0) (1-0) (043) =3 


27. The solid region is given by E = {(p,9,¢) |O< p<a,0 <0 < 20,2 <¢ < F} and its volume is 


V=Sff,W = Ces y™ f° p? sino dp dO db = ioe sing dd f°" dO f° p? dp 


= [-cos 6]746 (0]2" [$0 "J = (-4+ 2) (2) (4 a®) = B73 


29. (a) Since p = 4cos@implies p? =4pcosd & a? +y?+27=42 & a? +y?4(z—-2)? =4, the equation is that of 
a sphere of radius 2 with center at (0,0, 2). Thus 


T cos 27 ent 4cos Qn pr : 
= JIE Io? 0? sin b dp ded = fo" JF” [30°]pa9°” sin odg.dé = Jo” Jo” (S$ cos*¢) sin d de db 


= fo" [-*8 cost] 9-3 wi? dog = fo" —18(4 — 1) dd = 56] i = 107 
(b) By the symmetry of the problem M,, = Mz, = 0. Then 
Moy = a ee p® cos sin ¢ dp dd do = f°?" we cos dsind (64 cos *) do dé 
= fo" 64 [4 cos®g] $0" do = fo" 32 dd = 210 


Hence (Z,7, Z) = (0,0, 217/(107)) = (0, 0, 2.1). 
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31. (a) By the symmetry of the region, M,. = 0 and Mz, = 0. Assuming constant density kK, 
m=Jff, KdV =K fff, dV = $K (from Example 4). Then 


Meg [hfe zKdV =K fo" a <>? (pcos b) p” sin ¢dpdg dd = K f°" /4 sin bcos ¢ [4 pile 5 * do do 


= 1K.” */4 sin 6 cos ¢ (cos! ) dp dd = 1K [°" do fe/* cos® bsin d dé 
6 
= 4K [6]2” [$008 6]q/* = 4x (2m) (-4) [(#)° -1] =-SK (-B) = BK 


Thus the centroid is (%, 9, Z) = (. Mes ves) = (0.0, ae) = (0,0, 5). 


m’?> m’ m 


(b) As in Exercise 23, x? + y? = p’ sin? ¢ and 
iat] f (2? +y?) KdV = K f°" ie SP elpe sin? ¢) p* sin ddpdodd = K f°" oP sine 6 [B07] P20" ° dé ao 


— ik f°" 7/4 sin? cos” od¢ dd = LK [°" do fe7/* cos® 6 (1 — cos? 4) sin ddd 


= 1K [6]5" [—4 cos® 6 + $ cos® ge 


33. (a) The density function is p(x, y, z) = K, a constant, and by the symmetry of the problem Mz, = My, = 0. Then 
Moy = a Hale Kp? sing cos ¢ dp do dé = a7Ka' J, ? sin ¢ cos odd = amKa‘. But the mass is K (volume of 
the hemisphere) = 27Ka®, so the centroid is (0,0, 2a). 
(b) Place the center of the base at (0, 0, 0); the density function is p(x, y, z) = K. By symmetry, the moments of inertia about 
any two such diameters will be equal, so we just need to find J;: 
I, = [2" ia Ba (Kp? sin d) p? (sin? ¢ sin? 6 + cos? ¢) dp dd dé 
= ae an (sin® ¢ sin? 6 + sin @ cos? ¢)(4a°) db dd 


= iKa° 2" (sin? 6 (— cos + 3 cos® ¢) + (- = cos® $))o- ae dd = 2Ka ? ot [2 sin? @ + 3] dé 


= ¢Ka? [2(30 — ; sin 20) + +46]5" = ¢Ka? [2(n — 0) + $(2x —0)| = 4 Ka’ 
35. In spherical coordinates z = \/x? + y? becomes ¢ = 4 (as in Example 4). Then 
= for pr’ [ p? sind dpdddd = f°" do f"/*singdd fo p? dp = 2n (-4 p 1) (4) = in(2—+/2), 


Mery = a te p’ sin ¢cos ¢dp dd dé = 2n[-4cos29]7/* (3) = ¥ and by symmetry My, = Mzz = 0. 


Sepsis’ 3 
Hence (@, ¥, Z) = (0.0 3@— v3) =m): 


37. (a) If we orient the cylinder so that its axis is the z-axis and its base lies in the xy-plane, then the cylinder is described, in 


cylindrical coordinates, by E = {(r,0,z) |O<r<a,0<0< 272, 0< z<h}. Assuming constant density K, the 
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moment of inertia about its axis (the z-axis) is 
Ie = fffp(2? + y?) o(z,y, 2) dV = te "Tes fo Ee 2) rdzdr d0 = 16a Fa do be gs dr a dz 
= K[0]5" [4r4]$ [2] = K @m) (404) (2) = oe 


(b) By symmetry, the moments of inertia about any two diameters of the base will be equal, and one of the diameters lies on 


the x-axis, so we compute: 
Tz = fffn(y? +2) e(a,y, z) dV = iis a [eK (r? sin? 6 + 27) rdzdr dO 
=r ahs oe Pa ” 73 sin? Odzdrd0+K f° "fo fo v2? dz dr do 
= Ki sin? 0.d0 for? dr fer dz+ K fe" dé fy rdr i, 2 dz 
= K [30-4 sin26]0" [3r4]p [2] +* [9]0" [aro [32]c 
= K (rn) (4a*) (h) + K (2m) (407) ($h°) = AaKa7h(3a? + 4h’) 

39. In cylindrical coordinates the paraboloid is given by z = r” and the plane by z = 2r sin @ and the projection of the 
intersection onto the xy-plane is the circle r = 2sin. Then fff, zdV = JJ J, ae 4 sin? dzdr dd = on 
{using a CAS]. 

41. The region F of integration is the region above the cone z = Jar +y? and below the sphere a? + y” + 2? = 2 in the first 
octant. Because F is in the first octant we have 0 < 0 < 4. The cone has equation ¢ = 4 (as in Example 4), so 0 < # < 4, 
and 0 < p < \/2. Then the integral becomes 
eee sual (psin dcos 6) (psin dsin 8) p” sin ¢ dp db dd 

ee sin? ddo ug sin 0 cos 6 dé [ee p= (Ie ee (1 — cos? ¢) sin od9) [$ sin Pal ale 


4 
= [} cos? 6 — cos 6]q/*- 3-3 (v2) = [4-2 -(G-1)] = Oe 


43. The region of integration is the solid sphere x? + y? + (z — 2)? < 4 or equivalently 


p’ sin? 6+ (pcos¢— 2)? =p? —4pcoso+4<4 => p<4cosd,so0<0<27,0<¢< 3» and 
0 < p< 4cos¢. Also (a? + y? + 2”)3/? = (p?)3/? = p?, so the integral becomes 


jae es fees (4 p’ sin ddp dodo = ["/" f° i mele ie 0 db de 


ld 
=§ 0 


= 1(4096) ee cos® pind dg [27 do = 2948 [2 cos” 4]"/? [0]?” 


"sing (4096 cos ° ) dé dp 


= 298 (1) @r) = sige 


7 
45. In cylindrical coordinates, the equation of the cylinder is r = 3,0 < z < 10. 

The hemisphere is the upper part of the sphere radius 3, center (0,0, 10), equation 

ret (z— 10)? = 3°, z > 10. In Maple, we can use the coords=cylindrical option 


in a regular plot3d command. In Mathematica, we can use ParametricPlot3D. 
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SECTION 15.9 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS 
47. If E is the solid enclosed by the surface p = 1 + z sin 60 sin 5¢, it can be described in spherical coordinates as 
E = {(p,9,¢) |0< p< 1+ ¢sin60sin54,0 < 0 < 27,0 < 6 < zm}. Its volume is given by 
= fff, WV = fo for fot Oin 0s 9)/5 2 sin dp dO dd = #38" [using a CAS]. 


49. (a) From the diagram, z = r cot dj to z = Va? —r?,r =0 


to r = asin ¢, (or use a? — r? = r? cot? bg). Thus rP+2=a 


V= Uae eae ues y * dz dr dO 


rest by. z=rcot dy 


= 20 ine $0 (r Va? — 7? — r? cot ¢o) dr 


asin $9 
2m (a? eye r° cot o| 
0 


= l- (a? — a? sin? o)°? — a? sin® $9 cot by + a] 


= 3na*[1— (cos® dy + sin” 9 cos dq) | = 370° (1 — cos 9) 
(b) The wedge in question is the shaded area rotated from 6 = 6; to 0 = 62. ZA 


Letting 


Vij = volume of the region bounded by the sphere of radius p,; 
and the cone with angle ¢; (9 = @1 to 02) 


and letting V be the volume of the wedge, we have 


V = (Va2 — Var) — (Via — Vir) 
(62 — 61) [p3(1 — cosa) — p3(1 — cos 44) — p3(1 — cos ) + p3(1 — cos dy)] 
= $(02 — 91)[ (03 — p}) (1 — cos ¢) — (03 — pt) (1 — cos ¢,)] = §(82 — 01) [(p3 — pi?) (cos ¢, — cos ¢,)| 


02 rpgsingg prcot dy 
Or: Show that V = if i / r dz dr dé. 
0, Jpyzsing, rcot dg 


(c) By the Mean Value Theorem with f(p) = p® there exists some pf with p, < p < p, such that 


wl 


F (2) — f(r) = f(B)(P2 — p1) or 0? — p3 = 3p? Ap. Similarly there exists d with 6, <b < ¢, 


such that cos 6, — cos ¢, = (- sin ) A@. Substituting into the result from (b) gives 


AV = (p? Ap) (62 — 61)(sin d) Ad = p? sind Ap Ad AO. 


15.9 Change of Variables in Multiple Integrals 


1.%2=2u+v, y=4u-v. 
Ox/Ou Ox/Ov 
Oy/Ou Oy/dv 


2 1 
4 —-1 


The Jacobian is 
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3. x =scost, y= ssint. 


Oxz/Os Ox/Ot 
Oy/Os Oy/dt 


cost —ssint 


= scos’t — (—ssin? t) = s(cos*t + sin? t) = s 


sint  scost 


Oz/Ou Ox/Ov Ox/Ow vu 0 
A(z, y, 2) =| dy/du Oy/dv Oy/Ow|=|0 w vi=v 
O0z/Ou Oz/dv Oz/Ow w 0 u 


W U 


Ou 


—uU 


= v(uw — 0) — u(0 — vw) +0 = wow + wow = 2uvw 


7. The transformation maps the boundary of S to the boundary of the image R, so we first look at side 5 in the uv-plane. S} is 
described by v = 0,0 <u < 3,so x = 2u+ 3u = 2uand y = u — v = u. Eliminating u, we have x = 2y,0 <4 <6. S2 is 
the line segment wu = 3,0 <u < 2,sox=6+4 3vandy=3-—v.Thnv=3-y > «=64+3(3-—y)=15-3y, 


6 <a < 12. Ss is the line segment v = 2,0 < u < 3,sox = 2u+ 6and y = u— 2, givingu=y+2 => x=2y+10, 


6 <a < 12. Finally, S4 is the segment u = 0,0 < v < 2,so x = 3u and y = —v x=—3y,0<2 <6. 


The image of set S is the region R shown 


in the xy-plane, a parallelogram bounded 


by these four segments. 


9. S1 is the line segment u = v,0<u<1l,soy=v=uandg = w= y’. Since 0 < wu < 1, the image is the portion of the 
parabola x = y’, 0 <y <1. So is the segment v = 1,0 <u < 1, thus y =v =1anda = u2,so0<a<l. The image is 
the line segment y = 1,0 < x < 1. S3 is the segment u = 0,0 <vu<1,soxr = ur? =Oandy=v => O<y<1.The 
image is the segment x = 0,0 < y < 1. Thus, the image of S is the region R in the first quadrant bounded by the parabola 


x = y”, the y-axis, and the line y = 1. 


11. R is a parallelogram enclosed by the parallel lines y = 2” — 1, y = 2x + 1 and the parallel lines y = 1 — x, y = 3 — x. The 


first pair of equations can be written as y — 2a = —1, y — 2a = 1. If we let u = y — 2 then these lines are mapped to the 
vertical lines u = —1, u = 1 in the uv-plane. Similarly, the second pair of equations can be writtenasx+y=1l1,x+y=3, 


and setting v = x + y maps these lines to the horizontal lines v = 1, v = 3 in the wv-plane. Boundary curves are mapped to 
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boundary curves under a transformation, so here the equations u = y — 2x, v = « + y define a transformation T~' that 


maps R in the xy-plane to the square S enclosed by the lines u 1l,u=1,v =1,v =3 in the uv-plane. To find the 


transformation T that maps S to R we solve u = y — 2a, v = x+y for x, y: Subtracting the first equation from the second 


gives v —u= 3x r= 3 (v u) and adding twice the second equation to the first gives u+2u =3y => 


y= s(u + 2v). Thus one possible transformation T (there are many) is given by x = s(v —u)y= s(u + 2v). 


13. FR is a portion of an annular region (see the figure) that is easily described in polar coordinates as 


R= {(r, 0) |1l1<r<V2,0<0<7/ 2h If we converted a double integral over R to polar coordinates the resulting region 


of integration is a rectangle (in the r6-plane), so we can create a transformation T here by letting u play the role of r and 


v the role of 6. Thus T is defined by x = wcosv, y = usinv and T maps the rectangle 


S={(u,v)|1<u< V2,0<v< x /2\ in the wv-plane to R in the xy-plane. 


VA YA 


NIA 


=v 


0 1 s/2 


2-1 
1 


15. O(z,y) = 3 and x — 3y = (2u+ v) — 3(u+ 2v) = —u — 5w. To find the region S in the wv-plane that 


corresponds to R we first find the corresponding boundary under the given transformation. The line through (0, 0) and (2, 1) is 
y = 4a which is the image of u+ 2v = 4(2u+v) = v=0; the line through (2, 1) and (1,2) is ¢ + y = 3 which is the 
image of (2u+v)+(u+2v)=3 => u+v=1,; the line through (0,0) and (1,2) is y = 2x which is the image of 


u+2v=2(2ut+v) => wu=0. Thus Sis the triangle 0 < uv <1—u,0 <u < 1 inthe uv-plane and 


Wp (@ — 3y) dA = fo fo" (—u — 5u) [3] dv du = —3 fo) [ww + 307] 


=-3 fo (w—w? + §(1—u)?) du = —3[gu? — gu? — §(1— 0] = -3(5 — 3 + 8) = -3 
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20 
17. ‘i i ela al = 6, x” = 4u? and the planar ellipse 9? + 4y? < 36 is the image of the disk u? + v? < 1. Thus 
U,V 
Sfp2? dA= lh 6) dudv = Sah Fat 24r? cos? 6) r dr dO = 24 f°" cos? 0d0 f, r? dr 
=24[$0+ 5 7 sin 22], [24], = 24(m)(F) = 6m 
L/v —u/v? il 
19. ae _ = : ; = xy = u, y = x is the image of the parabola v? = u, y = 3a is the image of the parabola 
v” = 3u, and the hyperbolas cy = 1, zy = 3 are the images of the lines u = 1 and u = 3 respectively. Thus 
V3u 3 
ae xydA = ice u(? ) doau = f u(InV3u— Inu) du = f? wln V3 du = 4In V3 = 213. 
1 
a0 0 
21. (a) pes =|0 b 0| =abcand since u = = v= a w= < the solid enclosed by the ellipsoid is the image of the 
0 0c 


ball u? + v? + w? < 1. So 


SSf,V= = Sff  abedudv dw = (abc) (volume of the ball) = $mabe 
u2+v2+w2 <1 
Pe y? Pe 
(b) If we approximate the surface of the earth by the ellipsoid ——~ 63782 + 63782 + 63562 1, then we can estimate 


the volume of the earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is 


Sfp dV = 47(6378) (6378) (6356) ~ 1.083 x 101? km’, 


(c) The moment of intertia about the z-axis is I, = fff, («? + y*) p(x, y, z) dV, where E is the solid enclosed by 


2 2 2 

ee Rete ey ee eee ee OC Us2))| = 

= + Bb + a = 1. As in part (a), we use the transformation x = au, y = bu, z = cw, so CRT abc and 
Ie=Jffp(@?+y?)kdV= fff k(a?u? + bv?) (abc) du du dw 


u2+v2t+w2 <1 
= abck Jt rats (a? p” sin? ¢ cos” 6 + b*p? sin? ¢ sin? 9) p* sin ¢ dp dO db 
= abck [a? fe alin (p” sin? ¢ cos? 0) p* sin ¢ dp dO do + b? fF oe (p? sin? dsin? 0) p? sin d dp dO d6| 
= a®bck ie sin? ddd Sar cos” 6 dé Vs p' dp +. ab? ck To sin® ddd i sin? 6 dO He p' dp 
= a®bck [3 cos? b — cos 6] > [$9 + ; sin 26] oy [4p° lo + ab?ck [3 cos? ¢ — cos 6] § [$0 - ; sin 26] ae [Eo], 


= a®bck(#) (7) (#) + ab? ck (2) (x) (4) = an(a + b)abck 


-1/5 2/5 
—3/5 1/5 


23. Letting u = x — 2y and v = 3a — y, we have x = $(2v — u) and y = 4(v — 3u). Then Fa = =5 


and FR is the image of the rectangle enclosed by the lines u = 0, u = 4, v = 1, and v = 8. Thus 


tae POA age hia | Sa ey a2 
ar hf ay v du= 5 Le U ae v= $[5u'], lnlol]; = 2s. 


is 
5 
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Leaf pi (x,y) dA by a Riemann sum with m = n = 3 and the sample points the upper right corners of each square, so 


= AATF, D) + fC, 2) + £03) + £(2,1) + F(2,2) + F2,3) + £3, 1) + (3,2) + FR; 3)] 


Using the contour lines to estimate the function values, we have 


spk x,y)dA & 1[2.74+4.74+8.04+4.74+6.7+ 10.0 + 6.7 + 8.6 + 11.9] & 64.0 
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CHAPTER 15 REVIEW 
: O(a, y) —1/2 1/2 1 ; 
25. Letting u = y — 27, v = y + a, we have y = 4(u+v), x = 4(v — wu). Then ——— = —— and Ris the 
gu=y y y= z(u+v) z(v — u) Baia) 1/2 1/2 5 
image of the trapezoidal region with vertices (—1, 1), (—2, 2), (2,2), and (1, 1). Thus 
_ 2 pv 2 i ay 2 
| cos( 4—* aA= [ / cos & es dudv = 5/ [vsin =| dv = a 2vsin(1) dv = 3sin1 
R ya ne v| 2 2/1 Viu=—v 254 
27. Letu=ax+yandv=—a+y. Thenu+v = 2y y =4(u+v) andu—v = 2x z= 3(u—v). 
i ey oa 
O(z,y) = =. Now |u| =|e+y|<|z|+|y)<1 => -1l<u<1, 
Ouse). [aya aja 2 
and |v] = |—-a + y| < |z| + ly] <1 => -1< vu <1. Ris the image of the square 
region with vertices (1, 1), (1, —1), (—1, —1), and (—1, 1). 
So ff[,e7 4% dA= tft fi et dudy= de], [ev], =e-e. 
15 Review 
TRUE-FALSE QUIZ 
1. This is true by Fubini’s Theorem. 
3. True by Equation 15.1.11. 
5. True. By Equation 15.1.11 we can write fe Ni f(x) f(y) dydz = fife ) dx lect y) dy. But fit y) dy = fool x) dx 
this becomes fo f(a ) dx Tean x) dx = [Jo £¢ n) dx] : 
7. True: Sp /4— x? — y? dA = the volume under the surface x? + y? + z? = 4 and above the xy-plane 
= 4 (the volume of the sphere x? + y? + 2? = 4) = 4. 47(2)? = Bn 
9. The volume enclosed by the cone z = ,/x? + y? and the plane z = 2 is, in cylindrical coordinates, 
= yen a rdzdrd0# Adele dz dr dO, so the assertion is false. 
EXERCISES 
1. As shown in the contour map, we divide R into 9 equally sized subsquares, each with area AA = 1. Then we approximate 
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3. is fe (y + 2xe”) dx dy a [cy + x? oT 5 dy =P (2y + 4e¥) dy = [y? + 4e¥]? 


=4+4 4e? —1—4e = 4c? — 4e +3 
5. le Jo. cos(x 2) dydx = > [ cos( wy] io dx = ais x cos(a”) daz = 4 sin(x?)] 5 = tsinl 
Te fe iF ieee v ysina dz dy dx = * te [(y sin x)z ica oe a dy dx = fy foy 1 —y? sin x dy dx 
= —1(1 — y?)3/? si | ae = i dx — —i — 2 
=fr -4( 4 2)3/2 sin ee a= fo zsina dx 3 cos x] / 
9. The region R is more easily described by polar coordinates: R = {(r,0)|2<r<4,0<0< 7}. Thus 


Sfpf@ydA= jer f(r cos 6,r sin 6) r dr dé. 


11. c =rcos@ =2V/3cost =2v3-4 V3, y rsin@ 2 V3sin 3 =2/3- ve, z = 2, so in rectangular 


coordinates the point is (V3, 3,2). p=Vr?4+ 2 = V1244=4 0 = F, and cos ¢ = z/p = $, 80 ¢ = F and spherical 


coordinates are (4, 7, 3). 


§ COS FZ =8-4- v2 = 2/2, y = psin dsiné = 8sin § sin 7 = 2,/2, and 


13. x = psin¢cos@ = 8sin F 


z= pcosd = 8cos% = 8: 8 = 4/3. Thus rectangular coordinates for the point are (2 J2,2/2,4 V3). 


rPa=e+y=84+8=16 r=4,0=4,andz=4 4/3, so cylindrical coordinates are (4, a 4/3). 
15. (a) 2? + y* + 2” =4. Incylindrical coordinates, this becomes r? + z* = 4. In spherical coordinates, it becomes p* = 4 
or p= 2. 
(b) a? + y? = 4. In cylindrical coordinates: r? = 4 or r = 2. In spherical coordinates: p? — z? = 4 or p? — p? cos? ¢ = 4 or 
p’ sin? d = 4 or psing = 2. 
17. The region whose area is given by je ioe r dr d@ is 


r=sin20 {(r, 0)|0<0< $,0<r<sin 20}, which is the region contained in the 


loop in the first quadrant of the four-leaved rose r = sin 20. 


19. af a cos( y") dydx = J. cos(y?) da dy 
= te cos(y”)[ x] 5 dy = Jo y.cos(y?) dy 
= [3 sin(y”)] 5 = sin 1 
21. ff,yert dA= ie fe ye"! dx dy = > [e [e* | ba oa =e (e 1)dy= [se y]. = ze° -3-4=42°-2 
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23. 
1 pe 1 
y = ] = 1 y= ve 
[i rtee-f[ f tae = | pa ease dx 
1 ee 1 2\)1 1 
aif: Tag @ = [Gm +2°)], = 7m? 
48 
25. Sfp yIA=fe "2 yy da dy 
= fe ules" dy = [2 v8 -v - ¥) dy 
= fo (8y — 2y°) dy = [4y? — 4y4]5 =8 
27. 


nT/3 £3 
Le (r?)3/?7 dr dO 


[fe+ryaae f 
r 


29. SS Se zydV = ie i w+ oy dzdydx = fo ‘fe ry [z (Ex. ety dy dx = f° Te xy(ax + y) dy dx 
Sed (xy + ay") dy da = f° [da?y? +2 sey |) ae = fp ($2* + $2*) dx 
aie x de = [3a°]* = 2 = 40.5 


2 


Ji-y? 


HM. {pf,ue av = sie a peta ge 2 dxdzdy = f°, VE Pay A)dedy 


= ok (r? cos? 6)(r? sin? 9)(1 — r?) r dr dO = ig (5 sin 20)° do for? —r")dr 


= a + [$(1 - cos 40) | do Le —r)dr= alg —i 1 sin 46] 5" lar a ar*] 5 
-}0nG-)-4-4-8 


33. (feat = [Ff as te yzdzdyda = f”, af Va-2? [$y27 ee ¢ dy da = af? pe x2 ydy dx 
= 1p (r sin )° r dr dO = § [5 sin’ 6 dO ie r* dr = 4 J (1 — cos? 6) sin 6 dé i r! dr 
=} [-c0s8-+ feos? le [37°] = 3 (8 +8) (2) = % 


0 


35. V = fo ft (a? + 4y?) dy da = fp [2?y + $y°]2=i de = fp (3a + 84) de = a° + 842]) = 176 


37. 
Ve ne dz dx dy = Fie (1 - 3Y) dx dy 
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294 
39. Using the wedge above the plane z = 0 and below the plane z = mz and noting that we have the same volume for m < 0 as 


form > 0 (so use m > 0), we have 


=2 eeive ou? me da dy = 2 f2/? Lm( — 9y”) dy =m 


_ 2 
41. (a) m= f> Te ; ydx dy = fo (y—y?) dy = 4 


- 2 
(b) My = fo fo” vydedy = fo ty —y*) dy = -40-y’)]5 = 4. 


M, =f 1—y? y’ dx dy = So (y? — y*) dy = +. Hence (%,9) = ($, 3). 


(0) In = f2f2-Y y® dxdy = J? (y? —y®) dy = 4, 


Ty = Solo og yx” de dy = fy gy —y?)? dy 24 


=2 1/12 a: — 1 =2 1/24 in = 1 
Yy I,,/m Wa 3 y yy and x I,/m Wet 6 x Ve 


43. (a) A right circular cone with axis the z-axis and vertex at the origin has equation z? = c” (x? + y*). Here we have the bottom 


frustum, shifted upward h units, and with c? = h?/a? so that the cone includes the point (a, 0,0). Thus an equation of the 


cone in rectangular coordinates is z = h — = h\/a? + y?,0 < z<h. Incylindrical coordinates, the cone is described by 
E= {(r,0,2)|0<r<a,0<0< 20, 0<2<h(1—4r)}, and its volume is V = 47a7h. By symmetry 


Myz = Mzz = 0, and 


2x pa ph(1—r/a) 27 pa 1 z=h(1-r/a) 
Muy = [ / / zrdzdrap= | / [5r=" dr do 
o Jo Jo o Jo |2 2=0 
Qr Qn 
= aT im (1- =) yo anda = 50? ao f° (— 20 + Gr") dr 
a 


Lyr*]§ = 3h? (2n) (Ba? — 20? + 202) 


Hence the centroid is (%, 9, Z) = (0, 0, [wa?h? /12]/[ra*h/3]) = (0, 0, zh). 


(b) The density function is p = fer +y? = Vr? = r, so the moment of inertia about the cone’s axis (the z-axis) is 
Ie = ff fala? +y*) play, 2) dV = fo fo foo"! (7? )(r) v dz dr dd 

om fo nde] RO) ar dO = fo" [2 rth (1— 4r) dr do 

=h fo" do f° (r4 — 


= h(2r) (30° — 20°) = Erarh 


255) dr = h[O]3 [3e°— Lr]s 


45. Let D represent the given triangle; then D can be described as the area enclosed by the x- and y-axes and the line y = 2 — 2x 


or equivalently D = {(z,y)|0<a<1,0<y < 2-— 22}. We want to find the surface area of the part of the graph of 
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z= a” + y that lies over D, so using Equation 15.5.3 we have 


2 1 2-22 
*) aa= ff Vit GaP + Opa = [ V 2+ 4x? dy dx 
y D 0 Jo 
=f) V24 4a? | 7 eee i 1(2 — 22) /2+ 4a? dx = [12/2 + 4x? dx — [* 2x /2 + 4x? dx 
i = o 0 0 


Using Formula 21 in the Table of Integrals with a = J/2, u = 2a, and du = 2 dx, we have 
f 2/2 + 40? dx = «V2 +40? + In(2a° + V2 + 422). If we substitute u = 2 + 4? in the second integral, then 
du = 8adax and f 2x /2+ 42? dx =} f udu = 4-2 ual? — 4(2 + 4x?)?/?, Thus 
A(S) = E V2 + 4a? + In(2x + V2 + 4a?) — $(2 + 427)?/? 
= V6 +In(2+ V6) -— 
= In(V2+ V3) + 


alS @ 
2 
ray 
a 
5 
lon) 


47. 3 prV/9-x? 3 pr/9-x? 
x + ay’) dydx = a(x? + y) dy dx 
y jay y jay 
0 J-V/9-a? 0 J—/9-2? 
= =a la i (r cos 0) (r?) r dr dO 
= ioe cos 6 dO 1 r’ dr 
‘ m/2 71,573 1 486 
= [sin 0] nyo LBP’ ]o = 2° 5 (243) = HP = 97.2 
49. From the graph, it appears that 1 — x? = e” at a ~ —0.71 and at 1.25 


x = 0, with 1 — 2? > e” on (—0.71, 0). So the desired integral is 4 
mae 


SSp daw pron ie y? dy da WA 


= 3 dierent a oy A e°*) dx 1 0.25 


1 et —0.25 


a nee 2 i 
=3[2 E+ 5a 7-3 


3x10 mS 
e) | on © 0.0512 


51. (a) f(a, y) is a joint density function, so we know that f'f,. f(a, y) dA = 1. Since f(x, y) = 0 outside the rectangle 
[0, 3] x [0, 2], we can say 
SSna F(a, y) dA = f°. f°, f(x,y) dy da = Jp fo Cla +y) dy dx 
=C fp [ey + 5u"] Joo de = C fo (Qe + 2) de = C(x” + 20], = 15C 
Then 15C=1 > C=. 


2 


(b) P(X <2,Y >1) ia iam (x,y) dydx = f° [? a5 (x,y) dydx = % f° [ey + 597] 5-1 dx 


=a Je (e+ $e Lhe? + $elg = 5 
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(c) P(X + Y <1) = P((X,Y) € D) where D is the triangular region shown in 
the figure. Thus 


P(X+Y S)=ffp fl y) dA = ie "(a+ y) dy dx 
= 75 Jo ee de 
= aoe [x( (1-2) )+ 53(1—2)?] dx 


1 
= 36 jit x”) dx 5 [x ale =% 


, eae f(x,y, 2) dzdydx = Sede ee ak x,y, z) dx dy dz 


1/2 1/2 
55. Shes —yandy =a 4p, 2 Huse) andy = 40a) Ts SEB | / / 


a( 1/2 1/2 


=e 


— 
ec 
~~ 


R is the image under this transformation of the square with vertices (u,v) = (—2, 2), (0, 2), (0, 4), and (—2, 4). So 


[Le -LLi@e««-if lel Ge 


—Inv]f =—In4+In2=-2In2+n2=—In2. 


57. Letu=y—avandv=y+a2sor=y-—u=(v—2)-—u z= 3(v—u)andy =v— 3(v—u) = s(v + u). 
ate3}| ae oe oe = | (5) 3(3)| =| | = 3. Ris the image under this transformation of the square 


with vertices (u,v) = (0,0), (—2,0), (0, 2), and (—2, 2). So 


[fove- 


This result could have been anticipated by symmetry, since the integrand is an odd function of y and R is symmetric about 


T= (5) aude = $f [ota Su)", do= § fp (Be? — §) do = 4 [30° — Gul =0 
the x-axis. 


59. For each r such that D, lies within the domain, A(D,) = mr”, and by the Mean Value Theorem for Double Integrals there 


exists (a, yr) in D, such that f (v,, yr) = =f f(x,y) dA. But lim, (ar, Yr) = (a,b), 
De r—0 


so lim ies) f(«,y)dA= Ai f (xr, yr) = f(a, b) by the continuity of f. 


root Wr? 
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1. yf Let R = U?_, Ri, where 


5T 
at NS R,={(@,y)|ety>i4+2,a+y <i4+3,1<2¢@<3,2<y<5}. 
3 5 5 . 

| mS Sfale+ la = 20 [Jple+yld4 = dole +9] Sfp, 2A, since 


ly [z + y] = constant = i + 2 for (x, y) € R;. Therefore 

Of pte 5 ; 

pyr eee Sfnle + y) dA =X, +2) [A(R] 

— 3A(R;) + 4A(Ro) + 5A(Rs) + 6A(Ra) 
= 3($) +4(3) +5(2) + 6(3) +7($) = 30 


1 tpl 
a ff cos(t”) a dx 
= 0 x 


= i he cos(t”) dt dx = is af cos(t?) dx dt [changing the order of integration] 


1 
3. ave — 
f b 


= So tcos(t?) dt = 4 sin(t?) |) = tsinl 


: : ‘ F 1 oe 
5. Since |xy| < 1, except at (1, 1), the formula for the sum of a geometric series gives 7 = >> (ay)”, so 
— ry n=0 


joes 5 dex dy = ie ae (xy)” dx dy = Ss i Jo ( xy)” dx dy = py [Je ae” dx| [Jo yi dy 


n=0 


= Te 4 1 1 1 = yeo 1 
» n+1 ei => ae Sptoetyt Nay nz 


= s (xyz)”, so 


7. (a) Since |ayz| < 1 except at (1, 1,1), the formula for the sum of a geometric series gives 


l-—ayz 
EEE 7 mee LS X(ev" avdyde = fff xyz)” dx dy dz 
— xyz 
1 1 1 
az] [fo v" au [fo 2 a2] = > 
S[k = Jo ¥" ? Jo 2" : ea n+1 n+l 
ies 1 1 1 1 oo: 
ae Broa tg t= Ui 
(b) Since |—ayz| < 1, except at (1,1, 1), the formula for the sum of a geometric series gives ae = ee (—xyz) 
EEE aE ee : ey (—ayz)” wii —axyz)” dx dy dz 
Pah 0 0 n=0 n+1ln+1 n4+1 
— & (-1)" 1's. co (—1)"-1 
ae (iis 18 3 + 33 oy 7S [continued] 
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; : 1 1 1 1 1 : 
To evaluate this sum, we first write out a few terms: s = 1 38 3 B + a 6 = 0.8998. Notice that 


az = a < 0.003. By the Alternating Series Estimation Theorem from Section 11.5, we have |s — s6| < a7 < 0.003. 
This error of 0.003 will not affect the second decimal place, so we have s = 0.90. 


9. (a) x =rcos), y=rsind, z=z. Then a = a oz Fe ou oe = = a cos 6 + 5 sind and 


Ou Ou Ox Ou dy Ou Oz ; O7u Oy Ou Ox Ou Oz 
= cos@ + sind + + 

Or? Ox? Or OyOx Or OzOx Or Oy? Or OxOy Or  OzOy Or 
= Ou» Pu.» Ou : 
= Bqz 008 oe pg 2 aon sin 0 


Similarly oe = - oe rsin@ + ‘ r cos 6 and 


2 2 2 2 
— = aor sin? 0 + ane cos? 6 — 2 a r? sin @ cos@ — ot pcos _ Fe rsin. So 
Ou _ 1du ‘ 10°u Pu 4 Oru ee. Pu sin? 6-42 Ou Py ae ne Oucos@  Ousind 
Or2 ry Or rv? 067 Oz? Ox? Oy? Oy Ox Ox or Oy Tr 
2 2 2 
+ = sin? 0 + - cos” 9 — 2 Dy aE sin 8 cos 0 


Oucos@ Ousin@ Oru 
Oz r Oy r | @z? 


atu , du, Ou 
Ox? ~~ Oy? Oz? 


(b) = psin¢cos@, y = psindsin#d, z = pcos¢. Then 
Op Ox dp | Dydp " zdp— x 
OU St paces Ou On |. Ou Oy Ou dz 
Op? Ox? Op = OyOx Op Az Ox Ap 
+ sin dsind Olu Oy ow Of Ou oF 
Oy? Op OxdyOp OAzdy Op 
+ cos ude Pw On Pu oy 
Oz2 Op Ox0z Op OyOdz Op 


OW 200 OF Ol Wis OWE a sin d cos @ + a sind sind + a cos @, and 


2 3 Z 
= 5s sin? ¢ sin cos +2. Ft sin d cos d 0088 + 2 sin ¢ cos @ sin@ 
2 2 5 
+ ot sin? d.cos? 0+ asin? sin? 6+ ot cos? 
Similarly a = ou pcos bcos 0 + oe pcos sind — ou psin @, and 
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2 2 2 
sat =? By Bs p’ cos? @ sind cos) — 2 p’ sing cos¢ cos 
Pu 2.3 3 Ou O7u 
~ 2a ane sing cos¢ sind + a p’ cos? @ cos” 0+ aa p’ cos’ @ sin? 6 
Ou Ou Ou Ou 
Hag sin? 6-5 psind cos — 5 psin sind — * pcos 
And ae a — oH psin pind + Fy Pin d.cos 8, while 
Oru Oru 2.2 F Oru os. 9 - 2 
ag yea” sin $ cos# sind + a5 p sin“ ¢ sin“ 0 
2 
+ ar sin? ¢ cos? 6 — ot psing cos 8 — Fy Psi sin 0 
Therefore 
tu ,2du,cotddu, Lau, 1 an 
dp? pdp- pp? : Ob? OG? p? sin? ¢ 06? 
Ou wing 2 2 2 42 
= Bo3 [(sin? ¢ cos* 0) + (cos* ¢ cos? @) + sin? 6] 
Our.) . 9 Dea ct 2 Pu 2 +2 
+ oF [(sin? ¢ sin? 0) + (cos* ¢ sin? 0) + cos” 6] + 33 [cos* ¢ + sin” ¢] 
4 Ou 2sin’ ¢ cos@ + cos” ¢ cos @ — sin? ¢ cos 6 — cos 
Ox psing 
a Ou [2sin? ¢ sind + cos’ ¢ sin 6 — sin? ¢ sin @ — sind 
Oy psing 


But 2sin? ¢cos @ + cos” }cos 6 — sin? ¢ cos @ — cos @ = (sin? ¢ + cos” ¢— 1) cos @ = O and similarly the coefficient of 
Ou/dy is 0. Also sin? ¢ cos” @ + cos” ¢ cos” @ + sin? @ = cos” @ (sin? ¢ + cos ¢) + sin? @ = 1, and similarly the 


coefficient of 0?u/Ay? is 1. So Laplace’s Equation in spherical coordinates is as stated. 


11. fo So Jo f(t) dt dz dy = Sf, f(t) dV, where 


E={(t,z,y)|0<t<z,0<z2<y,0<y<az}. 


If we let D be the projection of F on the yt-plane then 


D={l(y,t)|0<t<a,t<y< a}. And we see from the diagram 


that F = {(t,z,y)|t<z<y,t<y<2,0<t<z}. So 
JOSS FQ) dt dz dy = [77 [¥ f(t) dz dy dt = [7 [f(y — 0) FD dy] at 
=o [av — tw) FO] j=; d= fo [20° -— te — 3 +O] fod 
= fo [ba? — ta + 347] f(t) dt = f° (4a? — 2tx + #7) f(t) at 


= $ fo («—-t) f(t) dt 
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13. The volume is V = [ff nV where FR is the solid region given. From Exercise 15.9.21(a), the transformation x = au, 


y = bv, z = cw maps the unit ball u? + v? + w? < 1 to the solid ellipsoid 


2 2 2 
= + oe + aa < 1 with Oe, 92) = abc. The same transformation maps the w 
az b?  e¢ O(u, v, w) 
planew+vu+w=1to z ; + = = 1. Thus the region R in xyz-space 
a c 


corresponds to the region S in wvw-space consisting of the smaller piece of the 

unit ball cut off by the plane u + v + w = 1, a “cap of a sphere” (see the figure). 
We will need to compute the volume of S,, but first consider the general case 

where a horizontal plane slices the upper portion of a sphere of radius r to produce 


a cap of height h. We use spherical coordinates. From the figure, a line through the 


origin at angle ¢ from the z-axis intersects the plane when cos¢ = (r—h)/a => 


a = (r — h)/ cos ¢, and the line passes through the outer rim of the cap when 


a=r => cos¢=(r—h)/r ¢@ = cos ' ((r — h)/r). Thus the cap 


is described by {(p,0, ¢) | (r — h)/cos$ < p< 1,0 < 0 < 2n,0 < G < cos”! ((r — h)/r)} and its volume is 


2n pcos—!((r—h)/r r . 
Ve fy 0 « M fee p’ sin ¢ dp do dd 


2x pcos 1((r—h)/r) 
0 0 [3 pP *sin oP (r—h)/ cos ¢ do db 


aff ere [.* sin gd — (hy h) sino| do dé 
vo 


=cos~!((r— r 
=4 ie r° coso — 3(r ee (r—P)/7) ag 


7 a - (=) . Len (AY tego do 


= 4 f2"(3rh? — th) dO = (rh? — 


5h?) (20) = wh? (r — Zh) 
(This volume can also be computed by treating the cap as a solid of revolution and using the single variable disk method; 
see Exercise 5.2.49 [ET 6.2.49].) 

To determine the height h of the cap cut from the unit ball by the plane line u=v=w 
u+vu+w = 1, note that the line u = v = w passes through the origin with 


direction vector (1,1, 1) which is perpendicular to the plane. Therefore this line 


coincides with a radius of the sphere that passes through the center of the cap and 


h is measured along this line. The line intersects the plane at (§; 3 3) and the planeut+ot+w=1 
sphere at (=: rat ss): (See the figure.) 
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2 
The distance between these points is h = 4/3 (= - +) =/3 (= - +) =1- a Thus the volume of R is 


va fff wv=]ffe av =abe [ff av = abeV(s) 


= abe-mh®(r — $h) = abe n(1 3) ft +(1 <3) 


= aber (4 $5) (3 + sg) = aber (2 — s8q) ~ 0.482abe 


O(a, y, Z) 


(u,v, w) 
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16 L] VECTOR CALCULUS 


16.1 Vector Fields 


1. F(x, y) =0.3i-0.4j i 
All vectors in this field are identical, with length 0.5 and 


N 
parallel to (3, —4). ae 
x, 


3. F(x,y)=—git(y—2)j 


The length of the vector —4 i+ (y — x) jis \ \ ye = 
~<« 
i + (y — x)?. Vectors along the line y = x are \\ Ly é, - 
~« 
horizontal with length 4. Pe / | : 
5. F(2,y) = ERE Ye 


Very ei 
see \ NO? 
The length of the vector pla is 1. 


<_ 
7. F(a, y) =i Zh 
All vectors in this field are identical, with length 1 and | 

Peal ent 

pointing in the direction of the positive x-axis. ea 
x oe 
am Poe y 

a 

9. F(z, y,z) =—yi af 
(w,y,z) =—y ee te 


At each point (x, y, z), F(a, y, z) is a vector of length |y]. Pee gi 


For y > 0, all point in the direction of the negative x-axis, 


while for y < 0, all are in the direction of the positive cd 


x-axis. In each plane y = k, all the vectors are identical. iad 


303 
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11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


CHAPTER 16 VECTOR CALCULUS 


F(a, y) = (x, —y) corresponds to graph IV. In the first quadrant all the vectors have positive x-components and negative 
y-components, in the second quadrant all vectors have negative x- and y-components, in the third quadrant all vectors have 
negative x-components and positive y-components, and in the fourth quadrant all vectors have positive x- and y-components. 


In addition, the vectors get shorter as we approach the origin. 


F(x, y) = (y, y + 2) corresponds to graph I. As in Exercise 12, all vectors in quadrants I and II have positive x-components 
while all vectors in quadrants HI and IV have negative x-components. Vectors along the line y = —2 are horizontal, and the 


vectors are independent of x (vectors along horizontal lines are identical). 
F(z, y, z) =i+2j+3k corresponds to graph IV, since all vectors have identical length and direction. 


F(z, y,z) = xi+yj+3k corresponds to graph IU; the projection of each vector onto the xy-plane is «i+ yj, which points 


away from the origin, and the vectors point generally upward because their z-components are all 3. 


The vector field seems to have very short vectors near the line y = 2a. 
For F(x, y) = (0,0) we must have y” — 2ay = 0 and 3ay — 6? = 0. 


The first equation holds if y = 0 or y = 22, and the second holds if 


x = Oor y = 2z. So both equations hold [and thus F(z, y) = 0] along 


the line y = 2a. 


oot 
oot 
nih 
J 
i 
\ 
\ 
\ 
\ 


f(z,y) =ysin(zy) => 
Vi(a,y) = fel, y)it fy (x,y) J = (ycos(zy)- y)it [y- x cos(xy) + sin(xy) - 1]j 


= y? cos(ey) i+ [ay cos(cy) + sin(ey)] j 


fy 2) = Va? tyr +2 = 
VI (,¥, 2) = felt, y, zit fy@y2)i+ f(y, 2)k 
= 3? ty +2) PQa)it g@ ty +2) Quit ge ty +2)? (22)k 


= ee a a, 
x2 + y2 + 22 Ja? + y? + 2? Jar +y? + 22 
Vi(a,y) = (@—y)Q)i+ (e — y)/(-)j=(e@-yit+y--z)j. ~' 

| : IWS 
The length of V f(x,y) is \/(« — y)? + (y— 2)? = V2 |x — y. we 


4x 
The vectors are O along the line y = x. Elsewhere the vectors point RRA, 
away from the line y = x with length that increases as the distance SO, 


from the line increases. 
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2x Ay 


27. W h = i 
e€ grap Vi (x,y) (pa? ope) tenet oe 


j along with 


a contour map of f. K 


The graph shows that the gradient vectors are perpendicular to the 


level curves. Also, the gradient vectors point in the direction in 


F 

- 

oa ~ 
“Az VA 


which f is increasing and are longer where the level curves are closer Van tila Ly 


together. 


29. f(z,y) =a? +y? => Vf (x,y) = 2vi+ 2yj. Thus, each vector V f(x,y) has the same direction and twice the length of 
the position vector of the point (a, y), so the vectors all point directly away from the origin and their lengths increase as we 


move away from the origin. Hence, Vf is graph III. 


31. f(z,y)=(a@+y) => Vif(x,y) = 2(a + y)it 2(a + y) j. The 2- and y-components of each vector are equal, so all 
vectors are parallel to the line y = x. The vectors are O along the line y = —z and their length increases as the distance from 


this line increases. Thus, V f is graph II. 


33. At t = 3 the particle is at (2, 1) so its velocity is V(2, 1) = (4,3). After 0.01 units of time, the particle’s change in 
location should be approximately 0.01 V(2, 1) = 0.01 (4, 3) = (0.04, 0.03), so the particle should be approximately at the 


point (2.04, 1.03). 


35. (a) We sketch the vector field F(x, y) = xi— yj along with 
several approximate flow lines. The flow lines appear to 


be hyperbolas with shape similar to the graph of 


y = +1/z, so we might guess that the flow lines have 


equations y = C/a. 


(b) If x = x(t) and y = y(t) are parametric equations of a flow line, then the velocity vector of the flow line at the 


point (x, y) is x’(t)i+ y’ (t) j. Since the velocity vectors coincide with the vectors in the vector field, we have 


x (thity'(t)j=ri-yj dx/dt = x, dy/dt = —y. To solve these differential equations, we know 

dz /dt =x dx/x = dt Injz|=t+C => a=+e'*+©° = Ae’ for some constant A, and 

dy/dt=-y => dy/y=—-dt => Inly|=-t+K y =+e-'+* = Be~ for some constant B. Therefore 
xy = Ae'Be~' = AB = constant. If the flow line passes through (1, 1) then (1) (1) = constant = 1 zy=1 

y =1/x,x > 0. 
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16.2 Line Integrals 


1Lc=0? and y = 2t, 0 < t < 3, so by Formula 3 


3 dx 2 dy 2 3 3 
/ yds = iL 2t —}4+(—])} dt= / Qt v/ (2t)? + (2)? dt = / Qt /4t? + 4dt 
C 0 dt dt 0 "i 


3 
= fo st VP 4 1dt = 2-3 (41)°"] = $(40°? —1) or $0 I0- 1) 


3. Parametric equations for C are x = 4cost, y = 4sint, a <t< oe Then 


foxy ds = ["/",(4cost)(4sint)* /(—4sint)? + (4cost)? dt cea ee 4° cost sin‘ t \/16(sin? t + cos? t) dt 


= 45 [75 (sin* tcost)(4) dt = (4)§ [+ sin? t| eae 


= 4°.2 = 1638.4 


5. If we choose « as the parameter, parametric equations for C' area = x, y = x” for 0 <  < mand by Equations 7 
So (@?y + sin x) dy = fy [a?(a?) + sina] - 2a da = 2 fT (a° + xsinx) dx 


é wT where we integrated by parts 
= 2[42° —xcosx +sinz] : e ae 
6 0 in the second term 


=2[sn°+7+0-0] = 4n° +20 


7. C=C14+C2 
OnCy: c=2,y da dy dda, OS @<2. 
x On Ce: c=2,y=3-2 dy dx, 2<a<3. 
Then 


So(w + 2y) dx + 2? dy = fo, (e + 2y) dx + 2? dy + fo, (a + 2y) dx + 2? dy 


= Jo [+2 (32) +2? (5)] de + fo [+ 28-2) +2°(-1)] de 


aly (22 + 427) dx + fP (6-22-27) d xv 


= [x +40"|2 + [or }o?— te" = B-048-BaH 


9.x=cost, y=sint, z=t, 0<t< 7/2. Then by Formula 9, 


nm /2 . a \2 2 yA2 
fo?yds= fe" (cost)*(sint)y (48) + (GB) + (GY 
. o cos” tsint \/(— sint)? + (cost)? + (1)? dt = a cos” t sin t \/sin? t + cos? t + 1 dt 


=/2 Jo’? cos? t sin t dt = /2 [—4 cos? ‘7? = V2 (0+ 3) = 2 
11. Parametric equations for C are x = t, y = 2t, z = 3t, O<¢t <1. Then 


fo wel? ds = fo teP9C0 /P FP FR dt = V4 fF te at = V4 te al = V44(e6 _ 1), 


571 
13. fi, xye”* dy = Ks (t)(#?)e (PC) . 28 dt = iP atte’ dt = Ze! i = 2(e' —e°) = 2(e-1) 
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15. Parametric equations for C arex = 1+ 3t, y=t, z= 2t, O<t< 1. Then 
So 2da+a? dy +y? dz= f> (2t)? -3dt+ (14 3t)? dt +t? -2dt = f> (23¢? + 6t + 1) dt 
= [22 +32 +4], = 2+3+1= % 


3 


17. (a) Along the line x = —3, the vectors of F have positive y-components, so since the path goes upward, the integrand F - T is 


always positive. Therefore [. o, F:ar= f co, F : Tdsis positive. 


(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that is, opposite the 


direction to the path. So F - T is negative, and therefore Oo F-dr=f Cs F . T ds is negative. 


19. r(t) = t? i+ t?j, so F(r(t)) = (t?)(t?)?i- oo j=ti-t®j and r’(t) = 3t? i+ 2tj. Then 


So F-dr = fp F(r(t)) -v'(t) dt = fo (t” - 3¢? — 9 - 2t) dt = f) (30° — 2¢7) dt = [Se — 4088] = 3 


21. [oF -dr = ie (sin t?, cos(—t?), t*) : (3t?, —2t,1) dt 


= i, Ge sint? — 2tcost? + t*) dt = [- cost? — sint? + 125) ) = $—cos1—sin1 


23. F(r(t)) = \/sin? t + sint cost i+ [(sint cost) /sin? t] j= Vsin? t + sintcost i+ cottj, 


r’(t) = 2sintcosti+ (cos? t — sin” t) j. Then 


Jo F a= = fe wt (r(t)) - rv’ (t) dt = a [2 sint cos ty/sin” t + sint cost + (cot t)(cos* t — sin? t)| dt 


= 0.5424 


2. 2=t', y t?, z= vt so by Formula 9, 
Jo vy arctan z ds = Ay (t?)(t?) arctan Vi - Vee + (3¢?)? + [1/(2v)] ° at 
= [7 t/a? +94 + 1/(4t) arctan Vt dt ~ 94.8231 


27. We graph F(a, y) = (a — y)i+ xyjand the curve C’. We see that most of the vectors starting on C' point in roughly the same 


direction as C’, so for these portions of C the tangential component F - T is positive. Although some vectors in the third 
quadrant which start on C’ point in roughly the opposite direction, and hence give negative tangential components, it seems 
reasonable that the effect of these portions of C’ is outweighed by the positive tangential components. Thus, we would expect 
oF ad = [. F-T ds to be positive. 

To verify, we evaluate f c¥ - dr. The curve C can be represented by r(t) = 2costi+2sintj, 0<t< ar 
so F(r(t)) = (2cost — 2sint)i+4costsintj and r’(t) = —2sinti+ 2costj. Then 


JoF-dr= fo"? F(r(i)) -r/(t) dt 


= er /Al_ 9 sint(2 cost — 2sint) + 2cost(4costsint)] dt 


=4 {Gar t — sint cost + 2sint cos? t) dt 


=3r+ 2 [using a CAS] 
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a1: 
29. (a) [.F-dr=f ‘Caan a . (2, 342) dt = ft (Cire? + 3t”) dt = je 4.348) 1 fe 
( ) ie iP ( ) to 8 lo 8 / 


(b) r(0) = 0, F(r(0)) = (e~", 0); — 


r(1) = (1,1), F(r(1)) = (1,1). 


In order to generate the graph with Maple, we use the line command in 


the plot tools package to define each of the vectors. For example, 


vil:=line([0,0], [exp(-1),0]): 


generates the vector from the vector field at the point (0, 0) (but without an arrowhead) and gives it the name v1. To show 
everything on the same screen, we use the display command. In Mathematica, we use List Plot (with the 


PlotJoined - > True option) to generate the vectors, and then Show to show everything on the same screen. 


31.2—e 'cos4t, y =e’ sin4t, z=e', O<t<2r. 


Then - e'(—sin 4t)(4) — e~* cos 4t = —e~'(4sin 4t + cos 4t), 
dy —t -t.: —t : dz —t 
ee (cos 4t)(4) — e~* sin 4t = —e~‘(—4 cos 4t + sin 4t), and apres oe 

dx\?  (dy\ , (dz\? 

ch iy (pci aera ey, /(—e~*)?[(4sin 4t + cos 4t)? + (—4 cos 4t + sin 4t)? + 1] 

dt dt dt 

=e‘ \/16(sin? 4t + cos? 4t) + sin? 4t + cos? 4t + 1=3V/2e 

Therefore [pey eds ea (e~* cos 4t)?(e~* sin 4t)?(e~*) (3 V2 e~*) dt 


— 27 —Tt 3 aa _— _172,704 —14n 
= fo 3/2 e—" cos? 4t sin? 4t dt = sess ee ) 


33. We use the parametrization x = 2cost, y = 2sint, 


ds = (22) + (24)at = /(—2sint)? + (2cost)? dt = 2dt,som = f.,kds = 2k (nee dt = 2k(r), 


== ai Io wkds = H J" (2cost)2 dt a #[4sin et], =o .7= az Ioykds = H 7/7, (2sin t)2 dt = 0. 
1 1 1 
35. (a) T= = fee?) ds , y= a fol?) ds, Z = ai foe?) ds where m = J. p(x, y, 2) ds. 


(b) m= fkds =k fo" /4sin? t + 4cos?t+9 dt = kV13 f." dt = 2nk V1, 


2k V13 sintdt = 0,9 


1 Qr 1 Qr 
= Dire <a | ~ Ok aa 


x 2k V13 cost dt = 0, 
Z= mal (& VIB) (30) at = 3 (27?) = 3n. Hence (Z, 7, Z) = (0, 0, 37) 
ark V13 Jo 2a ™ = 
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37. From Example 3, p(x, y) = k(1—y), x«=cost, y=sint,andds=dt,0<t<n7 > 


Ir = fo yp(z,y) ds = JF sin? t [k(1 — sint)] dt = k {("(sin? t — sin? t) dt 
42 in the second integral 


= sk fp — cos 2t) dt — bi — cos’ t) sint dt ie = Cer = eye 


Tv -1 rue 
=k s+; (1—u?) du] =K(2=4) 
I, = fx? p(x, y) ds = k fy cos’ t (1 — sint) dt = § [J (1 + cos 2t) dt — k fy cos? t sin t dt 


= k(% — 2) , using the same substitution as above. 


39. W ={oPede= J," (t — sint, 3 — cost) - (1 — cost, sint) dt 


= aut: tcost — sint + sintcost + 3sint — sint cost) dt 


= rae tcost + 2sint) dt = [407 (t sin t + cos t) 2cost] 5” 


integrate by parts 
in the second term 


= 2n? 


41. r(t) = (2t,t,1-2t), O<t<1. 


W=f,F-dr=f (2t—t?,t- (1—1)?,1—t — (2t)*) - (2,1,-1) dt 


= fo (4t— 207 +4-14 2¢- 0? —144+4 407) dt = fo (8 + 8t— 2) dt = [202 + 40? — 24] = 2 


43. (a) r(t) = at? i+ bt? j v(t) =r’ (t) = 2ati+ 300? j a(t) = v’(t) = 2ai+ 6btj, and force is mass times 


acceleration: F(t) = ma(t) = 2mai+ 6mbtj. 


(b) W = f, F- dr =f} (2mai + 6mbtj) - (ati + 3bt? j) dt = f} (4ma?t + 18mb?t*) dt 


= [2ma?t? + 2mb?t4] 5 = 2ma? + 3mb? 


45. The combined weight of the man and the paint is 185 Ib, so the force exerted (equal and opposite to that exerted by gravity) is 


F = 185k. To parametrize the staircase, let x = 20 cost, y= 20sint, z= 204 = 2t, 0 <t< 6z. Then the work done 


is 


W=JfoF-dr= ne (0,0, 185) - (—20 sin t, 20 cost, +2) dt = (185) i ey dt = (185) (42) (67) © 1.67 x 10* fi-lb 


47. (a) r(t) = (cost,sint), 0<t < 27, and let F = (a,b). Then 
W=f,F-dr= ea (a,b) - (—sint, cost) dt = fe" (—asint + bcost) dt = [acost + bsint]5” 
=a+0—-a+0=0 
(b) Yes. F (x,y) = kx = (ka, ky) and 


W=foF-dr= ty (kcost, ksint) - (—sint, cost) dt = " (—ksint cost + ksint cost) dt = ~" Odt =0. 
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49. Let r(t) = (x(t), y(t), 2(t)) and v = (v1, v2, v3). Then 
So ve dr = f? (v1, v2, 03) - (a(t), y(t), (8) dt = f? [vr w'(t) + v2 y' (8) + vs 2'(8)] at 
= [v1 x(t) + v2 y(t) + v3 2()] : = [v1 (b) + ve y(b) + v3 2(b)] — [v1 x(a) + v2 y(a) + v3 2(a)| 
= v1 [x(b) — x(a)] + v2 [y(0) — y(a)] + vs [2(6) — 2(a)] 
= (v1, v2, v3) « (x(b) — x(a), y(b) — y(@), 2(b) — 2(@)) 
= (v1, v2, v3) « [(x(b), y(b), 2(6)) — (x(a), y(a), 2(a))] = v- [r(6) — r(@)] 


51. The work done in moving the object is oF -dr= f oF: T ds. We can approximate this integral by dividing C’ into 
7 segments of equal length As = 2 and approximating F - T, that is, the tangential component of force, at a point (27, yj) on 
each segment. Since C’' is composed of straight line segments, F - T is the scalar projection of each force vector onto C. 


If we choose (27, yj ) to be the point on the segment closest to the origin, then the work done is 


7 
Jo F-Tds= SO (F(a, yi)-T(a7, y7)] As = [24+ 2+2+24+1+1+1](2) = 22. Thus, we estimate the work done to 


eat 


be approximately 22 J. 


16.3 The Fundamental Theorem for Line Integrals 


1. C appears to be a smooth curve, and since Vf is continuous, we know f is differentiable. Then Theorem 2 says that the value 
of f c Vf: dr is simply the difference of the values of f at the terminal and initial points of C’. From the graph, this is 


50 — 10 = 40. 


3. Let P(x, y) = cy + y? and Q(a, y) = x? + 2xy. Then OP/Oy = x + 2y and OQ/dOx = 2x + 2y. Since OP/Oy 4 OQ/Azx, 


F(z, y) = Pi+ Qjis not conservative by Theorem 5. 


5. x (y?e*¥) = y? - re™¥ + Qye™ = (ay? + 2y)e™, 


a 
Bq i + eye] = (1+ ay) ye” + ye?” = ye? + aye" + ye™Y = (xy? + 2y)e™. 


Since these partial derivatives are equal and the domain of F is R? which is open and simply-connected, F is conservative by 
Theorem 6. Thus, there exists a function f such that Vf = F, that is, f(x,y) = y®eY and f,(a, y) = (1+ xy)e””. But 


fr(x,y) = y’e”Y implies f(x,y) = ye™Y + g(y) and differentiating both sides of this equation with respect to y gives 


fy(w,y) = (1+ ay)e® + g!(y). Thus (1+ aye" = (1+ cy)e* + 9'(y) so g/(y) = 0 and g(y) = K where Kis a 


constant. Hence f(x, y) = ye*’ + K is a potential function for F. 


7. O(ye” + sin y)/Oy = e® + cosy = O(e” + x cos y) /Ox and the domain of F is R?. Hence F is conservative so there 


exists a function f such that Vf = F. Then f, (x, y) = ye” + siny implies f(x, y) = ye” + x siny + g(y) and 
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fy(z,y) =e" +xcosy+g'(y). But fy(x, y) =e” + xcosyso g(y) = K and f(x,y) = ye” + xsiny + K isa potential 
function for F. 

9. O(y? cosa + cos y)/Oy = 2y cos x — siny = O(2ysin x — xsin y) /Ozx and the domain of F is R® which is open and simply 
connected. Hence F is conservative so there exists a function f such that Vf = F. Then f,(a, y) = y® cosx + cos y implies 
f(a,y) =y’ sine + xcosy + g(y) and fy(x, y) = 2ysine — xsiny + g'(y). But fy (x,y) = 2ysina — xsiny so 


g(y)=0 => gly) = Kand f(x,y) = y? sine + «cosy + K isa potential function for F. 


11. (a) F has continuous first-order partial derivatives and 2 (Qxry) = 2x2 = ee (x) on R?, which is open and 
y 


Ou 
simply-connected. Thus, F is conservative by Theorem 6. Then we know that the line integral of F is independent of path; 


in particular, the value of f[, c F - dr depends only on the endpoints of C’. Since all three curves have the same initial and 


terminal points, f, c F- dr will have the same value for each curve. 


(b) We first find a potential function f, so that Vf = F. We know f,,(a, y) = 2xy and fy (x,y) = x”. Integrating 


fx(x, y) with respect to 2, we have f(x,y) = x?y + g(y). Differentiating both sides with respect to y gives 


2 


fy(z,y) = 2? + g'(y), so we must have x? + g/(y) = 2? => g'(y)=0 = g(y) = K,aconstant. 


Thus f(a, y) = xy + K, and we can take K = 0. All three curves start at (1, 2) and end at (3, 2), so by Theorem 2, 


JoF + dr = f (3,2) — f(1,2) = 18 — 2 = 16 for each curve. 


13. (a) If F = Vf then f,(a, y) = xy? and fy (a, y) = x y?. 
fo(a,y) = xy? implies f(x,y) = ga°y? + g(y) and fy (x,y) = 2°y? + g'(y). But fy(x,y) = 2°y? so g'(y) =0 > 


g(y) = K,aconstant. We can take K = 0, so f(x,y) = aa%y?. 


(b) C is a smooth curve with initial point r(0) = (0, 0) and terminal point r(1) = (—1,3), so by Theorem 2 


foF ar =f Vf -de = f(-1,3) — f(0,0) =-9 —0 =-9. 


15. (a) fo(x, y,z) = yz implies f(x,y, z) = vyz + gly, z) and so fy(x,y,z) = xz + gy(y, 2). But fy(x,y, z) = xz so 


gy(y,z)=90 => gly,z) =h(z). Thus f(z, y, z) = xyz + h(z) and f. (2, y, z) = cy + h'(z). But 


f.(@,Y, 2) = xy + 2z, so h'(z) = 2z h(z) = 2? + K. Hence f(a, y, z) = ryz + 2? (taking K = 0). 


(b) f, F-dr = f(4,6,3) — f(1,0,-2) = 81-4 = 77. 


17. (a) fo(x, y, 2) = yze** implies f(x, y, z) = ye** + g(y,z) andso fy(x, y, z) = e** + gy(y, z). But fy(x, y, z) = e”* so 
u(y,z)=0 > gly,z) = h(z). Thus f(a, y, z) = ye** + h(z) and f. (x,y, z) = xye** + h'(z). But 


f(z, y, 2) = xye**,soh'(z)=0 = h(z)=K. Hence f(z, y, z) = ye** (taking K = 0). 


(b) r(0) = (1, —1,0), r(2) = (5, 3, 0) so f., F- dr = f(5, 3,0) — f(1,—1,0) = 3e° + e° = 4. 
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19. The functions 2ve~¥ and 2y — x?e~¥ have continuous first-order derivatives on R* and 


Z (2069) = —2ae0" = = (2y — ae"), so F(a, y) = 2xe~¥ i + (2y — x7") j is a conservative vector field by 


Oy Oa 
Theorem 6 and hence the line integral is independent of path. Thus a potential function f exists, and f,(x,y) = 2xe 


implies f(x,y) = ae" + g(y) and fy(x,y) = —a?e~" + g'(y). But fy(x,y) = 2y — xe" so 


g'(y) = 2y g(y) = y? + K. We can take K = 0, so f(x,y) = xe7¥ + y”. Then 


Qre~¥ dx + (2y — xe”) dy = f(2,1 1,0) =4e-1 + 1-1=4/e. 
C 


21. If F is conservative, then [ c F'- dr is independent of path. This means that the work done along all piecewise-smooth curves 


that have the described initial and terminal points is the same. Your reply: It doesn’t matter which curve is chosen. 
23. F(a,y) =2°i+y?j, W= Jo F- dr. Since O(a?) /Oy = 0 = A(y*) /Ox, there exists a function f such that Vf = F. In 


fact, fo(z,y)=2* => f(z,y)=42*+g(y) => fy(x,y) =0+4+9'(y). But fy(z,y) = y* so 


Jy) =¥° g(y) ty" + kK. WecantakeekK =0 => f(az,y) = ta* + ty’. Thus 


W = f. F-dr = f (2,2) — (1,0) =(4+4) —- (¢ +0) =4. 


25. We know that if the vector field (call it F) is conservative, then around any closed path C, f[ oF: dr = 0. But take C to be a 


circle centered at the origin, oriented counterclockwise. All of the field vectors that start on C are roughly in the direction of 


motion along C,, so the integral around C’ will be positive. Therefore the field is not conservative. 


2 : : ‘ : 
27. (a 7 TT) From the graph, it appears that F is conservative, since around all closed 
gp ode ce, (ate Ae rr nr nc Oy 
| trv ced paths, the number and size of the field vectors pointing in directions similar 
tt trees vag 
: ener is ia ' ' to that of the path seem to be roughly the same as the number and size of the 
yoyveu. ele ot 
2 2 ee . ‘ 2 : 
“i he eee m vectors pointing in the opposite direction. To check, we calculate 
t fetsp aes seu dd F) F) 
frrre ea : ay (siny) = cosy = On (1+ <2 cosy). Thus F is conservative, by 
pen Ret Sy , xv 
i rrtttt . 
29 Theorem 6. 


29. Since F is conservative, there exists a function f such that F = Vf, that is, P = fz, Q = fy, and R = fz. Since P, 
Q, and R have continuous first order partial derivatives, Clairaut’s Theorem says that OP/Oy = fry = fyx = 0Q/0z, 
OP/0z = fz = fer = OR/Ox, and 0Q/0z = fyz = fey = OR/Oy. 


31. D = {(z,y) | 0 < y < 3} consists of those points between, but not y 
on, the horizontallinesy=Oandy=3, 0 2 ol eee 
(a) Since D does not include any of its boundary points, it is open. More 
formally, at any point in D there is a disk centered at that point that 
liesentirelyinD. 0 initio | ees Es 
(b) Any two points chosen in D can always be joined by a path that lies 


entirely in D, so D is connected. (D consists of just one “piece.”) 
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(c) D is connected and it has no holes, so it’s simply-connected. (Every simple closed curve in D encloses only points that are 

in D.) 
33, D= { (x, y)|1<a2?+y? <4, y > 0} is the semiannular region yf 
in the upper half-plane between circles centered at the origin of radii 


1 and 2 (including all boundary points). 


(a) D includes boundary points, so it is not open. [Note that at any 


—2: =) 2D 1 2 
boundary point, (1, 0) for instance, any disk centered there cannot lie 
entirely in D.] 
(b) The region consists of one piece, so it’s connected. 
(c) D is connected and has no holes, so it’s simply-connected. 
2 2 2 2 
35. @) P=, = and Q = ao 7 = Ep Ths 5 = FE 


(b) Ci: « = cost, y = sint,0 <t<7,Co: x =cost,y =sint, t = 27 tot = 7. Then 


[Pas f Cs CD = | at = and | F-dr= [ gas 
fon 0 cos? ¢ + sin* t 0 Co 2 


Tw 


Since these aren’t equal, the line integral of F isn’t independent of path. (Or notice that f, C3 F-dr= as dt = 27 where 


C3 is the circle 7” + y? = 1, and apply the contrapositive of Theorem 3.) This doesn’t contradict Theorem 6, since the 


domain of F, which is R? except the origin, isn’t simply-connected. 


16.4 Green's Theorem 


1. (a) oa Ci: 2=t dx = dt, y=0 dy =Odt, 0<t<5. 
(0,4) + - (5, 4) 
Co. 2 =5 => dx=0dt, y=t => dy=dt, 0<t<4. 
C3: 2 =5-t dx dt, y=4 dy =0dt, 0<t<5. 
Ca. 2 =0 => de=0dt, y=4-t dy dt, O<t<4 
e C (5,0) 
Thus f,y°dx+a°ydy = ri y? dx + x°ydy = [> Odt + fo 25tdt + [>(—16 +0) dt + f° Odt 


C1 +C2+C3+Ca4 


= Ost [207]5 + [—16¢]> + 0 = 200 + (—80) = 120 


(b) Note that Cas given in part (a) is a positively oriented, piecewise-smooth, simple closed curve. Then by Green’s Theorem, 


toy? de+a°ydy = ff, E (ay) a (y’)| dA = i fo Qay — 2y) dy dx = i [ay? — y?] aa dx 


5 2 5 
= fy (16x — 16) dx = [8x” — 16a]; = 200 — 80 = 120 
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3. (a) Ci: c=t dx =dt, y=0 dy =Odt, O<t<1. 
Co: c=1 dx =Odt, y=t dy=dt, 0<t<2. 
C3: c=1-t dx dt, y=2—-2t dy =—-2dt, O<t<1. 

9} GC 60) 2% 
Thus fo vy da + 27y? dy = § xy dx + xy? dy 
C1 +C2+C3 

Ro ee (1 — £)(2 — 2t) — 2(1 — #)?(2 — 2)°] at 
=0+ [3#4]5 + Jo [-20 - #)? — 16(1 — #)°] at 
=4+ ae ‘)*],=4+0-% =2 

(b) $, vy da + xy? dy = (ai E (xy?) ~ £ (2y)| dA = a * (Qry? — x) dy dx 


= fo (bey! — stu) Jay" der = fo (82° — 20) de = § — 3 = 3 
5. The region D enclosed by C is [0, 3] x [0, 4], so 


Jo ye® dx + 2e" dy = ff, Ex (2e* )— & We* ) dA = f° fo (2e” — e*) dy dx 


= ia e* dx fo dy = [e*]5 [ls = (e? — e°)(4— 0) = 4(e? — 1) 


7. te (y+er™) dx + (20 + cosy?) dy = ff, E (22 + cosy?) — 2 (v+er*)| dA 


= fi beae: —1)dydz= fo (vz x”) dx = im ea: 3 
9. jay dae ay= [fs Ex x°) aT (y°)| dA = ff,(—32? — 3y*)dA = fo" fC 2) r dr dO 
=-3 fo" d6 for? dr = —3[6]5" [1r4]) = -3(2)(4) = —240 


1. F(x, y) = (ycosx — xysinx, xy + «cos 2) and the region D enclosed by C is given by 


{(z,y) |0<a<2,0<y<4- 2c}. Cis traversed clockwise, so —C gives the positive orientation. 


JoF dr =—f_o(ycose — zysinz) dx + (xy + xcosx) dy = — ff, E (xy 4 xeos) ~ 2 (ycosa ~ zysin «)| dA 


=-ffoy —axsinz +cosx—cosz+asinz)dA=— {° {° 428 9 dy dix 


=-f> [sy ea 7° de = — fo 4(4— 22)? d =— f?( (8 — 8a + 2a?) dx = — [8a — 4a? + 223]? 


(16 — 16 + 38 —0) " 


13. F(x, y) = (y — cosy, xsin y) and the region D enclosed by C is the disk with radius 2 centered at (3, —4). 


C is traversed clockwise, so —C gives the positive orientation. 


JoF- dr =— f_oly — cosy) dx + (xsiny) dy = — ff, E (xsiny) — 2 (y—cosy)| dA 


=-— ff,(sny —1-siny)dA= ff, dA = area of D = n(2)? = 4 
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15. 


17. 


19. 


21. 
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Here C = Ci + C2 where 
C; can be parametrizedas x =t, y=0, —7/2<t< 7/2, and 


C2 is given by x = —-t, y=cost, —m7/2<t< 7/2. 


Then the line integral is 


§ wytdxe+a°y* dy= jek 0+ 0)dt+ Lk —t)? (cos t)*(—1) + (—t)° (cos t)*(— sin t)] dt 


Ci+C2 
=O+ foe t? cos*t + ¢° cos‘ tsint) dt = + 4 “os nr 4 188 = 0.0779 


according to a CAS. The double integral is 


OQ _ OP’ 44 aie 6 4,4 An323 _ 1,4 41442 | 7.578368 ei , 
— - xy xy”) dy dx = 730 Tis" + Sesion © 0.0779, verifying Green’s 
p \ Ox Oy —1/2J0 : 


Theorem in this case. 


By Green’s Theorem, W = f., F-dr = [,2(a + y) dx + ay dy = [f,(y° — x) dA where C is the path described in the 


question and D is the triangle bounded by C. So 
W= eae “(y? —x)dydx = fy [sy at ea (g(1-2)? —2(1-2)) dx 


= [-g-2)- 92? +305], =(-3 +9) - Ca) =-2 


a 


Let C1 be the arch of the cycloid from (0, 0) to (27,0), which corresponds to 0 < t < 27, and let C2 be the segment from 
(27, 0) to (0,0), so C2 is given by x = 27 — t, y= 0,0 < t < 27. Then C = C1 U C? is traversed clockwise, so —C is 


oriented positively. Thus —C’ encloses the area under one arch of the cycloid and from (5) we have 


A=- f oydz= So, yet fo, yda = Jo" (1 — cost)(1 — cost) dt + Je" 0 (—dt) 


age — 2cost + cos” t) dt +0 = [t —2sint + $t+ 1 sin 2¢]°" = 3r 


(a) Using Equation 16.2.8, we write parametric equations of the line segment as x = (1 — t)a1 + tao, y = (1—t)y1 + tye, 


0<¢t< 1. Then dx = (a2 — x1) dt and dy = (y2 — y1) dt, so 


So vdy — ydx = J) [(1 — t)x1 + to] (y2 — yr) dt + [(1 — t)ys + tye] (w2 — 21) dt 


= fo (ai(y2 — yr) — yx(w2 — 21) + t[(y2 — yr) (a2 — 21) — (@2 — 21) (yo — yr))) at 
= ais (a1y2 — xay1) dt = r1y2 — ray 
(b) We apply Green’s Theorem to the path C = C, U C2 U--- UCn, where C; is the line segment that joins (2;, y;) to 
(wi41, Yiti) fori = 1, 2,...,n — 1, and C,, is the line segment that joins (a1, yn) to (71, y1). From (5), 
3 fo vdy— ydx = ff, dA, where D is the polygon bounded by C. Therefore 
area of polygon = A(D) = ff, dA= $f, xdy — ydx 


(Jo, tay —yde + fy, edy—yde+---+ fo wdy—yde+ fo, vdy—yde) 


To evaluate these integrals we use the formula from (a) to get 


A(D) = 3[(a1y2 — xayr) + (ways — waye) + +++ + (@n—1Yn — EnYn—1) + (any — Liyn)). 
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(GAS O19) 0) O38 1 Se e104) 


i 
2 
$(0+54+2+2)=3 
23. We orient the quarter-circular region as shown in the figure. 


1 1 
ae 2 = 2 7 2 
A= q7a sot = at,” dy and =——a5 fy dx. 


Here C = Ci + Co + C3 where Ci: 1 =t, y=0, O0O<t<a@; 


Co: 2 =acost, y=asint, 0<t< 4; and 


C3:2=0,y=a—t,0<t<a. Then 
fox? dy = Jo, a? dy + fo, x? dy + fo, ody = fe Odt + f7/?( (acost)?(acost) dt + J, 0dt 


= ce a® cos* t dt = a? eae — sin’ t) costdt = a? [sint — 3 sin® | We 


1 2 4a 
a Wy Eo 
sia aaah” YU 30 


fay da= fo. y da fo. y dx + fo, y? dx = f° Odt+ fr’? (asin t)? (—asint) dt + fy Odt 


_ 2,3 


= fr a? sin? t) dt = Sn ea el — cos? t) sint dt = —a® {4 cos® t —cost]* n/2 = 28, 


= 1 2 4a so, 4a 4a 
=-—— dx = —. Thi =(=—,>—}. 
are =f Pata ee) (3. =) 
25. By Green’s Theorem, —4pf,y° dx = —4 ff,(—3y?) dA = ff, y?p dA = Ix and 
sp$u° dy = ip ff,(80?) dA = ff, 2’*pdA=Iy. 


27. As in Example 5, let C’ be a counterclockwise-oriented circle with center the origin and radius a, where a is chosen to 


be small enough so that C’ lies inside C, and D the region bounded by C and C’. Here 


pe Quy OP — 2a(x? +y?)? —2ary-2(a?+y7)-2y 2a? — Gay? ae 
ory? dy (a? + y?)4 (a? + y)° 
2,2 = 2 2\2 72 2) 6/2 | 2). BL. 
Q= i 2P oe ere) oy ci hea - aon Thus, as in the example, 
a ey 


[rieroas | raoraay= ff (22-22) aa= ff oaa=o 


and {.,F - dr = {/,, F- dr. We parametrize C" as r(t) = acosti+asintj,0 <t < 27. Then 


2 


27 2(acost) (asint) i+ (a? sin? t — a? cos” t) j 
[ref F-de= f ( J ) ( 7 1 ( asinti + acost3) dt 
Cc (ou 0 (a? cos? t + a? sin? t) 
1 


Qn 
al (— cost sin t — cost (1 — sin” t)) dt 


Qa 
= =f (- cost sin” t — cos? t) dt = 
a Jo 


II 

| 

I 

oo“ 

iw) 
y 

° 

e) 

Dn 

oo 

Q 

i 

II 

| 

I 

Q 
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29. Since C is a simple closed path which doesn’t pass through or enclose the origin, there exists an open region that doesn’t 
contain the origin but does contain D. Thus P = —y/(x? + y*) and Q = x/(x? + y”) have continuous partial derivatives on 
this open region containing D and we can apply Green’s Theorem. But by Exercise 16.3.35(a), 0P/Oy = 0Q/Oz, so 
foF - dr = ff, 0dA=0. 


31. Using the first part of (5), we have that [{, da dy = A(R) = J, x dy. But « = g(u,v), and dy = a dut+ = dv, 


and we orient OS by taking the positive direction to be that which corresponds, under the mapping, to the positive direction 


along OR, so 


Oh Oh Oh Oh 
[cae [i atu( Frau + F ae) = ff alae) Sedu + alu v) 5 ae 


= ff, [Z (g(u, v) gh) — Zz (g(u, v) gn) | dA {using Green’s Theorem in the wv-plane] 


= ff, (ge 38 + g(u,v) a _ oo oh — g(u,v) oh) dA [using the Chain Rule] 


oat be (22 ou — ge Sy) dA [by the equality of mixed partials] = + ff, soe. du dv 


u Ov 


The sign is chosen to be positive if the orientation that we gave to 0S corresponds to the usual positive orientation, and it is 


negative otherwise. In either case, since A(R) is positive, the sign chosen must be the same as the sign of aed 
’ 


O(a, y) 
Therefore A(R -ff dx d =f ———_| dudv. 
Sar) Phra Ors) 
16.5 Curl and Divergence 
i j k 

1. (a) curlF =V x F=]| 0/d0u O/dy 0/0dz 
xy? 2" xyz? xyz 

= | 2 (eye) - 2 (a2ye”)| i - | 2 (ey?) - 2 ay?) | 54+ | Zev) - 2 @y?2)| k 

Oy Oz 0. 0 Ox O 


= (2a? yz — 2a? yz) i — (Qay?z — Qey?z)j + (Qryz” — 2xyz?)k = 0 


(b) divF =V-F= - (xy?z?) + x (x? yz?) + 2 (x? y?z) = y? 2? +472? +a? y? 
i j k 
3. (a) curlF =VxFEF=/0/0x 0/dy 0/0z| = (ze® — 0)i— (yze” — xye*)j + (0 — re*)k 


xye* 0 yze” 


= ze* i+ (xye* — yze”)j —xe*k 


(b) divF =V-F= © (cye*) 50 2 (yze”) = ye* +0 + ye® = y(e* +e”) 
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i j k 
d/dx O/dy O/dz 
vo Vy ve 
l+z l1l+a 1+4+y 
= [Vz(-I)(. +)? - 0] i- [0- Va(-1) + 2)7] 5+ [V9 +2)? -O]k 


SES Ge 9g NBG 9 OG 
eS) ae Cle) ia Cs 


wavrev r= 2(>%)42(2)+2 (4) 


1 1 1 
IJa(l+2) | Buta) | Wz ty) 


§. (a) curlF=VxF= 


i j k 
7. (a) curlF =VxF=| 0/dx O/dy 0/dz | =(0-e% cos z)i— (e* cosx — 0) j + (0 — e* cosy) k 
e*siny e’sinz e* sing 
= (—e” cos z, —e* cos x, —e” cos y) 
(b) divF =V-F= ce (e* siny) + ace (e¥ sin z) + 2 (e* sinz) = e” siny + e” sinz + e” sing 
Ox Oy Oz 
9. If the vector field is F = Pi+ Qj+ Rk, then we know R = 0. In addition, the x-component of each vector of F is 0, so 


OE gO Ek on 0. Q decreases as y increases, so aQ < 0, but Q doesn’t change 


P=0,h SS SS Ss SS 
pauetee Ox Oy Oz Ox Oy Oz Oy 
in the x- or z-directions, so aQ = aQ =0 
Ox Oz 
: OP OQ. OR OQ 
div F = = 
(a) div De Oy Be ay 0<0 


to out = (F*- 52) ig (SE-B) 54 ($2 - FP) c= (0-1 + 0-014 0-0) =0 


11. If the vector field is F = Pi+ Qj-+ Rk, then we know R = 0. In addition, the y-component of each vector of F is 0, so 
dQ __0Q __9Q _AR_OAR_ OR 


: : OP : 
0. P increases as y increases, so —— > 0, but P doesn’t change in 


@ = 0, hence == Dy A Be Dy ae Oy 

the x- or z-directions, so or = a = 

(@) dP = 5 +52 +E -0+0+0=0 

to cut = ($2 22) 54 (SE-B) 54 (G2 - FP) c= (0-4 0-054 (0- F) = Fk 


SOP OP,. eae ; Bela 
Since — > 0, -~—k isa vector pointing in the negative z-direction. 


Oy Oy 
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i j k 
13. culF=VxF=|0/dr 0/dy 0/0z | = (6xyz? — 6ryz”) i — (By?z? — 3y?z”)j + (Qyz? — 2yz*)k =—0 


ye Qayz? B3xy?2z? 


and F is defined on all of R? with component functions which have continuous partial derivatives, so by Theorem 4, 
F is conservative. Thus, there exists a function f such that F = Vf. Then f,(a, y, z) = y?z? implies 


f(x,y, 2) = xy?2? + gly, 2) and fy(x, y, z) = 2ayz* + gy(y, z). But fy(x, y, z) = 2xyz", so g(y, z) = h(z) and 


f(a,y,2) = ry?2? + h(z). Thus f.(a, y, 2) = 3xy?z? + h'(z) but f.(x, y, z) = 3ay?z? so A(z) = K, a constant. 
Hence a potential function for F is f (x,y,z) = ry?z? + K. 
i j k 


15. curlF =VxF=| 0/Ox 0O/dy 0/dz 


zcosy xzsiny xcosy 


= (-axsiny — xsiny)i— (cosy — cosy) j+ [zsiny — (—zsiny)|k = —2xsinyi+ 2zsinyk 4 0, 


so F is not conservative. 


i j k 
17. curlF =VxF=|0/dce O/dy 0/0dz 
e’* — xze’* axye* 


= [xyze’* + xe¥* — (xyze¥* + xe¥*)] i — (ye”* — ye*)j + (ze¥* — ze¥*)k = 0 
F is defined on all of R®, and the partial derivatives of the component functions are continuous, so F is conservative. Thus 
there exists a function f such that Vf = F. Then f2(x, y, z) = e¥* implies f(x,y, z) = xve¥* + g(y,z) => 
fy(z,y, z) = rze"* oH Iu (Y; z). But fy(z, Y, z) = xze*, So gy; z) = h(z) and f(z, Yy, 2) = xe* a h(z). 
Thus f(x,y, z) = vye”* + h’(z) but f(x,y, z) = xye”* so h(z) = K anda potential function for F is 


f(e,y,2) =2e" + K. 


19. No. Assume there is such a G. Then div(curl G) = x (asin y) + + (cos y) + - (z — ay) =siny—siny+10, 


which contradicts Theorem 11. 


i j k 


21. curlF =|0/dx 0O/dy 0/dz| = (0—0)i+ (0-0)j+ (0—-0)k=0. Hence F = f(x)i+ g(y)j+h(z)k 
f(z) gly) A) 


is irrotational. 
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For Exercises 23-29, let F(x, y, z) = Piit+ Qij+ Ri kand G(a, y, z) = Poi+ Qoj+ Rok. 


O(Pi+P2) , 0(Qi1+Q2) , O(Ri + Ro) 
+ a 
Ox Oy Oz 


_ OP,  OPz , 0Q1 , OQ2 , OR , OR2 (OP:  0Qi , ORs OP, , OQ2 , ORe2 
Ox | Ox dy ' Oy ' Oz | dz (+2 w+ (Fs Oy 5) 


= div(P1, Qi, Ri) + div(P2, Qe, Re) =divF+divG 


23. div(F + G) = div(Pi + Po, Qi + Qe, Ri + Re) = 


AFP) | AFfQi) | Afi) 


25. div( fF) = div(f (P1,Q1, R1)) = div(f Pi, fQi, f R1) = Ox Oy Oz 
- (*+n 3) +(¢ Bras) 1 (6 +R 3) 


=1(F 0Q1 , OR1 Of of Of 


Ox ne Oy 7 Fe) + Pi Qua): (FE, SE, 2 


) = faivP +P. Vf 


0/dx O/dy O/dz 


a |Q: Ri a |r a |i Q 
7. div(FxG)=V-(FxG)=| A Q RB fae i ge 
Ox Qo Re Oy P, Ra Oz Pz Qe 
Py» Qe Re 
_[o, Rt + 9, 201 9, 2% p, 002] _[p, ORe , p OPL_ pORi_p, OP 
al la. Ox te Ox Q2 Ox Ry ee [P, Oy + Ra Oy Pr Oy Ri a 
OQ2 OP, 0Q1 OP» 
+ [P32 +0, r  - ~ 
_Jp,( 2% 201) 4 9, (OF 8%) , p,(AQ _ ar 
-|>( Oy a) + anf Oz 7) + Rl Ox Oy | 
OR2 OQ2 OP, OR2 OQ2 OP» 
P OAD 2 OU Cha OF? 
[a(S a2) +0 (& me) +R (2 >) 
=G-curlF—F-curlG 
i j k 
29. curl(curl F) = V x (V x F) = 0/0x 0/Oy 0/0z 


OR /Oy — 0Q1/0z OP, /0z—ORi/Ox 0Q1/0x — OP; /dy 


OzOy Oz? Ox? tf OxOy 


(Fa PP FP PR), (PR FQ Fh PP), 
~ \@Aydx Oy? Oz? © OzOx J 


PP OR, FR, Qi 
OxOz Ox? Oy? OyOz 


Now let’s consider grad(div F) — V?F and compare with the above. 


(Note that V?F is defined on page 1147 [ET 1107].) 
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. PP, PQ: , OR PP PQ: , PR PP PQ, PR 
d(div F) — V?F = i j4 k 
grad(div F) — V ( Ox? cP OxOy By sa a Ge a Oy? oa) (ss = Ozdy i Oz? 


ep 2p 2 2 2 2 
7 Lane 1, OP, F OQ1 OO 9 Oi), 
Ox? Oy? Oz? Ox? Oy? Oz? 


OR, OR: Ri 
+(3 a Oy? zs oa) 


foQi Oo hy 0 Pr OP se OP,  OPRi OQi 0Qi\. 
Oxdy | Oxdz Oy? Oz? OyOx Oydz Ox? d22 )I 


OP, PQ: PR: OP Ro\, 
Oz0x  Ozdy Ox? Oy? 

Then applying Clairaut’s Theorem to reverse the order of differentiation in the second partial derivatives as needed and 

comparing, we have curl curl F = grad div F — V?F as desired. 


y , z — wityjt+zk _r 


x 
31. (a) Vr =Vi\/n2? +42? +22 = i+ 
(a) y [y? + y? + 2? Vet Jar ty? + 2? Ju? + y? + 2? r 


j 
0 0 20 0 a) O ce) 6) 0 
b) V =|— = =2]=/— == eas ene k=0 
() V xr 2 2) - |S @-Z0)i+[F@-Zoli+ |Z O-ZO 
z 
@v(z) =v eee 
r z+ y2 + 22 
1 1 1 
2 2 2 ee) 2 2 2 (2y) 2 2 2 22) 
— Afar tyr? +2 F 2a? +y? +z . 2fue*t+y*+z 
x? + y2 4+ 22 x2 +y2+ 22 J x? + y? + 22 
_ wit+yjt+zk oor 
(x2 4 y? + 22)3/2 pd 
(d) Vinr = Vin(2? + y? + 2?)/? = $V In(x? +? + 27) 
= x i4 y os z _@wityjt+zk_r 
2 + y? + 2 pPaypte) @ayse x2 + y? + 2 2 


33. By (13), £, f(Vg)-nds = ff, div(fVg) dA = JJ, [f div(Vg) + Vg- Vf] dA by Exercise 25. But div(Vg) = V79. 


Hence ff, fV?gdA = $, f(Vg)-nds— ff, Vg- Vf dA. 


35. Let f(x,y) = 1. Then Vf = O and Green’s first identity (see Exercise 33) says 
Sp V?gdA= fo (Vg): nds—ff,0-VgdA => ff, V7gdA= fo Vg- nds. But g is harmonic on D, so 


V7g=0 = fo Vg: nds = Oand ¢., Dagds = $,(Vg- n)ds = 0. 
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37. (a) We know that w = v/d, and from the diagram sin 0 = d/r v = dw = (sin@)rw = |w x r|. But v is perpendicular 


to both w and r, so that v = w x r. 
ij k 


(b) From (a); v=wxr=|0 0 wl] =(0-z-—wy)i+(wr—0-2z)j+(0-y—2-0)k=—-wyit+uwaj 


(c) curllv=Vxv=|0/dx 0O/dy 0/0z 


—wWwy wer 0 


=|F0- Zea] i+ [Zon ZF Oi+ |Z =)- F Con] & 


= [w — (—w)]k = 2wk = 2w 
39. For any continuous function f on R®, define a vector field G(x, y, z) = (g(a, y, z),0, 0) where g(x, y, z = fo fy, 2) dt. 


3) a7 


Then div G = a (g(x,y, 2)) + oy (0) + g; 0 ae iy f(t,y, 2) dt = f(x,y, z) by the Fundamental Theorem of 


Calculus. Thus every continuous function f on R® is the divergence of some vector field. 


16.6 Parametric Surfaces and Their Areas 


1. P(4, —5, 1) lies on the parametric surface r(u, v) = (u+v,u— 2v,3 + u — v) if and only if there are values for u and v 


where u+ vu = 4,u— 2v = —5, and3+u—v = 1. From the first equation we have u = 4 — v and substituting into the 


second equation gives 4 — v — 2u = —5 v = 3. Then u = 1, and these values satisfy the third equation, so P does lie 
on the surface. 
Q(0, 4, 6) lies on r(u, v) if and only ifu + v = 0, u — 2u = 4, and 3 + u — v = 6, but solving the first two equations 

4 


simultaneoulsy gives u = 3,0 = —$ and these values do not satisfy the third equation, so Q does not lie on the surface. 


3. r(u,v) = (ut+v)i+ (8-—v)jt+ (14 4u+ 5v)k = (0,3, 1) + u (1,0, 4) + v (1, -1, 5). From Example 3, we recognize 


this as a vector equation of a plane through the point (0, 3, 1) and containing vectors a = (1,0, 4) and b = (1, —1,5). If we 


ijk 
wish to find a more conventional equation for the plane, a normal vector to the planeisax b=/1 0 4)/=4i-—j—k 
1-1 5 


and an equation of the plane is 4(a — 0) — (y — 3) — (zg -1) =Oor4a —y-—z=—-4. 


5. r(s,t) = (scost, ssint, s), so the corresponding parametric equations for the surface are x = scost, y=ssint, z=s. 


2 Ses 


For any point (2, y, z) on the surface, we have x? + y* = s* cos*t4+ s’sin?t = s z*. Since no restrictions are placed on 


the parameters, the surface is z? = 2? + y”, which we recognize as a circular cone with axis the z-axis. 
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7. r(u,v) = (u?,v?,u+v), -l<u<l, -l<v<l. 


The surface has parametric equations « = u?, y= v,z=utv,-l<u<l—-l<v<l. 


In Maple, the surface can be graphed by entering 


plot3d([u°2,v°2,utv],u=-1..1,v=-1..1);. 


v constant 


In Mathematica we use the ParametricPlot3D command. 


If we keep u constant at wo, 2 = uz, a constant, so the 
corresponding grid curves must be the curves parallel to the 


yz-plane. If v is constant, we have y = v@, a constant, so these 


Z 
A si SD ia 
KL Z 7 ae 
) ir aaa 
grid curves are the curves parallel to the xz-plane. ; LV, 
uconstant 1 
9. r(u,v) = (u?, usin v, wcosv), -l<u<1,0<v<27 
The surface has parametric equations z = u?, y = usinv, 
z=ucosv, -l<u<1, O0<v< 2m. Note that if u = up is 
constant then x = ue is constant and y = uo sin v, z = up cosU 


describe a circle in y, z of radius |uo|, so the corresponding grid 


curves are circles parallel to the yz-plane. If v = vo, a constant, 


the parametric equations become x = u®, y = usin vo, z = ucos vo. Then y = (tan vo)z, so these are the grid curves we see 


that lie in planes y = kz that pass through the x-axis. 


11.2 =sinv, y=cosusin4dv, z=sin2usin4dv, 0<u< 27, -P<v< 


IE) 


Note that if v = vo is constant, then x = sin vo is constant, so the 


‘i 
SO a 
AN 


“as 
Ny 
140 

i 


WA 


corresponding grid curves must be parallel to the yz-plane. These 


(\\ 

N Mt 

are the vertically oriented grid curves we see, each shaped like a WW 
e 


“figure-eight.” When u = uo is held constant, the parametric 
equations become x = sin v, y = cos uo sin 4v, 
z = sin 2uo sin 4v. Since z is a constant multiple of y, the 


corresponding grid curves are the curves contained in planes 


z = ky that pass through the x-axis. 


13. r(u,v) = ucosvi+usinvj+vk. The parametric equations for the surface are x = ucosv, y = usinv, z = v. We look at 
the grid curves first; if we fix v, then x and y parametrize a straight line in the plane z = v which intersects the z-axis. If u is 
held constant, the projection onto the xy-plane is circular; with z = v, each grid curve is a helix. The surface is a spiraling 


ramp, graph IV. 
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15. r(u,v) = (ue —u)i+v?j+u’k. The parametric equations for the surface are x = u® —u, y= v", z = u?. If we fix u 


then x and z are constant so each corresponding grid curve is contained in a line parallel to the y-axis. (Since y = v? > 0, the 
grid curves are half-lines.) If v is held constant, then y = v? = constant, so each grid curve is contained in a plane parallel to 
the xz-plane. Since x and z are functions of u only, the grid curves all have the same shape. The surface is the cylinder shown 


in graph I. 


17. x = cos? u cos® v,Y = sin® wu cos® v,2= sin® v. If v = v0 is held constant then z = sin® v9 is constant, so the 
corresponding grid curve lies in a horizontal plane. Several of the graphs exhibit horizontal grid curves, but the curves for this 
surface are neither ellipses nor straight lines, so graph III is the only possibility. (In fact, the horizontal grid curves here are 


members of the family 2 = acos* u, y = asin? u and are called astroids.) The vertical grid curves we see on the surface 


3 3 3 


correspond to u = uo held constant, as then we have x = cos” uo cos? v, y = sin? uo cos® v so the corresponding grid curve 


lies in the vertical plane y = (tan® uo)a through the z-axis. 


19. From Example 3, parametric equations for the plane through the point (0, 0, 0) that contains the vectors a = (1, —1, 0) and 


b = (0,1,-1) arex =0+4 u(1) + v(0) =u, y=0+u(—-1) +011) =v—-4u, z =0+ u(0) + v(-1) = -v. 


21. Solving the equation for x gives a? =1+y?+427 => w= 4/1+y? + 42. (We choose the positive root since we want 


the part of the hyperboloid that corresponds to x > 0.) If we let y and z be the parameters, parametric equations are y = y, 
en a=4/l+y2 + 422. 


23. Since the cone intersects the sphere in the circle x? + y* = 2, z = /2 and we want the portion of the sphere above this, we 


can parametrize the surface as x = x, y = y, 2 = \/4— 2? — y? where 2? + y? < 2. 


Alternate solution: Using spherical coordinates, x = 2sin¢cos 0, y = 2sin dsin@, z = 2cos @ where 0 < ¢ < F and 


0<0< 2z. 


25. In spherical coordinates, parametric equations are x = 6 sin dcos 8, y = 6 sin dsin O, z = 6 cos ¢. The intersection of the 


sphere with the plane z = 3\/3 corresponds to z = 6 cos ¢ = 3/3 cos ¢ = v3 @ = %, and the plane z = 0 


(the ay-plane) corresponds to ¢ = 5. Thus the surface is described by § << 3, O<O< 27. 


27. The surface appears to be a portion of a circular cylinder of radius 3 with axis the x-axis. An equation of the cylinder is 


y" + 2% = 9, and we can impose the restrictions 0 < x < 5, y < 0 to obtain the portion shown. To graph the surface on a 


CAS, we can use parametric equations x = u, y = 3cosv, z = 3sinv with the parameter domain 0 < u < 5, 3 <vu< am 
Alternatively, we can regard x and z as parameters. Then parametric equations are x = x, z = z, y = —V9 — z?, where 


O<a<5and-3<2<3. 
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29. Using Equations 3, we have the parametrization x = z, 


Y= Ty ge 0088, — 72 sind, —-2<a<2, 0<0<2z7. 


31. (a) Replacing cos u by sin u and sin u by cos u gives parametric equations 
x =(2+sinv)sinu, y = (2+sinv) cosu, z = u+ cos v. From the graph, it 
appears that the direction of the spiral is reversed. We can verify this observation by 
noting that the projection of the spiral grid curves onto the xy-plane, given by 
x =(2+4+sinv)sinu, y = (2+sinv) cos u, z = 0, draws a circle in the clockwise 
direction for each value of v. The original equations, on the other hand, give circular 
projections drawn in the counterclockwise direction. The equation for z is identical in 


both surfaces, so as z increases, these grid curves spiral up in opposite directions for 


the two surfaces. 


(b) Replacing cos u by cos 2u and sin u by sin 2u gives parametric equations 
x = (2+sinv) cos 2u, y = (2+sinv) sin2u, z = u+ cos v. From the graph, it 


appears that the number of coils in the surface doubles within the same parametric 


“a 

domain. We can verify this observation by noting that the projection of the spiral grid cK 

curves onto the xy-plane, given by x = (2 + sin v) cos 2u, y = (2 + sin v) sin 2u, Ba: oy 
z cK 


TY 
RF 


z = 0 (where v is constant), complete circular revolutions for 0 < u < 7 while the 


original surface requires 0 < w < 27 for a complete revolution. Thus, the new 


surface winds around twice as fast as the original surface, and since the equation for z 


is identical in both surfaces, we observe twice as many circular coils in the same 


z-interval. 


33. r(u,v) = (ut v)i+3u7jt+(u—v)k. 
r, =i+6ujt+kandr, =i—k,sor, xr, = —6ui+2j-— 6uk. Since the point (2, 3,0) corresponds to u = 1,v = 1,a 
normal vector to the surface at (2, 3,0) is -6i+ 2j — 6k, and an equation of the tangent plane is —6x + 2y — 6z = —6 or 


3a —yt3z= 3. 


35. r(u,v) =ucosvi+usnvjtuvk => r(1,4) = (4,4,4). 


ru(l, z) x ry (1, z) = (Si+ 4 j) x ( Bi 4j k) = i 4j+k. Thus an equation of the tangent plane at 


(4,-2.4) is B(w@— 4) —3(y—B) +1(e- §) =0 or Body tz =F 
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37. r(u,v) =u? it 2usinvj+ucosvk => r(1,0) = (1,0,1). 
ry, = 2ui+2sinvj+cosvk andr, = 2ucosvj — usinvk, 2 


so anormal vector to the surface at the point (1, 0, 1) is FESS 


ru(1,0) x ro(1,0) = (2i+k) x (2j) = -214+ 4k. 


Thus an equation of the tangent plane at (1,0, 1) is “4 


2(a — 1) + O(y —0) + 4(z — 1) = Oor—-x2 +2z=1. y 


39. The surface S is given by z = f(x, y) = 6 — 3x — 2y which intersects the xy-plane in the line 32 + 2y = 6, so D is the 


triangular region given by { (2, y) | 0<4<2,0<y<3- 3c}. By Formula 9, the surface area of S is 


[Le @@ 
= Ip VIF CPF IP dd = VIE ff, dA = VILA(D) = VT" (3-2-3) = 3 Vd. 


41. Here we can write z = f(x,y) = 3 $x ay and D is the disk 2? + y? < 3, so by Formula 9 the area of the surface is 


aes [fe vir 17+ (9)? aa = ff aa 


iG ee 


(#2) 
via 
3 


4B. z= f(a,y) = 2 (2°? y®/?) and D = {(a, y)|O<a2<1,0<y<1)}. Then f, = gl? te =y'/ ? and 


= Sp y1+ oe [. TFS F dy de 
= [F(e +y+1)°7]" 2 eal le +2) 3/2 (e+ 1)%?] ae 


= 3[2(@ +2)°? _ oe = 2 (gr? 95/2 _ 98/2 4 i= (Fa Q7/2 4.1) 


45. z= f(x,y) = cywitha? +y?<lsofp=—y,fy=t > 


= ff, Jit y+ ardd = 2" [) Vr + Ir dr do = oT [R02 +09?) ao 
= fe" 1(2./2 - 1) do = 22 (22-1) 


47. A parametric representation of the surface is x = x, y = e+ 27,2 =2withO< 27427 < 16. 


Hence rg X rz = (i+ 2aj) x (22j +k) = 2ei-j+2zk. 


, ee OF ey i0F fT aeeely aan), 
Note: In general, ify = f(x, 2) thenre xrz= pi i+ Sok and a(s) = ff 1+ (3 + ce dA. Then 


A(S)= ff VI + 4a? +422 dA = fo" [¢ VI + 4r? dr dd 


O<a2+422<16 


4 
0°d8 for VEEP dr = On| Hy(1 + 4r?)9/?] | = 3 (65°? 1) 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 16.6 PARAMETRIC SURFACES AND THEIR AREAS 327 
49. r, = (2u,v,0), rv = (0,u,v), andru X ry = (v?, —2uv, 2u?). Then 
= [fp [tu X ro|dA = dodge Vv4t + 4u2v? + 4u4 dv du = freaks (v? + 2u?)? du du 


= fo fe (v? + 2u?) dudu = fo [v8 + 2u?u] =) du = fi (2 + 4u?) du = [Sut 4u3]5 =4 


51. From Equation 9 we have A(S) = ff, /1 + (fe)? + (fy)? dA. But if | f2| < land |fy| < 1 then0 < (fr)? <1, 
O< (fy? <1 > 1<14(fe)?+(fy2 <3 > 1</1+(Ce)2 + fy)? < V3. By Property 15.2.11, 


Sfp 1dA < ff, (I+ Ue? + Gy)2d4 < ff, V3dA => A(D)< A(S)<V3A(D) = 


TR? < A(S) < V3nR?. 


53. 2 = f(a, y) = In(a? 4+ y? + 2) witha? + y? <1. 
20’ 2y ; Ax? + Ay? 
S) = 1 >— —>——~ ] dA= 14+ — 7 IA 
IL = * (Saga) lI, Gt +2p 
pe FT 2 (r? + 2)? + 4r? r/r4 + 8r2 +4 
= = dr & 3.561 
=| fy oH r dr dd = i ao fr "(+ 2)2 dr =n f = = gege r © 3.5618 


x) (F) Ag? en sn ee 
55. (a) A(S = ff 1+( Lae: ee yet Gt+e+yp dy dx. 


: Deas : da? + Ay? 
Using the Midpoint Rule with f(a, y) 14 eee 


m = 3,n = 2 we have 


A(S) x > f(,9;) AA =4 [FL 1) + (1,3) + (3,1) + £8,3) + FL) + F(6, 3)] 24.2055 


244 
(b) Using a CAS we have A(S A is 4 a SS os ai dy dx = 24.2476. This agrees with the estimate in part (a) 


to the first decimal place. 


57. <= 1+ 20+ 3y + 4y’, so 


4 pl 4 pl 

yh VIFEE ETSY ayae = ff V 14+ 48y + 64y? dy dz. 
1 Jo 1 Jo 

Using a CAS, we have 

Se fo V14 + 48y + 64y? dy de = 45 14+ 8 n(11 V5 +3V14 V5) — 22 n(3 V5 + V4 V5) 


45 15 11 V5 +3770 
Cte VAT ag aame TO 
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59. (a) x = asinucosv, y = bsinusinv, z=ccosu => 


aR eee (sin ucos v)? + (sin usin v)? + (cos u)? 
= sin? u+cos?u=1 


and since the ranges of u and v are sufficient to generate the entire graph, 


the parametric equations represent an ellipsoid. 


(c) From the parametric equations (with a = 1, b = 2, and c = 3), 
we calculate r, = cosucosvi+2cosusinvj— 3sinuk and 


r, = —sinusinvi+ 2sinucosvj. Sor, X ro = 6sin? ucosvit+ 3sin? usin vj + 2sin ucos wk, and the surface 


area is given by A(S) = ral lru X Yy| du dv= heals \/36 sin* ucos? v + 9sin? usin? v + 4 cos? usin? udu dv 


61. To find the region D: z = x? + y” implies z + z* = 42 or z? — 3z = O. Thus z = 0 or z = 3 are the planes where the 


surfaces intersect. But 2? + y? + z? = 4z implies x? + y? + (z — 2)? = 4, so z = 3 intersects the upper hemisphere. 


Thus (z — 2)? =4—a? —y? orz = 24+ ./4— 2? — y?. Therefore D is the region inside the circle 2? + y? + (3 — 2)? = 4, 


that is, D = {(x,y) | a? +y? < 3}. 


) —) i —x)(4 =? = y2)—1/2)2 + [(—y) (4 — 72 — y2)-1/2]2 dA 


Qn Qn V3 Qr r=V3 
=| ye 4/1 + poarad= ff one dé = [—2(4 -7)"/?] do 
V4 — Lape 0 r=0 


= fe"(-2+4)d0 = 20|5° = 40 


63. Let A(S1) be the surface area of that portion of the surface which lies above the plane z = 0. Then A(S') = 2A(S1). 


Following Example 10, a parametric representation of 5S; is x = asin ¢cos9@, y = asin dsin 8, 
z= acos¢and |rg x re| = a? sing. ForD,0<¢<& 3 and for each fixed ¢, (a = 14)? +y< (4a)? or 
[a sin dcos 6 — 3a] * + a? sin? gsin? 0 < (a/2)? implies a? sin? ¢ — a? sin¢ cos < 0 or 


sin ¢ (sin ¢ — cos) < 0. ButO < ¢ < §, so cosd > sin ¢ or sin($ + 6) >sindord@—F<0<F-¢. 


Hence D = {(¢, 8) |O0<¢<F,¢d-F<0<5 o}. Then 
A(S1) = Jo? fy? 749. a? sin o dO db = a? fz"? (n — 29) sin g dg 


= a? [(—m cos 6) — 2(— pcos +sin ¢)]*/? = a?(m — 2) 


[continued] 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 16.7. SURFACE INTEGRALS 


Alternate solution: Working on S; we could parametrize the portion of the sphere by x = 4%, y= y, z = 


2 2 
7 x y a 
Then |r, x r,| yp + a 


—g—y' a@—a—y jg rie 
n/2 acos @ A 
— yeceap Lb | yesnre* 
0 < (@ — (a/2))? + y? < (a/2)? 
w/2 r=acos@ n/2 
ee “na (2-yl ew a?[1 — (1 — cos” 6)!/?] do 
am /2 2 ay 2(n 
=f" /2% a? (1 — |sin |) dO = 2a? ["" (1 — sin@) d0 = 2a? (% — 1) 
Thus A(S) = 4a?(% — 1) = 2a?(m — 2). 
Notes 
(1) 


Perhaps working in spherical coordinates is the most obvious approach here. However, you must be careful 
in setting up D. 


(2) 


In the alternate solution, you can avoid having to use |sin 0| by working in the first octant and then 


multiplying by 4. However, if you set up S1 as above and arrived at A(S1) = a7, you now see your error. 


16.7 Surface Integrals 


1. The box is a cube where each face has surface area 4. The centers of the faces are ( 
face we take the point 


+1, 0,0), (0, 41,0), (0,0, +1). For each 
to be the center of the face and f(x, y, z) = cos(x + 2y + 32), so by Definition 1 


SJs F(a, y, 2) dS % [f(1,0,0)](4) + [F(—1, 0, 0)](4) + [F(0, 1, 0)](4) 


+ [f(0, -1,0)](4) + [F(0, 0, 1)](4) + [F(, 0, -1)](4) 


= 4 [cos 1 + cos(—1) + cos 2 + cos(—2) + cos 3 + cos(—3)] % —6.93 


3. We can use the xz- and yz-planes to divide H into four patches of equal size, each with surface area equal to = the surface 


area of a sphere with radius /50, so AS = 


T 


1(4)r(V50)” = 25m. Then (- 


and using a Riemann sum as in Definition 1, we have 


Sir F@ y 2 


3,4 


+4, 5) are sample points in the four patches, 


)dS = f(3,4,5) AS + f(3, —4,5) AS + f(—3, 4,5) AS + f(—3, —4,5) AS 
=(7+84+9+4 12)(25r) = 900m & 2827 


buji+(u—v)j+(1t+2utv)k0<u<2,0<v< land 


Pu X fy = (i+ j+2k) x (i-j+k) =3i+j-2k 


lru X rol = \/3? + 12 + (—2)? = V14. Then by Formula 2, 


Sfpatyt+z)dS= ffi (u by 


tu-v+142u+v) |ru x ro| dA= fo f'(4utu+1)-Viddudv 
= V14 f} [2u? + wv tu] "26 dv = V14 f> (2v + 10) dv = V14 [v? + 100] 5 = 11 V4 


7. r(u,v) = (ucosv,usinv,v), OS u<1, O<v< mand 
ry X fy = (cosv,sinv,0) x (—usinv, ucosv, 1) = (sinv,—cosv,u) => 
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lu X ro| = /sin? v + cos? v + u? = Vu? + 1. Then 
Sfsy dS = [fp (usin v) |ru x ro dA= f. Je (usin v)- Vu? F1dvdu = > uV/u? +1 du ft sinv dv 


= [3(u? +19)" [—cosv]q = 1(29/? — 1) .2 = 2(2/2-1) 


9 2=1+2x7-+ 3y so se =2 and — ie ras Then by Formula 4, 


fg 2?yzdS = [LewV(e (F) (F) pastas iy 7 ay(1 + 2a + 3y) VE+94 1 dydx 


= V14 Jp fo (2?y + 20°y + 827y") dy dx = V14 fp [527y? + 2°y? + 27y]25 dex 


= V14 [) (10x? + 40°) dx = /14 [a* + 24]) = 171 V4 


11. An equation of the plane through the points (1,0, 0), (0, —2,0), and (0,0, 4) is da — 2y + z = 4, so S is the region in the 


plane z = 4 — 4x + 2y over D = {(z,y) |O< a <1, 2a —2 < y< O}. Thus by Formula 4, 


We rd = ffx V/(-4)? + (2)? +1dA = VRS toe dude Sa 21 fil ry\y Zee 
= /21 f) (-22? + 2x) dx = V21 | 243 4 77)" = /21 ( 241)=-@ 


0 


13. Using y and z as parameters, we have r(y, z) = (y2 + 2?)it+yj+zk, y? +2? <1. Then 


ry X rz = (2yi+j) x (22i+k) =i- 2yj— 2zk and |ry x rz| = \/1 4+ 4y? + 42? = 14+ 4(y? + 22). Thus 
fle2as = 2/1 +4(y? + 22) dA = aa (r sin 0)? 1 + 4r? r dr dO 


ocile, 


= o sin? 6d0 for 3/1 + 4r? dr [let u = 1+ 4r? => r? = 4(u—1)andrdr = 2du| 
: 2n 75 5 
= [59 — ¢sin26] 0° SP g(u-l)Vu-fdu=n- a5 f; (u3/? — u}/?) du = dyn | Bu? — 2u9/?] 


= dor [3(5)%/? — 265)9? — 2 + 3] = ha(B 5+ $) = apt (25V5 +1) 
15. Using x and z as parameters, we have r(x, z) = i+ (a7 +4z)j+zk, 0<2<1,0<2z<1. Then 
ry Xr, = (i+ 2xj) x (4j +k) = 2xai-—j+4k and |r, x r,| = /40? +1+16 = 402 + 17. Thus 


1 
JfgedS = fp [j oVBE TTT de de = f} oF + de = [2 3(40 + 17)%/?] 


0 


= $21? —17°/*) = & (21v2 - VT?) = Va BIT 


17. Using spherical coordinates to parametrize the sphere we have r(¢, 0) = 2sindcos @i+ 2sin dsin 0 j + 2cos ¢k and 
|rs X ro| = 4sin ¢ (see Example 16.6.10). Here S is the portion of the sphere corresponding to 0 < ¢ < 7/2, so 


Sfj(a?z + y?2) dS = f(a? +y?)zdS = sae dike (Asin? $)(2 cos ¢)(4sin ¢) dd dO 


n/2 


Saf," ee sin? $ cos $ dd = 32 (2m) [}sin* 4]°/° = 16m(1 — 0) = 16x 


Copyright 2016 Cengage Learning. All Rights Reserved. May not be copied, scanned, or duplicated, in whole or in part. Due to electronic rights, some third party content may be suppressed from the eBook and/or eChapter(s). 
Editorial review has deemed that any suppressed content does not materially affect the overall learning experience. Cengage Learning reserves the right to remove additional content at any time if subsequent rights restrictions require it. 


SECTION 16.7. SURFACE INTEGRALS 331 


19. Here S consists of three surfaces: $1, the lateral surface of the cylinder; $2, the front formed by the plane x + y = 5; 
and the back, $3, in the plane x = 0. 
On Sj: the surface is given by r(u,v) = ui+ 3cosuj+3sinvk,0 <u <2a,and0<a4<5-y => 
0<u<5-—3cosv. Thenr, x ry = —3cosvj — 3sinuk and |r, x ry| = V9 cos? v + 9sin? v = 3, so 
fe xzdS = pies ee u(3sin v)(3) dudv =9 f°" [su ay ure $08” gin v du 


u=0 


2 


— >" (5 — 3cosv)? sinv dv = al (5 — 3cosv)*] 0" =0. 


2 
) 9 


On So: r(y,z) = (5—y)ityj+zkand |r, x r.| = |it+j] = V2, where y? + 2? < 9 and 


Sf s, 22 dS = ff (5—y)zV2dA = V2 f°" [? (5 — rcos@)(rsin 8) r dr dO 


y2+22<9 


= V2 fe" fe ( 5r? — r3 cos 6)(sin 0) dr dO = V2 f" [3r? — $r* cos6]"— 5 sin 0 dd 


27 2 Q7 
= V2 fF (45 -— 2 1 cos) sind dd = V2 (4) - 4(45 cos) | =0 
On $3: =0s0 ff, zdS =0. Hence ff,rzdS =0+0+0=0. 


21. From Exercise 5, r(u,v) = (u+v)i+(u—v)j+(1+2u+v)k,0<u<2,0<vu<landr, x r, =3i+j-—2k. 
Then 
F(r(u,v)) = (1 + 2ut vjetF—) § — 3(1 + Qu t+ vyeMtM—Y) 54 (Ut v)(u—v)k 


= (1+2u+ wen? 4 i— 3(1+ 2u+ v)e™ ts | + (uw? —v?)k 
Because the z-component of r,, x r, is negative we use —(r,, X r,) in Formula 9 for the upward orientation: 
SIs P48 = ff P+ (-(tu x tv) dA = fo fy [-3(. + 2ut ve” + 3(1 + 2u+ vet” + 2(u? = v)] dudv 
rf le 2 uw? — v7 )dudv = 2 > [$u3 — uv?) "> 5 dv =2 fo (3 - 2v*) du 


= 2 [fv — $09], =2(§ — 3) =4 


23. F(x, y,z) =vyit+ yzj+zak, z = g(a, y) = 4-2? — y’, and D is the square [0, 1] x [0, 1], so by Equation 10 


SfgF-dS= ffp[-2y(-22) — yz(—2y) + za] dA = Jy fo [2a?y + 2y?(4 — 2? — y?) + a(4 — 2? — y?)| dy dx 


4 
+ Ary — ay sty" | ~9 dx 


= 1,2, 11 3 | 34 _ 71,3, 11,2 1,4, 34,71 _ 713 
= fo (32° + Fa x + 3) dz [pe + ee qe + Hz], T80 


25. F(x, y,z) = i+ yj+2*k, and using spherical coordinates, $ is given by x = sing cos 6, y = sin@sin9#, z = cos¢, 


0<0<27,0<¢<7. F(r(¢,6)) = (singcos6) i+ (singsin 6) j + (cos? ¢) k and, from Example 4, 


rg X re = sin? ¢cosOi+sin? dsindj +sindcos¢k. Thus 


F(r(¢,0)) - (tg X re) = sin® cos? 6 + sin® ¢sin? 6 + sind cos? ¢ = sin? d + sin ¢cos® ¢ 


[continued] 
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and 


fe F-dS= Sp [F(r(¢, @)) - (ve X re)] dA = sa Jo (sin? ¢+sin dcos? ¢) d¢ do 
= — dé A ease — cos” ¢ + cos* ¢) sin ¢d¢d = (27) [- cos @ + 3 cos® ¢ — + cos* CA 


=2n (1 3 +41 3+ 4) =3a 


27. Let S; be the paraboloid y = x? + 27,0 < y < land Sp the disk 2? + z? <1, y = 1. Since 9 is a closed 
surface, we use the outward orientation. 


On $1: F(r(a, z)) = (x? + 27)j-—zkandr, x r, = 2xi—j+ 2zk (since the j-component must be negative on $;). Then 


Sfs, F dS = Sf [-(@? +2) -22?)dA=—- ot fo (r? + 2r? sin? 0) r dr dO 


a2+22<1 
Safa 5 r3(1 + 2sin? 6) dr do = — 3" (1+ 1 — cos 20) do fore dr 
=— [26 — 1 sin 20]°" [2r4]) =-4n-bo-—n 


On S2: F(r(x, z)) =j—zkandr. xre=j. Then ff, F-dS= ff (1)dA=z. 


v2+22<1 


Hence ff, F-dS =-1+7=0. 


29. Here S consists of the six faces of the cube as labeled in the figure. On $1: 
F =i+2yj+3zk,r, xr, =iand ff, F-dS =f", f°, dydz=4 
So: F = 2it2j+3zk,r, x re =jand ff, F-dS= f°, f°, 2drdz =8; 


Sg: F = i+ Qyjt+3k,re x ry =kand ff, F-dS = fi, f°, 3dedy = 12; 


Sa: F = -i+ 2yj+3zk,r. x ry = —iand ff, F-dS = 4; 


Ss: F=avi-2j+3zkr. xr, =—Jjand ff, F-dS = 8; 

Se: F = cit Qyj—3k,ry x rp =—kand ff, F-dS = f*, f°, 3dedy = 12. 
6 

Hence ff, F-dS = 3° ff, F-dS = 48. 
a Nae 


31. Here S' consists of four surfaces: 91, the top surface (a portion of the circular cylinder y? + z” = 1); S2, the bottom surface 


(a portion of the xy-plane); 53, the front half-disk in the plane « = 2, and S14, the back half-disk in the plane x = 0. 


On Sj: The surface is z = ,/1 — y? for0 < x < 2, -1 < y < 1 with upward orientation, so 


[Les-[[. [20 ( clone | +2 


y=l1 
= fo |[-vI-v +30 -v)? +y- by] de = fo $de = 8 


On S»2: The surface is z = 0 with downward orientation, so 


SIs F.d8 =o i, (—2*) dy dx = SE des (0) dy da = 0 
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On $3: The surface is 7 = 2 for-—lL<y<1O0<z< J1— y?, oriented in the positive x-direction. Regarding y and z as 
parameters, we have r, xX rz = iand 
Ife, F- dS =J2, [MY 2? dz dy = f2, [VY 4dz dy = 4A (Ss) =2 
On $4: The surface is x = 0 for-—lL<y<1O<z< J1—y, oriented in the negative x-direction. Regarding y and z as 
parameters, we use — (ry X rz) = —iand 
Sle, F dS =f, [MO" a8 dzdy = ft, [MO (0) azdy =0 
Thus ff, F-dS =3+0+27+0=2n+ &. 
33.2 =ae¥ => Oz/Ox =e”, Oz/Oy = xe", so by Formula 4, a CAS gives 
Sfg(a? +y? + 27) dS = Soo (@? ty? + 07 67¥) Jey + x2e27 + 1 dax dy & 4.5822. 


35. We use Formula 4 with z = 3 — 2a? — 7? 0z/Ox = —4x, 0z/Oy = —2y. The boundaries of the region 


3 — 2a? — y? > Oare -,/3 <a< V3 and —\/3 — 2x2 < y < \/3 — 22?, so we use a CAS (with precision reduced to 


seven or fewer digits; otherwise the calculation may take a long time) to calculate 
22,2 Vea 28 2,2 2 22 
ay 2 dS = ‘ee uy (3 — 2a* — y~) 16x? + 4y? + 1 dy dx © 3.4895 
// -—V3- Qa? 


37. If S is given by y = h(a, z), then S is also the level surface f(x, y,z) = y — h(a, z) = 0. 


n= RAM a Ziel aliok: and —n is the unit normal that points to the left. Now we proceed as in the 


IV f(x,y, 2)| Vh2 +142 


derivation of (10), using Formula 4 to evaluate 


Oh, .. Oh 


[[pas [[-e-nas= ff (rivei+ nw Taya (B+ Bye 
0 O 


where D is the projection of S onto the xz-plane. Therefore If F-dS= If ( on —-Q+R 4 dA. 
s D 


39. m = ff, KdS = K - 4x(3a”) = 20a’K; by symmetry M,. = My. = 0, and 
= pek as = K 2" pac (acos ¢)(a? sin ¢) dé dé = 2nKa® [-4 cos 26] ae = 7Ka’. 
Hence (£, 9, Z) = (0,0, $a). 

M1. (a) Ie = ff g(a” + y")o(a, y, 2) dS 


1. =f? +y)(10- Ve FP) ds= ff (@ +4")(10- Ve FP) V2aA 


1<a2+y?2<16 


of V2 (10r® — 14) dr db = 2 V2 n( Sige) = “G22 
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43. The rate of flow through the cylinder is the flux ff, pv- ndS = [f, pv - dS. We use the parametric representation 


r(u,v) = 2cosui+2sinuj+vk for S, where 0 < u < 27,0<u<1,sor, = —2sinui-+ 2cosuj, ry =k, and the 


outward orientation is given by r, X ry = 2cosui+ 2sinuj. Then 
Sfgev: dS = pie de (vi+4sin? uj + 4cos? wk) - (2cosui+ 2sin uj) du du 
=p he (2v cosu + 8sin® u) dv du = pi (cos u + 8sin® u) du 


= p|sinu + 8(—$) (2+ sin? u) cos.ul 5” = 0kg/s 


45. S consists of the hemisphere S; given by z = Ja? — x? — y? and the disk $5 given by 0 < a? +y? < a?,z=0. 
On S}: E = asing cosdi+ asindg sindj + 2acos ¢k, 
Ts X Te =a’ sin? ¢ cos@i+ a’ sin? ¢ sin Oj + a? sing cos dk. Thus 
Ss, E- dS = ie saa (a? sin? + 2a3 sin ¢ cos” ¢) dd dO 
n/2 


= A i (a? sin ¢ + a? sin ¢ cos” ¢) dd dé = (27)a 3(1+ 4) = ina 


On So: E=xi+yj,andry x rz =—kso ff, E-dS =0. Hence the total charge is q = €0 ff, E- dS = Srareo. 


47. KVu = 6.5(4yj + 4zk). Sis given by r(x, 0) = i+ V6 cos6j+ V6 sin@k and since we want the inward heat flow, we 


use rz X re = —V6 cosOj — V6 sin@k. Then the rate of heat flow inward is given by 


Ss (-K Vu) dS = fe" f° —(6.5)(—24) dx dO = (2m)(156)(4) = 12487. 


49. Let S be a sphere of radius a centered at the origin. Then |r| = a and F(r) = cr/|r|* = (c/a®) (wit yj+zk).A 
parametric representation for S is r(¢,0) = asing cosdi+asing sindj +acos¢k,0<¢<7,0 <0 < 2m. Then 
rg = acos¢ cos#i+acos¢ sin#j—asingk, rg = —asing sind i+ asin ¢ cos @j, and the outward orientation is given 
by rg X re = a’ sin? ¢ cosOi+ a’ sin? ¢ sin@j + a? sing cos dk. The flux of F across Sis 
Sf,F- d= fT ie < (asin ¢ cos0i+ asin¢g sin@j+acos¢k) 
Di oi8 1-2. : 9.3.9 . a 2: 
: (a sin’ ¢ cosdi-+ a’ sin* ¢ sin6j+a* sing cos ¢k) dé dd 
a a eae ra (sin® ¢ + sin ¢ cos? ¢) dO dd = ef. re sin ¢ dO dé = 4rc 


Thus the flux does not depend on the radius a. 


16.8 Stokes' Theorem 


1. Both H and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve x? + y? = 4, 
z = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the hypotheses of Stokes’ 


Theorem, so by (3) we know ff, curlF -dS = [., F- dr = [f,, curl F - dS (where C is the boundary curve). 
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3. The boundary curve C' is the circle x” + z* = 16, y = 0 where the hemisphere intersects the xz-plane. The curve should be 


oriented in the counterclockwise direction when viewed from the right (from the positive y-axis), so a vector equation of C’ is 


r(t) = 4cos(—t) i+ 4sin(—t) k = 4costi-— 4sintk, 0 < t < 27. Thenr’(t) = —4sinti— 4costk and 
F(r(t)) = (—4sint)e° i + (4cos t)(cos 0) j + (4cost)(—4sin t)(sin0) k = —4sinti+ 4costj, and by Stokes’ Theorem, 
ff,culF-dS= f[,F-dr= a F(r(¢)) -r/(t) dt = at (- 4sinti+ 4costj) - (—4sinti— 4costk) dt 


» *(16sin? t + 0 +0) dt = 16[4t — ba 2t]5° = 167 


5. Cis the square in the plane z = —1. Rather than evaluating a line integral around C' we can use Equation 3: 


Sf. g, curLE dS = foF dr = ff. sy Curl F - dS where Sj is the original cube without the bottom and 2 is the bottom face 


of the cube. curl F = x? zi+ (xy — 2xyz)j+ (y — vz) k. For $2, we choose n = k so that C has the same orientation for 


both surfaces. Then curl F-n = y — az = x+y 0n So, where z = —1. Thus Shc curlF - dS = fer fi@ +y)dxdy =0 


so ffs, curl F - dS = 0. 


7. curl F = —2zi-— 2xj — 2yk and we take the surface S to be the planar region enclosed by C, so S is the portion of the plane 


xtyt+z=loverD= {(z,y)|0<2<10<y< 1-2}. Since C is oriented counterclockwise, we orient S upward. 


Using Equation 16.7.10, we have z = g(x,y) =1—a-—y, P= —2z,Q = —22, R = —2y, and 


ae aa (—22)(-1) — (2«)(—1) + (—2y)] 4A 


Sif 2) dydz = 2fo( x)dz=—1 


9. curl F = —yi— zj — xk and we take S to be the part of the paraboloid z = 1 — x? — y? in the first octant. Since C is 


oriented counterclockwise (from above), we orient S' upward. Then using Equation 16.7.10 with z = g(x,y) =1—2?—y? 
we have 
SoF-ar= ff, curlF - dS = ff, [-(—y)(—22) — (—z)(—2y) + (-2)] dA = ff, [-2ay — 2y(1 - 2? —y?) — 2] dA 
[eG i. [—2(r cos @)(r sin 0) — 2(r sin 9) (1 — r?)— r cos 6] r dr dé 
io ‘ fi l- 2r* sin 6 cos @ — 2(r? — r*) sin @ — r? cos 6] dr dO 
spite sr“ sin @ cos@ — 2 (4r° — Zr°) sin — gr ° cos 6)" x * dO 
= ae (—$sin@cos@ — 4 sin# — 3 cos 0) dé = |-4 ri sin? 0+ 4 cosO — } 1 sing]? 
1 4 1 17 
4 15° 3 20 


11. (a) The curve of intersection is an ellipse in the plane x + y + z = 1 with unit normal n = A (i+j+hk), 


curl F = 2? j + y’k, and curlF -n = Ale” +y?). Then 


§oF dr = ffs F(z? +9’) dS = fhe, yr<g (2? +9") dx dy = ta 3 dr dO = 2n( 8) = it 
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13. 


15. 


17. 


19. 
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(b) (c) One possible parametrization is x = 3cost, y = 3sint, 
z=1-3cost—3sint,0 <t< 27. 
= 4 
B 5 
0 
a2 
2 
—2 ; 0 >) 3 0 x 
The boundary curve C is the circle x” + y? = 16, z = 4 oriented in the clockwise direction as viewed from above (since S is 


oriented downward). We can parametrize C' by r(t) = 4costi— 4sintj+4k, 0 < t < 2z, and then 


r’(t) = —4sinti—4costj. Thus F(r(t)) = 4sinti+4costj—2k, F(r(t)) -r’(t) = —16sin? t — 16 cos” t = —16, and 


§.F + dr = f°" F(r(t)) - r/(t) dt = J" (—16) dt = —16 (2m) = —32n 


Now curl F = 2k, and the projection D of S on the xy-plane is the disk x? + y? < 16, so by Equation 16.7.10 with 


z= g(x,y) = /x? + y? [and multiplying by —1 for the downward orientation] we have 


Jf,culF - dS = — ff,,(-0 -0+2)dA = —-2- A(D) = —2- (4?) = —32n 


The boundary curve C is the circle x? + z? = 1, y = 0 oriented in the counterclockwise direction as viewed from the positive 
y-axis. Then C' can be described by r(t) = costi—sintk, 0 < t < 2m, and r’(t) = —sinti—costk. Thus 

F(r(t)) = —sintj + costk, F(r(t)) - r’ (t) = — cos’ t, and ¢., F- dr = at (— cos” t) dt = —4t — 4 sin 2t] a =—T. 
Now curl F = —i— j —k, and S can be parametrized (see Example 16.6.10) by 

r(¢,0) = sing cos0i+ sing sindj +cos¢k,0<0<72,0< 6 <7. Then 

rg X re = sin’ ¢ cosfi+sin? d sindj+sind cos dk and 


JfjcwlF-dS= ff curlF- (rg x re)dA= f [7 (—sin? ¢ cos 0 — sin? ¢ sin @ — sin¢ cos ¢) dO dé 


w2+22<1 
= [J (-2sin? ¢ — msin ¢ cos ¢) dé = [4 sin2¢ — $ — & sin? 6 =-1T 
It is easier to use Stokes’ Theorem than to compute the work directly. Let S be the planar region enclosed by the path of the 
particle, so S is the portion of the plane z = hy for0 <x <1,0< y < 2, with upward orientation. 
curl F = 8yi+ 2zj+ 2yk and 
g.F -dr= ff, curlF -dS = ff, [-8y (0) — 2z (4) + 2y] dA = fof? (2y — 4y) dy dx 


= if Se 3y dy da = ie [397] oo dz = is 3dxz = 3 


y 
Assume S is centered at the origin with radius a and let H, and Hy be the upper and lower hemispheres, respectively, of S. 


Then ff, curl F - dS = ee curl F - dS + es curlF - dS = $0,F -dr+ $o,F - dr by Stokes’ Theorem. But C; is the 


circle x? + y? = a? oriented in the counterclockwise direction while C2 is the same circle oriented in the clockwise direction. 


Hence $0,F -dr= —$o,F - dr so te curl F - dS = 0 as desired. 
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16.9 The Divergence Theorem 


1. divF =3+2+4+ 22 =3+32,s80 
Sff_divFdv = i a fe (3a + 3) dx dy dz = & (notice the triple integral is 
three times the volume of the cube plus three times %). 


To compute ['{, F - dS, on 


Si: n=i,F =3it+yjt+2zkand ff, F-dS = ff, 3d5 =3; 
So: F = 3ri+aj+2ezk,n=jand ff, F-dS = ff, rdS = 5; 
S3: F = 3ci+cyj+2ck,n=kand ff, F-dS = ff, 2xdS =1, 
Sa: F=0, ff,,F-dS =0; Ss: F = 3ri+2¢k,n =—jand ff, F-dS = JJ, 0dS = 0; 
Se: F = 3ci+ayj,n=—kand ff, F-dS = ff, 0dS = 0. Thus ff, F -dS = 5 


3. divF =0+1+0=1,s0 fff, divF dV = fff,1dV = V(E) = 4 4B — 286 7, 
S is a sphere of radius 4 centered at the origin which can be parametrized by r(¢, 0) = (4sin dcos 0,4 sin ¢ sin 0, 4 cos ¢), 
0<¢<7,0 <0 < 2z (similar to Example 16.6.10). Then 
rg X re = (4cos dcos 6, 4cos dsin 8, —4sin ¢) x (—4sin dsin 8, 4sin ¢ cos 8, 0) 
= (16 sin? ¢cos 6, 16sin” ¢sin 0, 16 cos d sin a) 
and F(r(¢,6)) = (4cos¢, 4sin dsin 6, 4sin ¢ cos @). Thus 
F. (rg x re) = 64 cos dsin? dcos6 + 64sin® dsin? 6 + 64 cos dsin? bcos 6 = 128 cos Psin? ¢cos 6 + 64sin® sin? 6 


and 
Sf,F-dS = ff, F- (re x re)dA= de Jc (128 cos ¢ sin $ cos 6 + 64sin® ¢ sin? 0) dd dO 


= a [25 sin® cos 6 + 64 (3 cos® @ — cos ¢) sin? lve EG ae 
= Jo" 732 sin? 6.d0 = 258 [30 — 3 sin 26]0” = 26a 


5. divF = Z(xye”) + S(ay?z*) + %(—ye*) = ye* + 2xyz® — ye* = 2xyz?, so by the Divergence Theorem, 
SJgF-dS= fff, divFdv = fo fP fo 2ayz3 dedydx =2f> ada fo ydy f. 2° dz 
3 2 1 
= 2[527]0 [a97]o [a2“]0 =2 (5) 2) (4) =3 
7. div F = 3y” + 0 + 3z?, so using cylindrical coordinates with y = r cos 0, z = r sin, « = x we have 
SfsF- dS = fff ,(3y? + 327) dv = tee cf fe (3r? cos? 6 + 3r? sin? 0) r dx dr dO 
= ae do le r? dr tie dz = 3 [9], Ae [2r4], [z]?, = 3(27)($)(3) = ¥ 


9. div F = e” + (—e”) + 0 = 0, so by the Divergence Theorem, ff, F-dS =[f,,0dV =0. 


11. div F = 6x? + 3y? + 3y? = 62? + 6y so 
SfgF dS = Sf, 6(a? +2) dV = f2" [2 [2-" Gr? -rdzdrdo = 2" [2 Gr9(1 — r?) dr do 


- ae do Jo (Gr? — 6r°) dr = [9]3" [3r* ae = In (2-1) =n 
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13. F(z,y,2) =c/er2t+yt+ 2ityVet+yt+2j+2/22+y? + 22k, so 
divF=x- 1 (a? +y? + 27)-/2(22) + (a? ci y? +2)" +y- 1(2? LL y a 27)~1/2 (2) 7 (x? sii y" dp. eye 
+. d(a? ah y fe 27)-1/2(92) a (x? wis y" 2 Zhe 
= (2? ae [2? + (2? +y? +27 )4+yV 4 (ety 42)t274(e? +y? +27) 
2 2 2 
= Ae ty te) = 4y/x? + y? + 2?. 


(x? + y? + 2? 
n/2 p2r pl 
Then [[¥-4 = | [[averrrew =f / i 4y/p? - p’ sind dp dO dod 
s E 0 0 0 


= [5"sin gc [2° a8 [2 40% dp = [- cos!" "Th, = (1) x) ) = 2s 


15, [Jy P-dS = [Jf VF= PWV = J", [2 fg" VIM W de dy de = HH V2 + Hsin (8) 


17. For Si we have n = —k, so F-n = F- (—k) = —2?z— y? = —y? (since z = 0 on $1). So if D is the unit disk, we get 


Sfg, F dS = ffg, Fonds = ffp( 2\dA= re i r? (sin? 0) r dr d0 = —47. Now since S2 is closed, we can use 
the Divergence Theorem. Since div F = Zz (27a) + = (4y° + tan z) + Z (a? z+y") = 2? +y? + 2”, we use spherical 
coordinates to get ite F-dS= fff,divFdV = i HG pee p’ sin ddp ddd = 2r. Finally 


SSF -dS = ff, F-dS— ff, F dS = 30 — (—32) = 3 r. 


19. The vectors that end near P, are longer than the vectors that start near P;, so the net flow is inward near P; and div F(P,) is 
negative. The vectors that end near P2 are shorter than the vectors that start near P2, so the net flow is outward near Pz and 


div F(P2) is positive. 


21. P 5 ae, From the graph it appears that for points above the x-axis, vectors starting near a 
ANNA TT 
iain ee particular point are longer than vectors ending there, so divergence is positive. 
as a Ce ey a or 
an oh tees ° The opposite is true at points below the x-axis, where divergence is negative. 
5 5 
Stee teal ea F (2, y) = (ay,2+y’) divF = 2 (ay) + 2 (e+ y*) =y + 2y = 3y. 
am wr er tle VP RRA 
Azer Patty AR® Thus div F > 0 for y > 0, and div F < 0 for y < 0. 
ZAP PTAANAN 
—5 
: vityj+zk 0 x (y? gy? ig?) 8g? : 
23. S = = th I 
ince x? @ ty +e eP and = @typp+ eae G+ y+ with similar expressions 


or Z y and = 2 we have 
Oy \ (a? +a? + 22)3/? Oz \ (a? + y? + 22)3/72 


Be) Oy dye Vapi Boe) Be 
aiv( )-% +y? + 2°) — 3(a* +y* +27) 
x 


= 0, except at (0, 0,0) where it is undefined. 
(a? + y? =pega\ ale ( ) 


25. ff,a-ndS = fff ,,divadV =0 since diva = 0. 
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27. ff, curlF - dS = fff, div(curl F) dV = 0 by Theorem 16.5.11. 


29. [fs(fVg)- nds = fff, div(fVg) dV = fff ,(fV?9 + Vg: Vf) dV by Exercise 16.5.25. 


31. Ife = c1 i+ coj +3 k is an arbitrary constant vector, we define F = fe = fo:i+ fc2j + fc3k. Then 


div F = div fe = or a+ a co + ar c3 = Vf - cand the Divergence Theorem says [{,F-dS = f{f,divFdV = 


Si,F- nds = fff, Vf-cdvV. In particular, if c = ithen ff, fi-ndS = fff, Vf-idV = 


I fm as = [f Of av (where n = n1 i+ n2j +73k). Similarly, ite=jwehave // fngas = [f oF av, 
s p OX s p Oy 
: of 
and c = k gives fn3 dS = — dV. Then 
S E Oz 


[fs im dS = (ffy fra d8)i+ (ffs Anz dS) 5+ (ffs Fra dS) k 


er am Po eee aon) 


= fff _,VfaV as desired. 


16 Review 
TRUE-FALSE QUIZ 


1. False; div F is a scalar field. 

3. True, by Theorem 16.5.3 and the fact that div 0 = 0. 

5. False. See Exercise 16.3.35. (But the assertion is true if D is simply-connected; see Theorem 16.3.6.) 
7. False. For example, div(y i) = 0 = div(xj) but yi F aj. 

9. True. See Exercise 16.5.24. 


11. True. Apply the Divergence Theorem and use the fact that div F = 0. 


13. False. By Equations 16.4.5, the area is given by —$o ydx or $c x dy. 


EXERCISES 
1. (a) Vectors starting on C' point in roughly the direction opposite to C’, so the tangential component F - T is negative. 
Thus f., F- dr = [., F- Tds is negative. 


(b) The vectors that end near P are shorter than the vectors that start near P, so the net flow is outward near P and 


div F(P) is positive. 


3. fo yzcosads = fy (3cost) (3sint) cost \/(1)? + (—3sint)? + (3 cost)? dt = Jo (Qcos? t sint)V/10 dt 
= 9/10 (—4 cos* t)]> = —3 V10 (—2) = 6 V/10 
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5. foyidx+a%dy = f*, [y?(—2y) + (1 —y*)?] dy = f2,(—y4 — 2y? + 1) dy 


_ 1 2 4 
= (Seta byl See gh eee 


7. C: © =1+2t dx = 2 dt, y = 4t dy = 4dt, z 14+3t => dz=3dt,0<t<l1. 


Jo wy de + y? dy + yzdz = f2((L + 20) (4t)(2) + (48)2(4) + (48)(-1 + 38)(3)] at 


= fo (116? — 4t) dt = [4843 — 247] = US —2 = Ue 


9, F(r(t)) =e i+ ?(-t)j+( +#)k, v(t) = 2ti4 30? j —k and 


—fi 7 5 2 3 - = 1,6 143 14471 1_4 
JoF dr = fy (2te~* — 3t° — (#? + t°)) dt = [-2te* — 2e~* — $48 — 54° — 9t4]) = BH - 4. 


11. 2 [(1 + vy)e*¥] = 2we™ + a? ye™Y = 2 [e¥ + x? e*] and the domain of F is R’, so F is conservative. Thus there 


exists a function f such that F = Vf. Then fy(x, y) = e” +.27e" implies f(x,y) = e” + xe¥ + g(x) and then 


f(x,y) = wye™™ + e®” + g'(x) = (1+ aye” + g(x). But fr(w, y) = (1+ zy)e””, so g'(x) =0 = g(x) =K. 


Thus f(x,y) = e¥ + xe*¥ + K is a potential function for F. 


13. Since z (40° y? — 2ay*) = 8a°y — bry? = Zz (2Qa4y — 3a?y? + 4y*) and the domain of F is R?, F is conservative. 


Furthermore f(x,y) = x+y? — xy? + y’ is a potential function for F. t = 0 corresponds to the point (0,1) andt = 1 


corresponds to (1,1), so f,, F- dr = f(1,1) — f(0,1) =1-—1=0. 


145. Ci: r(t) = ti+¢?j,-1<t <1; 
Co: r(t) = -ti+j,-l<t<1. 
Then 
fo ay? dx — x? ydy = f*,(t° — 26°) dt + 7, tdt 


=[-3)_.+G),=0 


Using Green’s Theorem, we have 


1 


1 
i zy” dx — x*y dy = If E (—ay) Z av’) dA = a (—2xry — 2ry) dA -| / —Axy dy dx 
C D y D -1J2? 


= ia [—2ay?]¥o? dx = fie (20° — 2x) dx = [42° ral a =0 


17. [o2’ydx—aydy= ff E (—ay?) — a (x?y)| dA= ff (-y-2#)dA=- Ey ; r? dr d0 = —8r 


a2 4+y2<4 ar +y2<4 
19. If we assume there is such a vector field G, then div(curl G) = 2 + 3z — 2az. But div(curl F) = 0 for all vector fields F. 
Thus such a G cannot exist. 


21. For any piecewise-smooth simple closed plane curve C' bounding a region D, we can apply Green’s Theorem to 


F(x,y) = f(x)i+ g(y)j to get fo f(x) da + g(y) dy = Sfp E gy) — & f(2)] dA = Jf, 0dA=0. 
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2 2 
23. V? f = 0 means that a + aa = 0. Now if F = f,i-— fz j and C is any closed path in D, then applying Green’s 


Theorem, we get 
SoF-dr= fo, fyde — fe dy = ff, 2epH2a) aa 
=—Jf,(fer + fyy)dA =— ff, 0dA =0 


Therefore the line integral is independent of path, by Theorem 16.3.3. 
25. 2=f (x,y) = x? + 2y withO <2 <1,0<y< 2z. Thus 


1 
A(S) = [fp VIF 4a? F4dA = fp fo” VE Ea? dy dex = fo 2a VB Fa? dew = 3(5 + 40”)*/?] = 3 (27-5 V5). 


-) 


27. z= f(a,y) = 2? +y? withO < a? +y? <4sor, X ry = —2xi— 2yj+k. Then 


SfgzdS= ff (@? ty?) 40? + 4y? 41dA 


arty? <4 
= fe" fo T+ 4? dr do = 40 (391 VI7 + 1) 
(Substitute u = 1 + 4r? and use tables.) 
29. Since the sphere bounds a simple solid region, the Divergence Theorem applies and 
SIsF-dS= fff_divFdVv = fff ,p(2—-2)aV = fff ,2dV —2f ff, dV 


_~0 fi eee = Vina: 


and E is symmetric 


Alternate solution: F(r(¢,0)) = 4sin¢ cos @ cos gi — 4sin¢ sin6j + 6sin¢ cos 6k, 
rg X re = 4sin’ ¢ cosdi+ 4sin? ¢ sin Oj + 4sing cos ¢k, and 
F- (rg x re) = 16sin® ¢ cos” 0 cos ¢ — 16sin® ¢ sin? 6 + 24sin? ¢ cos ¢ cos 0. Then 
Sf ,F-dS= fe" fo (a6 sin® ¢ cos ¢ cos” 6 — 16 sin? ¢ sin? 6 + 24sin? ¢ cos ¢ cos) do dé 
= {2 4(-16sin? 6) do = —Sn 


31. Since curl F = 0, f'f,(curl F) - dS = 0. We parametrize C: r(t) = costi+sintj,0 <t < 2m and 


foF - dr = BC cos’ t sint + sin? t cost) dt = 4cos*¢+ 4 sin? ¢] z =0. 


33. The surface is givenbyx+y+z2=lorz=1—a-y,0<2¢<10<y<1-—aandr, xr, =i+j+k. Then 


fF -dr = ff,curlF- dS = ff,(-yi- zj— xk): (it+j+k)dA= ff, (-1) dA = —(area of D) = —5. 


35. [ff , divFdV = SSf 3dV = 3(volume of sphere) = 47. Then 


x2 + y24+22<1 
F(r(¢, )) - (rs X ro) = sin® ¢ cos? 6 + sin? ¢ sin? 0 + sin ¢ cos? ¢ = sin ¢ and 


JJsF dS = Jo" Jf sind dé do = (2n)(2) = an. 
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37. Because curl F = 0, F is conservative, so there exists a function f such that Vf = F. Then f(x, y, z) = 3a? yz — 3y 
implies f(x,y, 2) = #°yz —3ayt+g(y,z) => fy(x,y,2) = 232-32 + g,(y, z). But fy(a, y, z) = 222 — 32, so 
g(y, 2) = h(z) and f(a, y, z) = a? yz — 3ry + h(z). Then f. (2, y, 2) = 2° y + h’(z) but f. (2, y, z) = xy + 2z, 
so h(z) = z* + K and a potential function for F is f(x,y, z) = x®yz — 3ay + 2”. Hence 


JoF-de=J.Vf-dr = f(0,3,0) — f(0,0,2) =0-4=-4 
39. By the Divergence Theorem, ff, F-ndS = [ff ,,divF dV = 3(volume of E) = 3(8 — 1) = 21. 


41. Let F =a xr = (a1, 42,43) X (x,y,z) = (aoz — asy, 43% — a1z,a1y — a2x). Then curl F = (2a1, 2a2, 2a3) = 2a, 


and ff, 2a-dS = ff, curlF-dS = {.,F -dr = f.,(a x r) - dr by Stokes’ Theorem. 
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L] PROBLEMS PLUS 


1. Let S; be the portion of 2(S) between S(a) and S, and let 0S, be its boundary. Also let Sr, be the lateral surface of S; [that 


Vv: 


is, the surface of S; except S and S(a)]. Applying the Divergence Theorem we have | i 
Si 


OS, 


ii Se ee ee an ee 
re Ne Og 02 (a? + y2 + 22)9/?” (a2 4 y2 + 22)9/?? (02 + y? 4 22)7? 


— (@ +y? +2? — 3a?) + (a? +y? +2? — By?) + (2? +y? +2? — 327) 


= (x? + y2 + 22)5/2 = 0 


=> / i <= dS = if of i] OdV = 0. On the other hand, notice that for the surfaces of 0.5; other than S(a) and S, 
OS, Sy 


‘n=0 > 
ff page [fret lf. sass ff = aly oa [here Ih EP ds 
as, 7° s(a) 7 Sb s(ay 7 
If wpas=- ff nn ds. Notice that on S(a),r =a n * and r- r=r’ =a’,so 
gs Tr S(a) r yf a 


2 
is // eas ff tras ff aie -4 ff as igs BONG) (5) |. 
s(a) 7 S(a) @ S(a) 4 a" LIS(a) a 
Therefore |Q(S)| = / i at ds. 


3. The given line integral 3 f o (bz — cy) da + (cx — az) dy + (ay — ba) dz can be expressed as [-, F - dr if we define the vector 


field F by F(z, y,z) = Pit+ Qj+ Rk = 4(bz— cy)i+ 4(ca — az) j + 4(ay — bx) k. Then define S' to be the planar 


interior of C,, so S is an oriented, smooth surface. Stokes’ Theorem says [., F- dr = ff, curlF -dS = ff, curlF- ndS. 


Now 


curl F = ait Oe i+ OP .J0R jt+ 0Q _ OP k 
Ox Oy 


= ($a4+ $a)i+ ($b+ $b) jt+ ($e+ $e) k=ai+bj+ck=n 
so curl F -n=n-n= |n|* = 1, hence f{, curlF -ndS = ff, dS which is simply the surface area of S. Thus, 


JoF + dr = $ [,(bz — cy) dx + (cx — az) dy + (ay — ba) dz is the plane area enclosed by C. 


0 0 fe) : : 
5 (F V) G (ri Ba + Qi dy L Ry x) (P2 1+ QeojtRe k) 
P. P: 
= pe ss +a. Pa 2+ RS an ee p, 222 +52 + j 
Ox Oz Ox Oz 


OR. OR: OR: 
Pj +O a k 
Ox Oy Oz 


=(F-VP2)i+(F-VQ2)j+(F-VR2)k 
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Similarly, (G- V) F = (G- VP,)i + (G- VQi)j +(G- VRi)k. Then 
i j k 
F x curlG = Py Qi Ry 


OR2/dy — 0Q2/0z OP2/0z = OR2/0x 0Q2/dx = OP2/Oy 


a OP, . OPr .. ORs. OR a a OP\ . 
= (a Ge QF — Bes OB) i+ (SB - e -  ) 


“Ox Oz Ox Oy Oz Ox Oy 
| (P oe po oF +) 
and 
Then 
(F-V)G+F x curlG= (AZ +9 +o) +(aZ +202 + 2,22) 
+ (A +o +a) ke 


and 


a P. 
(G-V)F+G x culF = (m4 z +9252 +m )i+ (me + Qo + RoZH) j 


Ox 0. 0. 0 0 Oy 
OP; 0Q1 OR 
+(P Dz + Qe az + Fas )x 


Hence 


(F-V)G+FxculG+(G-V)F+G x cwlF 


= (nF + PZ) + (Qe +21) | (a Ferm) Ii 


Ox Ox Oy Ox Ox 
OP» OP; OQ2 0Q1 OR2 OR, : 
+ (AG AE) + (ae ea) + (ma eee) | 
OP» OP; OQ2 0Q1 OR2 OR, 
+|(A dz + PZ) + (QS +a) + (mE + mF) i 


= V(PiP2 + Q1Q2 + RiR2) = V(F-G). 
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17 L) SECOND-ORDER DIFFERENTIAL EQUATIONS 


17.1 Second-Order Linear Equations 


1. 


11. 


13. 


15. 


17. 


. The auxiliary equation is re—4r+13=0 > r= 4+ ¥—36 — 


The auxiliary equation is r? — r — 6 = 0 (r —3)(r+ 2) =0 r=3,r 2. Then by (8) the general solution 


isy= c1e?* + c9e7?*, 


. The auxiliary equation isr? +2=0 = r=+vV2i. Then by (11) the general solution is 


y= eo (c1 cos (22) +c2sin (V22)) = ¢1 Cos (V2 2) + co sin (V2 iE 


. The auxiliary equation is 4r? + 4r + 1 = 0 (2r +1)? =0 r= 3. Then by (10), the general solution is 
y = cae */? + cone */?, 
. The auxiliary equation is 3r? — 4r = r(3r — 4) =0 r=0,r 3, soy=C1 eo? + cet? /3 =at+ eget?/3, 


u 
rT 
y 
w 
jor) 
i) 


+ 3i, soy = e* (ci cos 3a + ce sin 3x). 


The auxiliary equation is 2r? + 2r —1=0 r =? = ie = v3 soy = cye(“1+V3)t/2 4 eg e(-1-Vv3)t/2, 
oe Sr ols —-4+/-2 : 
The auxiliary equation is 3r? + 4r + 3 = 0 r= 6 ae -3 ct wi, so 


V =e 7/8 [ex cos (41) +c2sin (40) ]. 


The auxiliary equation is r? + 2r+2=0 > eo 
g 
—24+/-4 Law 
Ce Sg —1-+ 1, so the general solution is é 
5 1 
y =e * (ci cosx + c2 sin). We graph the basic solutions 
f(z) =e-* cosa, g(x) = e~* sin x as well as =e 


y =e ” (—cosx — 2sina) and y =e” (2cosxz + 3sin2). All the solutions oscillate with amplitudes that become 


arbitrarily large as « —> —oo and the solutions are asymptotic to the x-axis as x — 00. 


r?4+3=0 => r=+vV3i and the general solution is 


y= eo [er cos (V3.2) +c2sin (V3.2) = c1 Cos (V3.2) +c2sin (V32). Then y(0) =1 => ci = Land, since 


y =—V3casin (V3.2) + /3 cz cos (V3.2), y(0)=3 => vVBa=3 c2 A 4/3, so the solution to the 


initial-value problem is y = cos(V3 @) +3 sin(V/3 s 
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19. 


21. 


23. 


25. 


27. 


29. 


31. 


33. 


CHAPTER 17 SECOND-ORDER DIFFERENTIAL EQUATIONS 


Or? +12r+4=(38r+2)?=0 > r= -3 and the general solution is y = cie~?"/? + cove~?*/9, Then y(0) =1 > 


ci = Land, since y! = —2cie~?*/? +c (1 — $2) e ?*/3y/(0) =0 = —2c1 +c2 = 0,80 c2 = 2 and the solution to 


the initial-value problem is y = pee ae 2 ge 22/8, 


r?—6r+10=0 = r=3+iand the general solution is y = e**(c1 cosa + ca sin x). Then 2 = y(0) = ci and 


3=y'(0) =co+3c1 = ce =—3and the solution to the initial-value problem is y = e2”(2.cos a — 3sin2). 
r?—r—12=(r—4)(r+3) =0 r=4r 3 and the general solution is y = cye*” + cye~3”. Then 

0=y(1) = cet + c2e7° and 1 = y (1) = Acye* — 3c2e7* so cy = te*, CQ= —te? and the solution to the initial-value 
problem is y = te *e** — te%e** = tetr4 — 2h 8, 


r?+16=0 = r=+4i and the general solution is y = c, cos 4x + co sin 4x. Then —3 = y(0) = c; and 


2 = y(7/8) = cg, so the solution of the boundary-value problem is y = —3cos 4x + 2sin 4x. 


re 4+4r+4=(r+2)?=0 => r=—2and the general solution is y = cie~?” + cove”. Then 2 = y(0) = ci and 


0 = y(1) = c1e~? + c2e~* so cg = —2, and the solution of the boundary-value problem is y = 2e~°” — 2ae7?*. 
rors r(r—1)=0 r = 0, r = 1 and the general solution is y = ci + coe”. Then 1 = y(0) = ci + c2 
e—2 1 : . e—2 e” 

and 2 = y(1) = c1 + c2€ so cy = —— Pe =S-T The solution of the boundary-value problem is y = aaa + mae 
r? + 4r + 20 =0 r = —2 + 4i and the general solution is y = e~?”(c1 cos 4x + co sin 4x). But 1 = y(0) = ci and 
2=y(r)=c1e?" = cy = 2e?", so there is no solution. 
(a) Case 1(A = 0): y” +Ay=0 = y” =0 which has an auxiliary equation r? = 0 r=0 y= + Con 

where y(0) = 0 and y(L) = 0. Thus, 0 = y(0) = cy; and 0 = y(L) = coL C1 = Co = 0. Thus y = 0. 

Case 2(X < 0): y” + Ay = O has auxiliary equation r? = —A r = +/—A [distinct and real since \ << 0] => 


y = c1eY>** + coe ¥—* where y(0) = 0 and y(L) = 0. Thus 0 = y(0) = cy + co (*) and 
0=y(L) = Bie + pe OE -H: 
Multiplying (*) by eV” and subtracting () gives c2 Cae - ern) =0 = cz =O0and thus c; = 0 from (*). 


Thus y = 0 for the cases \ = 0 and A < 0. 


(b) y’” + Ay = O has an auxiliary equationr? +A’ =0 => r=+i VA => Yy = C1 COS Vr« + co sin VX x where 
y(0) = Oand y(L) = 0. Thus, 0 = y(0) = c: and 0 = y(L) = cgsin VAL since c; = 0. Since we cannot have a trivial 
solution, co # 0 and thus sinVAL=0 => VAL =nwherenisaninteger => = n?r?/L? and 


y = c2sin(naa/L) where n is an integer. 
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35. (a) r? —2r +2=0 r = 1+7and the general solution is y = e” (c1 cosa + c2 sin x). If y(a) = cand y(b) = d then 
e* (c1cosa+cesina)=c => cicosat+ce2sina = ce “ and e? (c1cosb+c2sinb)=d > 


c1 cosb + cz sinb = de~”. This gives a linear system in c; and cz which has a unique solution if the lines are not parallel. 


If the lines are not vertical or horizontal, we have parallel lines if cosa = k cos band sina = k sin b for some nonzero 


cos a sina sina sin b : 
constant / or =k=— => — =— > tana=tanb b—a=nz, nany integer. (Note that 
os b sin b cosa cosb 
none of cos a, cos b, sin a, sin b are zero.) If the lines are both horizontal then cosa = cosb = 0 b—a=nz, and 
similarly vertical lines means sina = sinb = 0 b—a=nct. Thus the system has a unique solution if b -—a 4 na. 


(b) The linear system has no solution if the lines are parallel but not identical. From part (a) the lines are parallel if 


b — a = nm. If the lines are not horizontal, they are identical if ce~? = kde~? oe Sip eee 
de-? cos b 
“ =e? —. (If d = 0 then c = O also.) If they are horizontal then cos b = 0, but k = —> also (and sin b £ 0) so 
cos 
we require —_ gms Thus the system has no solution if b — a = nz and a xer? coe « unless cos b = 0, in 
d sin b d os b 


which case ; ~ eo? —— 


Cc _,cosa : : Cc 
when b — a = nz and — = e*~° unless cos b = 0, in which case — = e —. 
d cos b d sinb 


17.2 Nonhomogeneous Linear Equations 


1. The auxiliary equation is r? + 2r — 8 = (r — 2)(r +4) =0 P= 208 4, so the complementary solution is 


yc(x) = cre?” + coe **. We try the particular solution y,(x) = Aa? + Ba + C, so y}, = 2Aa + Band yf = 2A. 


Substituting into the differential equation, we have (2A) + 2(2Aa + B) — 8(Aa? + Br + C) = 1-22? or 


8Ax? + (44 — 8B)x + (2A + 2B — 8C) = —2x” + 1. Comparing coefficients gives -3A = -2 => 


A=4, 4A-8B=0 B=, and 2A+2B-8C =1 C 35 80 the general solution is 


y(x) = yc(x) + Yp(x) = cre?” + c2e7*” + ta” + eu - =z: 


pi 
~3 


3. The auxiliary equation is 9r? + 1 = 0 with roots r = +44, so the complementary solution is 
ye(x) = c1 cos(x/3) + c2 sin(x/3). Try the particular solution yp(xz) = Ae”, so yj, = 2Ae?* and y!) = 4Ae”. 
Substitution into the differential equation gives 9(4Ae”*) + (Ae?*) = e* or 37Ae?” = e?*. Thus37A=1 > A= = 


and the general solution is y(x) = yc(x) + yp(#) = c1 cos(#/3) + c2 sin(a/3) + =e 
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5. The auxiliary equation is r? — 4r + 5 = 0 with roots r = 2 + i, so the complementary solution is 
Yc(a) = e?* (c1 cosa + c2 sin x). Try yp (x) = Ae~”, so yf, = —Ae~* and y!? = Ae~*. Substitution gives 


Ae~* — 4(—Ae~*) + 5(Ae~*) =e" => =10Ae™* =e"* = A= XZ. Thus the general solution is 


—x 


y(ax) = e?* (c1 cosa + cg sin x) + me 


7. The auxiliary equation is r? — 2r + 5 = 0 with roots r = 1 + 2i, so the complementary solution is 
Ye(x) = e* (cr cos 2x + cp sin 2x). Try the particular solution y,(z) = Acosx + Bsinz, so y, = —Asinz + Bcosx 
and y), = —Acosx — Bsinz. Substituting, we have 


(—Acosa — Bsina) — 2(—Asina + Bcosx) +5(Acosx+ Bsing) =sinzg > 


(4A — 2B) cosx + (2A+4B)sinaz = sina. Then4A—-2B=0,2A+4B=1 A= >. B = } and the general 
solution is y(x) = ye(x) + yp(x) = e* (c1 cos 2x + cg sin 2x) + | cosz+ zsinaz. Butl = y(0)=at+ 4 aS 
and 1 = y’ (0) =2c2+a+ z S63 = -x- Thus the solution to the initial-value problem is 


y(«) = e” (3 cos2x — % sin 2x) + 4 cosa + ¢ sing. 


9, The auxiliary equation is r? — r = 0 with roots r = 0, r = 1 so the complementary solution is Ye(x) = c1 + coe”. 
Try yp(x) = «(Ax + B)e® so that no term in y, is a solution of the complementary equation. Then 


Yp = (Ax? + (2A + B)x + B)e® and y!) = (Ax? + (44+ B)x + (2A + 2B))e”. Substitution into the differential equation 


gives (Aa? + (444+ B)x + (2A +2B))e” — (Ax? + (24+ B)a+ Bye” = xe” (2Ax + (2A+ B))e? =xe” => 
A= 4, B =—1. Thus yp(z) = (42? — x)e® and the general solution is y(a) = c1 + c2e* + (42? — x)e”. But 


2=y(0) =c1 + cg and1 = y' (0) = co — 1,80 c2 = 2 and c; = 0. The solution to the initial-value problem is 


y(a) = 2e” 4 ($2? aje* =e*(3a7 —x +2). 


11. The auxiliary equation is r? + 3r +2 = (r+ 1)(r +2) =0,s0r lr 2and y.(x) = c1e~* + cpe7?”. 
Try yo = Acost+Bsnzg => y, =—Asina + Bcosz, y, = —Acosx — Bsinz. Substituting into the differential 


equation gives (—Acosx — Bsinaz) + 3(—Asinz + Bcosx) + 2(Acosz + Bsinx) = cos x or 


(A + 3B) cosx + (—34 + B) sinx = cos. Then solving the equations 3 
A+3B=1,-3A+ B=Ogives A= 7B — a and the general 
solution is y(a) = cre~” + c2e7?* + 4 cosa + 4 sin x. The graph 3 8 


shows yp and several other solutions. Notice that all solutions are 2 


asymptotic to y, as x — oo. Except for yp, all solutions approach either oo 


or —oo as XY + —O. 


13. Here y.(x) = c1e?* + cge~", and a trial solution is yp(x) = (Ax + B)e” cosa + (Cx + D)e” sina. 
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15. Here y.(x) = cie?” + coe”. For y” — 3y' + 2y = e” try yp, (2) = Axe” (since y = Ae” is a solution of the complementary 
equation) and for y” — 3y' + 2y = sinz try yp,(x) = Bcosx + Csinz. Thus a trial solution is 


Yp(@) = Yp, (@) + yp. (x) = Ave” + Bcosx + Csina. 


17. Since yc(a) = e~* (c1 cos 3a + c2 sin 3a) we try yp(x) = 2(Ax? + Ba + C)e~* cos 3a + 2(Da? + Ex + F)e~* sin 3x 


(so that no term of yp is a solution of the complementary equation). 


Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives 


uh Gye 7 and Us = Git ; 
a(yiys — y21) a (yiys — y2y}) 


We will use these equations rather than resolving the system in each of the remaining exercises in this section. 


19. (a) Here 4r?+1=-0 > r= +hi and yc(#) = c1 cos ($2) + c2 sin(}2). We try a particular solution of the form 
Yp(z) = Acosx+Bsing => y, =—Asina+ Bcosax andy, = —Acosa— Bsinz. Then the equation 


4y" + y = cosx becomes 4(—Acosz — Bsinx) + (Acosx + Bsinx) = cosz or 


—3Acosx — 3Bsinxz = cosx A z, B=0. Thus, yp(x) = —$ cos x and the general solution is 
y(x) = ye(x) + yp(x) = c1 cos($x) + ce sin($x) — } cosa. 


(b) From (a) we know that y.(x) = ci cos § + cosin 5. Setting yi = cos 5, yo = sin 5, we have 


! , it 2a Ds ote Qi ae, 1 ! cos # sin 5 1 x Cae 1 2a rea 
Yly2 — y2y1 = 5 CoS F + 58in® $ = 5. Thus uy, = aa aaa =-35 cos (2 - z) sin 5 = —4(2cos Ss 1) sin 5 
2 
xz 
cos x cos = 
t= cet ees ee &—1(1_ sin? 2 Ed 
and wz = wat = $cos(2 2) cos $ =i(1 2sin 2) cos =. Then 
2 
= f (4sin 2 — cos? £ sin = —cos# + 2 cos? & 
ui(x) = f ($ sin $ — cos* € sin 2) dx = —cos $ + 2 cos® % and 
— ai x 22a x By eatan 2 3 x 
u2(x) = f (§ cos $ — sin’ £ cos ) dx = sin  — 2 sin® . Thus 
Yp(x) = (- cos 5 + 3 cos® 5) cos 5 + (sin $ 3 sin® 5) sin § (cos? = — sin? 5) + 3 (cos* = — sin* 5) 
nk pd 2a 22a 22 wD tb 2 ats ne AL 
= —cos (2- £) + 2 (cos” $ + sin? 2) (cos? 2 — sin? 2) cosa + 3 cosa = —3 COST 
and the general solution is y(a) = y-(«) + yp(a) = c1 cos $ + cg sin  — cosa. 
21. (a) r? -—2r +1=(r—1)? =0 r = 1, so the complementary solution is y.(x) = c1e” + coxe”. A particular solution 
: at .! 22 22 22 Qe ~2¢ 22 2x _ 22a 
is of the form yp(a) = Ae“. Thus 4Ae** — 4Ae** + Ae** =e => Ae e€ A=1 Yp(a) = e**. 


So a general solution is y(x) = ye(x) + yp(a) = c1e® + cone” + €?”. 
(b) From (a), ye(x) = cre” + caxe”, so set y1 = e”, yo = xe”. Then, yiys — yoyt = e?* (1+ 2) — xe?” = e?” and so 
uy = re” => us(a) =— f ve* dx = —(x—1)e” [by parts] andug =e" => ue(x) = f e* dx = e*. Hence 


Yp (x) = (1— a)e”” + xe?” = e?* and the general solution is y(x) = ye(x) + yp(x) = cre” + cone” + e?*. 
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23. As in Example 5, y.(x) = ci sina + co cos x, so set yr = sin x, y2 = cosx. Then yiys — yoy = — sin? x — cos? x 1, 


2 
sec? x cos x 
so uh i = sec xr ui(x) = [seca dx = In (seca + tance) for0 <# < %, 


, sec? x sina 
and uz = Ree tang => U2(x) = —secx. Hence 


Yp(«) = In(sec x + tan x) - sinx — seca - cosx = sin In(sec x + tan x) — 1 and the general solution is 


y(x) = c1 sina + co cosa + sinax In(seca + tanx) — 1. 


2x -—2x£ 
—e e 
25. yi = e*, yo = e?” and yy — yay, = e®”. Sou, = (It ee i Ra and 
e” e e 
dx =In(1+e7*). ub = ~ 
ui (x) / eee “x=In(l+e ”). ug (lpe)ee ~ epee so 


ua(x) = [=e = n(§ = *) e* =In(l1+e *)—e *. Hence 


eae + e2r 


Yp(x) = e” In(1 + e~”) + e?” [In(1 + e~”) — e~*] and the general solution is 


2x 


y(x) = [cr + N(1 + e * Je” + [co —e~* +In(Ll+e "Je 


27. rr? —2r+1= (r 1)? =0 r = 180 yc(x) = cie” + coxe*. Thus yi = e”, yo = xe” and 
Bo. Ae 2 
Y1Y2 — yoy, = e*(a + 1)e* — we*e* = €?*. Sou, = — ame Ze) aT — 
x 1 2 e” -e”/(14+ 27) 1 1 1 
U1 [cep = -p +2). = ai = ae u2 = Ty ge = tan a and 
Yp(x) = —$e” n(1 + x”) + ve” tan” * x. Hence the general solution is y(x) = e”[c1 + cow — $ n(1 +27) + xtan™* ol, 
17.3 Applications of Second-Order Differential Equations 
1. By Hooke’s Law k(0.25) = 25 so k = 100 is the spring constant and the differential equation is 52”’ + 100x = 0. 
The auxiliary equation is 5r? + 100 = 0 with roots r = +2 \/5i, so the general solution to the differential equation is 
a(t) = ci cos(2 V5t) + co sin(2 /5t). We are given that «(0) =0.35 = c, =0.35and2(0)=0 => 
2V/5c2=0 = c2=0,s0 the position of the mass after t seconds is x(t) = 0.35 cos (2 V5t). 
3. k(0.5) = 6 or k = 12 is the spring constant, so the initial-value problem is 27” + 14x’ + 122 = 0, x(0) = 1, 2’(0) = 0. 
The general solution is x(t) = c.e~® + cge~*. But 1 = 2(0) = cy + cg and 0 = 2'(0) = —6c — cg. Thus the position is 


given by x(t) = —4e7"™ + Se. 


5. For critical damping we need c? — 4mk = 0 or m = c?/(4k) = 147/(4- 12) = B kg. 
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2 
7. We are given m = 1, k = 100, (0) = —0.1 and x’ (0) = 0. From (3), the differential equation is “a +c = + 100z = 0 
with auxiliary equation r? + er + 100 = 0. 
If c = 10, we have two complex roots r = —5+5 V3 2, So the motion is underdamped and the solution is 
x—-e [cr cos(5 V3t) +2 sin (5 V3t)]. Then —0.1 = x(0) = 1 and 0 = 2'(0) =5 V3c2 — 5c, c= wy 
_ -5t lie 
sox =e [=0.1 cos(5 34) - zag sin(5 V32)]. 
If c = 15, we again have underdamping since the auxiliary equation has roots r = — 2 + SVG. The general solution is 
x =e 18t/2 [ex cos (£¥1) +c sin(S¥7+)], so —0.1 = x(0) = ci and0 = 2’'(0) BVT oy a C1 C2 Tee 
—15t/2 5V7 3 af 5v7 
Thus x = e 15*/ [-0.1 cos (2¥1) = aee sin(2¥7r)]. 
For c = 20, we have equal roots r; = r2 = —10, so the oscillation is critically damped and the solution is 
x = (c1 + c2t)e"*™. Then —0.1 = 2(0) = ci and 0 = 2’ (0) = —10c1 + c2 co = —1,sox = (—0.1—t)e™™. 
If c = 25 the auxiliary equation has roots r; = —5, re = —20, so we have overdamping and the solution is 
x=cje! +ce77, Then —0.1 = x(0) = c, + cg and 0 = 2'(0) = —5e1 — 20ce C1 3% and cg = o> 
sor = -ie™ a aoe a 


Ifc = 30 we have roots r = —15 +5 V5, so the motion is 


overdamped and the solution is = cre(“18 + 5 v5 )t + ege(-35 eee 
Then —0.1 = x(0) = ci + ce and 
0=2'(0) =(-15+5V5)at+(-15-5V5)a => 
ey = BR andy = =BESY5, 50 
ee eee -154+5V5 = -15-5V5 
w= (=Bapgr8) elt + 8 VE)" 4 (=BiegvB) (18-8 VB)e, -o.ll 


9. The differential equation is ma” + kx = Fo cos wot and wo # w = \/k/m. Here the auxiliary equation is mr? +k=0 


with roots +,/k/mi = +wi so x-(t) = c, coswt + co sinwt. Since wo F w, try vp(t) = Acoswot + Bsin wot. 


Then we need (m) (—w) (Acoswot + Bsinwot) + k(Acoswot + Bsinwot) = Fo cos wot or A(k - mw) = Fo and 


B(k a mw¢) = 0. Hence B = Oand A= ai z= a ay since w? = wee Thus the motion of the mass is given 
k—mwi =m(w? — wG) m 


by x(t) = c1 coswt + co sinwt + COS Wot. 


m(w? — w2) 


11. From Equation 6, x(t) = f(t) + g(t) where f(t) = c1 coswt + co sinwt and g(t) = cos wot. Then f 


m(w? — we) 


is periodic, with period 2m, and if w # wo, g is periodic with period ae If a is a rational number, then we can say 
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= a= be where a and b are non-zero integers. Then 


a(t+a- 2) =f(t+a- 2) +9(t+a- 2) =f(t)4 g(t + & bu 2x) =f) +9(t+d- 2x.) = f(t) +9(t) =2(t) 
so x(t) is periodic. 

13. Here the initial-value problem for the charge is Q”” + 20Q’ + 500Q = 12, Q(0) = Q’(0) = 0. Then 
Qe(t) = e~ (cr cos 20¢ + cz sin 20¢) and try Qp (t) =A => 500A=120rA= 7%. 


The general solution is Q(t) = e~*°*(c1 cos 20t + ca sin 20t) + 


i3=. But 0 = Q(0) = c1 + <3 and 


Q'(t) = I(t) = e7"*[(—10e1 + 20c2) cos 20t + (—10c2 — 20c1) sin 20#] but 0 = Q’(0) = —10c1 + 20c2. Thus the charge 


is Q(t) = —sE5e ~1°F (6 cos 20¢ + 3.sin 20) + <3. and the current is I(t) = e108 (3) sin 20t. 


15. As in Exercise 13, Q-(t) = e~'°*(c1 cos 20¢ + co sin 20t) but E(t) = 12 sin 10¢ so try 


Q,(t) = Acos10¢ + Bsin 10t. Substituting into the differential equation gives 


(—100A + 200B + 500A) cos 10t + (—100B — 200A + 500B) sin 10¢ = 12sin10t => 


400A + 200B = 0 and 400B — 200A = 12. Thus A = -33,. B= oa and the general solution is 
Q(t) = e7** (c1 cos 20¢ + c2 sin 20t) — 525 cos 10t + <3 sin 10t. But 0 = Q(0) = ci — 385 soca = 535. 
Also Q’(t) = % sin 10¢ + $ cos 10t + e~*°*[(—10e1 + 20c2) cos 20t + (—10c2 — 20c1) sin 20¢] and 


0=Q'(0) = x — 10c1 + 20c2 so cg = — 3. Hence the charge is given by 


Q(t) =e 1% [s25 cos 20t — <3 sin 20¢] — 53, cos 10t + 33; sin 102. 


500 as 


17. x(t) = Acos(wt +6) <= a(t) = A[coswtcosd —sinwtsind] = x(t) = A(S cos wt + ot sinwt) where 


cos 6 = c;/Aand sind = —c2/A x(t) = ci coswt + cz sinwt. [Note that cos? 6 + sin? 6 = 1 ci+c=A*] 


17.4 Series Solutions 
1. Let y(z) = S> cnx”. Then y/(a) = S> nenx” | and the given equation, y’ — y = 0, becomes 
n=1 
> nenw™—* — > ena” = 0. Replacing n by n+ 1 in the first sum gives S~ (n + 1)en 412" — S> env” = 0, so 
n=1 n=0 n=0 n=0 


SS [(n + L)en+1 — cn]ux” = 0. Equating coefficients gives (n + 1)cn+1 — Cn = 0, so the recursion relation is 


n=0 
Cn 1 Co 1 ue | Co 1 co 
Cn+1 = rey ee ce Then ci = Co, C2 pia 778 c2 3° 5 317 4 4° ay? and 
‘ Co : : = n SCO on = Ms x 
in general, c, = —. Thus, the solution is y(x) = }7 cnt” = ) — 2” =co Y) — = coe 
nt n=0 n=0 1 n=0 
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3. Assuming y(z) = S> cna”, we have y’(z) = S> nene™~* = SY (n+ engi” and 


n=0 n=1 n=0 
—a2?y = — 3 Cnr t? = — S> Cn—2%". Hence, the equation y’ = x”y becomes SS (n+ engi” — SS Gr—-2t" =0 
n=0 n=2 n=0 n=2 
orc, + 2con + SO [(n + 1)en41 — Cn—2] cv” = 0. Equating coefficients gives c1 = co = O and cn41 = “— 
nS 2 
forn = 2,3,.... But ci; = 0, so cg = 0 and c7 = 0 and in general c3,41 = 0. Similarly co = 00 c3n42 = 0. Finally 
Co C3 Co Co (or Co Co Co 
c —,c ——— ,9o=—= ,--., and c3, = ———. Thus, the solution 
ne eee fay ae eh 9 9-6-3 33-3! on 37 nl 
3” 3 1 
. => aa n as 3n __ = Co _ = = (x*/3) = 23/3 
isy(x) = 2» Ge = pos Cant" = ae <a = co Dy ar co ah ee 


5. Lety(z) = So ce” => y'(2)= > NCpx”—* and y” (x) = S> (n+ 2)(n + 1)en+2%”. The differential equation 
n=0 n=1 


becomes 5+ (n +2)(n+ Lenyou" +a > nena”? + YD cnx” =Oor ST [(n + 2)(n + Vengo + nen + cn]x” = 0 
n=0 n=1 n=0 


n=0 
since So ncn& => ncn x” |. Equating coefficients gives (n + 2)(n + 1)en42 + (n+ 1)cn = 0, thus the recursion 
n=1 


—(n+1)en  _ en 


relation is ¢n+2 = (n+ 2)(n +1) n+ 2’ 


n=0,1,2,.... Then the even 


coefficients are given by cz = 2, c= -2 = ae — a = ran and in general, 
Qn = =e = ee The odd coefficients are cs = —1, c5 = -S = Lo, = -S = -_4 
7 er ae 2n ary 3” 5 5° ‘4 3-5-7’ 
—2)" n! Shae 
and in general, con41 = ( 1)" a ct (Qn +1) = reer The solution is 
2 SS ED ae Rl yen 
yz) = yen 1 Gat 


7. Lety(#) = So cna” => y! (@) = YD nenw™™* = Yo (n+ Len 41a” and y” (x) = SD (n + 2)(n + 1)en 422". Then 


n=0 n=1 n=0 n=0 
(x—1)y" (a) = FS (nt2)(n+Dengaa"t— F (n4-2)(n+ Nengae” = Yo n(n engia”— Fo (n2)(n-+1ens22”. 
n=0 n=0 n=1 n=0 
Since > n(n + L)engiz” = SS n(n 4 1jen+12”, the differential equation becomes 
n=1 n=0 
SO n(n + Lensia” — SO (n+ 2)(nF4+ Ienzou" + O(n + Lenqiz” =0 => 
n=0 n=0 n=0 


> [n(n + Leng — (n+ 2) + Venga + (m+ Lengije” =0 or $7 [(n + 1)2enga — (n +2) + Lensa]2” = 0. 


Equating coefficients gives (n + 1)?cn41 — (n + 2)(n + 1)en42 = 0 for n = 0, 1,2, .... Then the recursion relation is 
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(n+ 1)? n+1 : 1 2 1 3 1 
Cho = c = Cn+1, 80 given Co and c,, we have c $C1, ¢ =c¢ C1, ¢ =¢ =C1, and 
n-+2 @4+2)(n 44) Lo Cmts S08 0 1 2 = 901, C3 = 3C2 = 3C1, Ca = G03 = G1 
‘ C1 ‘ora & ar rie ‘ 
in general c, = —,n =1,2,3,.... Thus the solution is y(x) = co + c1 > —. Note that the solution can be expressed as 
n n=1 1 
co — C1 n(1 — 2) for |x| < 1. 
co co co co 
9. Let y(x) = S> cnx”. Then —2y'(x) = —x YO nenw” + = — SYS Nenz” = — DS nenz”, 
n=0 n=1 n=1 n=0 


y (x) = SS (n+ 2)(n + Len+2x", and the equation y” — xy’ — y = 0 becomes 
n=0 


SO [(n + 2)(n + 1)en42 — Men — Cn]x” = 0. Thus, the recursion relation is 


n=0 
NCn + Cn Cn(n + 1) Cn ‘ ein 
Cn42 = OF = — > forrn = 0,1, 2, .... One of the given conditions is y(0) = 1. But 
Pmt 27(n+l (nt2(n+1) n+2 : y(0) 
(0) = 3° en(0)” =e +0+0+4+++ = cp, 80 cy = 1. Hence, ce. = 2 a = ! ¢e=t= : 
y 2am = Co = 0, o=l. C= Ty ree id 6 gage 
1 3 ve Z co 
Con = day The other given condition is y’(0) = 0. But y‘(0) = S* nen(0)""+ =a +0 +04+-+-=c1,80c, = 0. 
ny} n=1 
By the recursion relation, cz = S$ =0,¢5 = 0,..., Con4i = 0 for n = 0, 1, 2, .... Thus, the solution to the initial-value 
2n 2 n 
Co co co co 9 
problem is y(x) = S> cna” = D> cana?” = YO “= > ee) =e? /?, 
n=0 n=0 n=o 2”n! n=0 n! 
11. Assuming that y(~) = >> cna”, wehavexy =a YS cna” = > Cn a”tt, oy! = 7? > NCyw” +) = > Nena”, 
n=0 n=0 n=0 n=1 n=0 


y (2) = SS n(n— lena”? = SS (n+3)(n + 2)enp3a"*+ [replace n with n + 3] 


fos) 


=2e2+ YS (n+3)(n+2)eng3x""*, 


n=0 
and the equation y” + xy’ + ay = 0 becomes 2c2 + > [(n +3)(n + 2)en43 + nen + Cn] x"*! = 0. So cz = 0 and the 
n=0 


—NCn — Cn (n+ 1)en 
(n + 3)(n + 2) (n+ 3)(n +2)’ 


recursion relation is Cn43 = n=0,1,2,.... But co = y(0) = 0 = cz and by the 


; : 2 
recursion relation, C3n = C3n42 = 0 forn = 0, 1, 2,.... Also, cy = y'(0) = 1, s0 c4 = aa — -7> 
a: g 2 1265 woe oe 7 node + +++ (8n—1)? haat 
Saal (-1) pea (-1) mp2 Cant = (—1) Great: Thus, the solution is 
oo co 9252 eer (3n — 1)2a3"+1 
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17 Review 
TRUE-FALSE QUIZ 


1. True. See Theorem 17.1.3. 


3. True. cosh x and sinh z are linearly independent solutions of this linear homogeneous equation. 


EXERCISES 
1. The auxiliary equation is 4r? -1=0 => (2r+1)(2r—1)=0 r = +4. Then the general solution 
is y = c1e*/? + ee */?. 
3. The auxiliary equation isr? +3—=0 = r—=+/3i. Then the general solution is y = c1 cos(V/3 x) + c2 sin(V/3 ie 
5. r?—4r+5=0 r= 2+4,s0 yc (a) = €?"(c1 cosa + co sin x). Try Yp (x) = Ae?” Yp = 2Ace?* 


and yy, = 4 Ae?” . Substitution into the differential equation gives 4Ae”” — 8Ae?* + 5Ae?” =e?” => A=Iand 


the general solution is y(«) = e?*(c1 cosa + cz sin x) + e?”. 


7.7? —2r+1=0 r = land y-(x) = ce” + coe”. Try yp(x) = (Av + B)cosx+(Cxr+D)sinzx => 


Yp = (C — Ax — B) sing + (A+ Cx+ D) cosa andy, = (2C — B— Ax) cosx + (—2A — D — Cz) sina. Substitution 


gives (—2C'x + 2C' — 2A — 2D) cosa + (2Ax — 2A + 2B — 2C)sinx = xcosx A=0,B=C=D 3. 
The general solution is y(x) = cie” + cove” — $ cosa — (x + 1)sina. 

9 7r?-r—6=0 r 2, r = 3and ye(x) = cre?” + coe*”. For y” — y' — 6y = 1, try yp, (x) = A. Then 
Yp, (€) = yp, (w) = 0 and substitution into the differential equation gives A = —4. For y” — y' — 6y = e~** try 
Yp2(x) = Bxe~*” [since y = Be * satisfies the complementary equation]. Then y,, = (B — 2Bzx)e~?* and 
y), = (4Bx — 4B)e~**, and substitution gives —5 Be?” = e- B= 2. The general solution then is 
(az) = cre + 26% + tps () + tps (2) = e107 + ene — 2 — Lae-™ 

11. The auxiliary equation is r? + 6r = 0 and the general solution is y(2) = c: + c2e~°” = ky + kge~("-). But 
3 = y(1) = ki + ke and 12 = y'(1) = —6k?. Thus ko = —2, k1 = 5 and the solution is y(a) = 5 — 2e~8*-), 
13, The auxiliary equation is r? — 5r + 4 = 0 and the general solution is y(~) = c1e” + cge*”. But 0 = y(0) = c1 +c2 
and 1 = y’(0) = ci + 4cz, so the solution is y(x) = (e** —e*), 
15. r2 + 4r +29 =0 r = —2+ 5% and the general solution is y = e~?”(c1 cos 5x + co sin5zx). But 1 = y(0) = ci and 


2a 


—1l=y(m) =—-cae7 => c, =e", so there is no solution. 
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n(n — lena”? = > (n+ 2)(n + l)en+2a” and the differential equation 
0 n=0 


Ms 


17, Let y(x) = S> cnx”. Then y” (x) = 
n=0 


n 


becomes )> [(n + 2)(m+ 1l)cn+o + (n + 1)en]2” = 0. Thus the recursion relation is +2 = —Cn/(n + 2) 
n=0 


(ay 


1 
forn = 0,1,2,.... But co = y(0) = 0, so con = 0 forn = 0,1, 2,.... Also cy = y'(0) = 1 soe3 = —3, 65 = 


w 
or 


—1)3 —1)3233! —1)"2" n! 
gt = ats ea = Mat ean for n = 0,1, 2,.... Thus the solution to the initial-value problem 


19. Here the initial-value problem is 2Q” + 40Q’ + 400Q = 12, Q (0) = 0.01, Q’(0) = 0. Then 
Q-(t) = e~'°'(e1 cos 10¢ + cz sin 10t) and we try Q(t) = A. Thus the general solution is 


Q(t) = e~!(c1 cos 10t + co sin 10t) + <3. But 0.01 = Q’(0) = c1 + 0.03 and 0 = Q""(0) = —10ci + 10ce, 


so cr = —0.02 = c2. Hence the charge is given by Q(t) = —0.02e~ "(cos 10¢ + sin 10t) + 0.03. 


21. (a) Since we are assuming that the earth is a solid sphere of uniform density, we can calculate the density p as follows: 


mass of earth M 


=F . If V, is the volume of the portion of the earth which lies within a distance r of the 
volume ofearth  $7R% 


Mr? M, M 
center, then V;. = $nr° and M,. = pV, = = . Thus F;. = a 72 uss oe 


(b) The particle is acted upon by a varying gravitational force during its motion. By Newton’s Second Law of Motion, 


da GMm GM GMm 
m a =Ffy=- Re 8° y(t) = —k?y (t) where k? = ee At the surface, —mg = Fr = Re ° 
M 
g= “ . Therefore k? = = 


(c) The differential equation y” + k?y = 0 has auxiliary equation r? + k® = 0. (This is the r of Section 17.1, 


not the r measuring distance from the earth’s center.) The roots of the auxiliary equation are tk, so by (11) in 

Section 17.1, the general solution of our differential equation for t is y(t) = cy cos kt + cg sin kt. It follows that 

y(t) = —ciksin kt + cok cos kt. Now y (0) = Rand y'(0) = 0, so c1 = Rand cok = 0. Thus y(t) = Reoskt and 
y(t) = —kRsin kt. This is simple harmonic motion (see Section 17.3) with amplitude R, frequency k, and phase angle 0. 
The period is T = 27/k. R © 3960 mi = 3960 - 5280 ft and g = 32 ft/s’, sok = \/g/R& 1.24 x 107s! and 


T = 2n/k = 5079s & 85 min. 


(d) y(t) =0 <= coskt=0 kt = 4+ 7n for some integern > y'(t) = —kRsin(¥ +n) = +kR. Thus the 


particle passes through the center of the earth with speed kR ~ 4.899 mi/s © 17,600 mi/h. 
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L] APPENDIX 


Complex Numbers 


21. 


23. 


25. 


27. 


29. 


. (5 — Gi) + (34+ 2i) = (5 +3) + (6+ 2)i = 84 (-4)i = 8-44 


. (2+ 5i)(4 — i) = 2(4) + 2(—1) + (54)(4) + (5i)(—t) = 8 — 24 + 208 — 5i? = 8 + 184 — 5(-1) 


124+ 71 = 12-7 

1+4, 144i 3-21 3-—21+12i-—8(-1) 11410: 11 10, 

34 2% 342% 3-27 3? + 22 13 13 13 
Wife od ea, bat. Le 1 1. 

1+2 1l+i2 1-121 1— (-1) 2 2 


. (05 = 251i = 5 
. 12— Bi = 12 + 15% and [12 — 15i| = \/12? + (—5)? = W144 FB = V169 = 13 


. 44 = 0-4 = 0+ 4i = 4i and |—42| = ,/0? + (—4)2 = V16 = 4 
. 407 +9=0 4a? = —9 go? = —2 w= 4) /-2=4,/2i=43i. 
—2+ ,/22 — 4(1)(5 —2+vV/-1 —2+41 
By the quadratic formula, 2? -+27+5=-0 8 g= ee er) = eaves = aan =-1+ 22. 
2(1) 2 2 
-14/1? —-4(1)(2 -1l+/- 
By the quadratic formula, 27 +z2+2=-0 @& z= ae = en hat a -5 ct ws 
For z = —3 4+ 3i,r = \/(—3)2 + 32 = 3/2 and tand = 1 0 3m (since z lies in the second quadrant). 


Therefore, —3 + 3i = 3 /2 (cos 3# + isin 32). 


For z = 34 4i,r = V3? 4+ 42 = 5 and tand = $ => 6=tan! (3) (since z lies in the first quadrant). Therefore, 
34+ 4 = 5[cos(tan™* $) + isin(tan™* $)]. 

Forz=V3+i,r= (V3)* +12 = 2and tan a 0=¢% z 2(cos + isin Z). 

For w = 14+ V3i,r = 2and tand = V3 0 5 w 2(cos 3 + isin 3). 


Therefore, zw = 2- 2[cos(Z + a) isin(4 + z)| = 4(cos 3 +7 sin z), 


z/w = $[cos(= — Z) + isin(Z — 3)] =cos(—2) +isin(—Z), andl =1+0i =1(cos0+isin0) => 
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1/z = $[cos(0 — 2) +isin(0— 2)] = $[cos(—2) + isin(—2)]. For 1/z, we could also use the formula that precedes 


2 
Example 5 to obtain 1/z = $(cos3 isin 2). 

: 2 2 8 1 us 

31. For z = 2V/3— 2i,r = (2V3) + (—2)° = 4and tané aa 5 0 a 

z = A{cos( z) i sin( 2)|. Forw =—1+i,r = V2, tan + 1 0 3a 


w= V2 (cos 32 +isin n 22), Therefore, zw = 4/2 2 [cos(—Z a a) + isin(—2 oo 7)| = 4/2 (cos 4 +isin =), 


z/w= 5 [cos ( 7 37) + isin( 7 an) = <5 [cos ( ut) + isin(— ut) = 2/2 (cos #2 + isin 3), and 


1/z = +[cos( 5) isin( z)| ; (cos 4 + isin 4). 


33. For z =1+i,r = V2and tand + 1 6=F z=V/2 (cos 3 =+isin4 t). So by De Moivre’s Theorem, 
(14%) = [V2 (cos = + isin zy)" = (21/7)? (cos 20-2 20-7 + jsin 20-2) = 2'°(cos5mx + isin 57) 
= 21°[-1 + i(0)] = —21° = —1024 
35. For z =2V34+2i,r= (2V3)+2=v1 = Aand tan é We A g=% z =A(cos % + isin). 


So by De Moivre’s Theorem, 


(2V3 + 2i)” = [4(cos § + isin Z)]° = 4° (cos 5 + isin $¢) = 1024[—B + 4] = 512 V3 + 512%, 


37. 1 = 1+0% = 1(cos0 + 7sin0). Using Equation 3 with r = 1, n = 8, and 0 = 0, we have 


wp = 1/8 cos( +7" ) +-isin( #2*" = cos “ +iésin AT where k =0,1,2,...,7. 


wo = 1(cos0 +7sin0) = 1, wi = 1(cos $ + isin Z) = w + Fai, 

w2 = 1(cos § | isin 5) = i, wz = 1(cos 7 t+isin 37) =—-F+ Si, 
wa = (cosa + isinm) = —1, ws = 1(cos ¥ +isin ft) =—-Z5 vate 
we = 1(cos 3a L 4sin 37) = —-i,w7 = 1(cos Tm +i7sin i) = 7 wai 


39.7 =047= 1(cos = + isin $ u Using Equation 3 with r = 1, n = 3, and 0 = 5, we have 


z+ kr Z 4 Qkr Im} 
p= cos( 2) +isin( 25"). where k =0,1,2. 
e e 
wo = (cos 2 +isn®) = 24h; - 
0 Re 
wi = (cos isin 5") = —¥3 4 1; 
—-1¢@ 
w2 = (cos OE 7sin a) =-1 
41. Using Euler’s formula (6) with y = 3, we have e'™/2 — cos 5, tising =O0+l=i 
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43. Using Euler’s formula (6) with y = = we have e'*/? = cos = +7sin ; = ; + a a. 
45. Using Equation 7 with « = 2 and y = 7, we have e?*'** = e?e'" = e? (cos + isin) = e?(—1 +0) e. 


47. Take r = 1 and n = 3 in De Moivre’s Theorem to get 
[1(cos @ + isin @)]*? = 15(cos 30 + isin 30) 
(cos @ + isin 0)* = cos 36 + isin 30 
cos® 6 + 3(cos? 8)(i sin #) + 3(cos 6)(isin 0)” + (isin 0)? = cos 30 + isin 30 


cos? @ + (3cos @ sin @)i — 3cos0 sin? 6 — (sin® 0)i = cos 30 + isin 30 


) 
(cos* @ — 3sin? 6 cos 6) + (3sin@ cos 6 — sin? @)i = cos 30 + isin 30 


Equating real and imaginary parts gives cos 30 = cos? 9 — 3sin?@ cos@ and sin30 = 3sin@ cos? 6 — sin? 0. 


49. F(a) = e"® = clothe — or tort — 627 (cog br + isin br) = e** cosbr + i(e** sinbr) => 


F' (x) = (e* cos bx)’ + i(e* sin bx)’ 


= (ae cos bx — be*” sin bax) + i(ae® sin ba + be** cos bx) 


ale” (cos ba + isin bx)] + b[e** (— sin bx + icos bx)| 


= ae" + ble*” (i? sin ba + icos ba)| 


= ae" + bile*” (cos bx + isin bx)| = ae™ + bie™ = (a+ bi)e™ =re™ 
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